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1 Introduction and preliminaries

In 1922, Banach [1] presented his principle which states: A self-mapping 3 defined on a
complete metric space (U, ') has a unique fixed point (FP), i.e., ¢ * € U, ¢* = 3¢ *, provided
Jis a contraction, that is, for a constant « € (0, 1), we have

@ (3¢1,30) <aw (81,8),  V&,5€0.

Due to the ease of this principle and its essence, which is related to many applications
in various branches of mathematics, many researchers have created various supplements
and additions. For example, see [2-8].

From now until the end of our manuscript, we will consider z as a positive integer and
(U, w) as a complete metric space.

In 1965, Banach FP theorem was extended by Presi¢ [9]. He used his results to ensure
the convergence of a certain type of sequences as follows:

Theorem 1.1 ([9]) Let 3: U — U be a mapping satisfying the condition below:

w (:(é-l; $25eees é‘z)’:(é—b e §z+l))
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<@ (1,8) + @ (82, 83) + - + V@ (87 La1) (1.1)

forall ¢1,...,¢.41 € O, where y1,Vs,...,V, are nonnegative constants so that Zle vy <L
Then there is a unique point ¢* € U so that 2(¢*,...,.*) = ¢*. Also if, for any chosen points
&1, inGandforleN,

Clsz =3(§l» §l+17-~r§l+z—l): (1.2)

then the sequence {{;} is convergent and ¢* = limy_ o & = I(limy_ oo & My 00 &y .. -5

1irnl~>0<> ;l)
Remark 1.2 From Theorem 1.1, we note the following:
« An operator 3J: U% — U fulfilling (1.1) is said to be a Presi¢ operator;
« A point £* € U is called an FP of Jif 3(¢*,..., %) = £*;
« If we put z = 1, we directly obtain the Banach contraction principle (BCP).

The results of Presi¢ [9] have been generalized by Ciri¢ and Presi¢ [10] as follows:

Theorem 1.3 ([10]) Assume that 3: % — U satisfies

ZD’(:(Q, §2r~-’§z)»:(§2"'-’§z’ §z+1))
vy max{w(g‘l, ;2)7 w_(§2’ {3)"“7 w(;zr §z+1)}7 (13)
for any &1,...,8.41 € U, where y € (0,1). Then there is £* € U so that 3(¢*,...,,*) = ¢*.

Further, for any chosen points ¢1,...,¢, € U, the sequence {{;} described in (1.2) is convergent
and

11_1210 &= :l(zl—iglo & zl—lglo S 11_1210 Q)'
Also, if
o (3(¢*....¢),3(¢....0)) < (¢4 )
holds for all ¢*,¢' € G with £* #¢’, then the FP is unique in O.

Pacurar [11] was able to present a convergence theorem for Presi¢c—Kannan contraction.

For more details along this line of research, we refer the readers to [12—14].

Theorem 1.4 ([11]) Suppose that 3: % — U. If there is y € R with yz(1 + z) € (0,1) so

that the inequality
z+1
w (:(;1, ceey é‘z)’:(gb ceey §z+l)) < Y Z w (;j':(;‘ji ceey ;j))r (14')
j=1

is satisfied for each ({1, ...,¢.1) € U7, then
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« 3 possesses a unique FP ¢* € U,
o for any chosen points {1,...,¢, € U, the sequence {¢;} described in (1.2) converges to ¢*.

In 2014, a new contribution to the extension of the BCP was highlighted by Jleli and
Samet [15]. They presented a new type of contraction, called 7-contraction, and obtained

generalized results under appropriate conditions.

Definition 1.5 ([15]) Let n:(0,00) — (1, 00) be a mapping such that:
(m) n is nondecreasing;
(n2) for each {r;} CR*, lim;_ o n(ry) = 1iff lim;_ o 7, = 0;
(n3) there are £ € (0,1) and u € (0, 00) so that lime(%) =u.

A mapping J: U — Uis called an n-contraction if 3y € (0, 1) and a function 7 satisfying
(m1)—(n3) so that

X # = (o))< [n(w(g‘,ﬁ))]y, forallz,9 € U.
The set of all mappings 7 : (0,00) — (1, 00) will be denoted by V.

Theorem 1.6 ([15]) An operator J: U5 — U has a unique FP provided that 2 is an n-
contraction.

Numerous academics have discussed the concept of n-contraction, and important theo-
retical and practical findings have been documented that justify the use of FPs in nonlinear
analysis under different spatial constraints. We advise the reader to view [16, 17] for fur-
ther details.

In [18], two classes of matrix equations have been investigated by Ran and Reurings as
follows:

§=0%) 9Ee) (1.5)

j=1

where O isan # x # positive definite matrix and ; are arbitrary 7 x n matrices. Under some
hypotheses, they established the existence and uniqueness of positive definite solutions to
(1.5). Duan et al. [19] generalized system (1.5) by making a small change as follows:

m
E=0+) piElp;

j=1

where 0 < |pj| < 1. They investigated the existence and uniqueness of a positive definite
solution to such an equation on the basis of a fixed point theorem for mixed monotone
mappings. This form of matrix equation frequently occurs in a variety of fields, including
ladder networks [20, 21], dynamic programming [22, 23], control theory [24, 25], etc.

In the setting of n-contraction and matrix equations, our paper is organized as follows.
Section 1 is devoted to providing previous contributions to our studied problem in terms
of definitions and theory useful in understanding our manuscript. In Sect. 2, the conver-
gence of iterative sequences of the Pressic-type rational n-contraction mappings in com-
plete metric spaces is discussed. Also, nontrivial examples are obtained to support the
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theoretical results. Ultimately, in Sect. 3, the obtained results are applied to obtain con-

vergence results for a class of matrix difference equations as a kind of application.

2 Main results
We start this part with the following definition:

Definition 2.1 We say that a mapping 3: U — U is a Presi¢-type rational n-contraction
(PTR n-C, for short) if there is some y € (0,1) so that

. Y
n(w(:(glx~~w§z)’j(§2’~~"§z+1))) < {ﬂ(max{% :1 S} =< Z})} (21)

for each (¢1,...,¢.41) € 57 with 2(¢, ..., &) # 3oy s Con1).

It should be noted that if 5(r) = ¥, then PTR n-C reduces to

w(:(é—l;"'ré-z);:(gbH~:§z+1)) S V2<max{% 01 S] S Z}): (2‘2)

for each (fl» cees §z+1) € Uﬂl’ :(é'l» cees Cz) 7/:@'2’ IR §z+1)«
In addition, if (¢1,..., 1) € U7 is such that J(¢y,..., &) = (&2,...,L41), then con-
dition (2.2) is more general than (1.3), so the mapping J in (2.2) extends and unifies

Ciri¢—Presi¢ contraction.
Remark 2.2 Every PTR n-C 1 is a Pres$i¢ mapping by (n1) and (1.4), that is,

@ (5, §je1)

— 7 " 1<j<
1+ @ (g, 8j1) =/ _Z}

ZD'(:(Q, (R gz)»:(gb s §z+1)) =y max{

< max{w(g, §j+1) 1<) < Z}~

for each (¢1,...,&e1) € O with 3(¢4,..., &) # 2(&as ..., Lov1)- Thus, each PTR n-C Jis a

continuous function.
Now, our first result is as follows:

Theorem 2.3 Suppose that J: 5* — U is a PTR n-C. Then for any chosen points
L15..-, 8, € U, the sequence {¢;} described in (1.2) is convergent to {* € U and {* is an
FP of 3. In addition, if 2(¢*,...,¢*) #3(¢,..., L) with

(@ (3" ¢3¢0 0) = (@ (¢¢)]
for ¢*,¢" € U such that £* # ¢/, then the point ¢* is unique.

Proof Let ¢y,...,¢, be arbitrary z elements in U and for [ € N the sequence {¢;} is defined
in (1.2). If for some I = {1,2,...,z} one has &j, = {41, then

;lo+z = :(Clor Clo+lr e §10+z—1) = :(Clo+z’ §10+z) ) ;lo-f—z))



Hammad et al. Advances in Continuous and Discrete Models (2022) 2022:52

which means that ;.. is an FP of J and there is no further proof needed. So, we consider
C1iz # Slazer foralll € N. Put Az = @ (C14zs Slaza1) and

q’):max{ @ (41, 82) @ (82, 23) @ (L Eoe1) }
1+ (@L0) 1+@(,06) " 1+o(Cnen) |

Then for all / € N and ¢ > 0, we have J;,, > 0. Thus, for [ < z, we obtain

1< n(JzH)
= U(W(§z+1,€z+2))
77 (:(é‘lr;b ’gz) 3(§2¢§3, ’§z+1)))

(D'(C,, /+1) })]y
|: ( {1+ZD’(§],§]+1) 1=j=z

Also,

1< n(Jz+2)
= U(ZU(CZ+2, §z+3))
- U(ZU (3(52» {3500 §z+1):3(§3» $arens §z+2)))

UT(C;" §j+1) L9 < Y
< [n(max{il N w(g“pé';u) 12<j<z+ 1})]
= [n(d>)]y2

Continuing in the same pattern, for / > 1, we get

1< 77(:]2+l)
n(w(§l+z: §l+z+l))
= n(w (j(é'[, Clstseees §l+z—1)y3(§l+1; Civ2seees §l+z)))

<[n@)]"

Taking / — 00 in (2.3) and using (772), we have
llim nQ.)=1 llim 1=0

Based on (n3), there are £ € (0,1) and u € (0, 00) so that

Assume that u <ocoand v = % > 0. By the definition of the limit, there is /; € N such that

‘ n(Jul) -1
_‘lL’

z+1

—u‘fv, vi> 1.

Page 5 of 16
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It follows that

W(Jul) -1 -~
i -

z+l

v=—=v, ViI>I.

NCNIRN

Set % = ¢, then
lj£+l = lCI(ﬂ(Jzn) - 1), vi> 1.

Suppose that # = co and v > 0. By the definition of the limit, there is /; € N such that

n(jul) -1
=T

z+l

Vl>ll.

This implies after taking % = g that
o, < lg(n(z) = 1), V> 1.
Thus, in both cases, there are /; € N and g > 0 so that
11, <lq(n(@.) - 1), Vi>h.
Applying (2.3), we get
1, <lg([n@)] -1), Vi,
and, when / — oo, have
llirgo It =o.
Thus, there is I, € N and g > 0 such that

ot, <1, Vish.

Hence we can write

—_

:lz+l =1 Vi> I,
l7

Now, we clarify that {¢;} is a Cauchy sequence. For b > [ > [, one can write

@ (Lot Covv) = @ (s Ceric1)s Dby o5 Ezepm1)
<@ (- s Coric1)s et 5 Ei))
+ @ (31 or Cont)y ACir2s - Ezati1)
+ @ (Corr - Lorb2), oy oo s Ezvp1))

=@ (Corts Contn) + @ (Conte1s Sontaa) + - + T (Sonb-1 Soub)

Page 6 of 16
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= Jl+z + :ll+z+1 L :lz+b—1

ZJS+Z < ZJS+Z = i
s=1 S

hence it follows that {¢;} is a Cauchy sequence in (U, @ ). The completeness of U yields

| -

I

that there is £* € U such that

lim @ (¢1,¢) = lim @ (¢,¢7) = 0

Because 1 is continuous, we have

hi=lim Civz
l—00
= lim 3({1, Clslrees §z+l—l)
l—o0
, lim §z+l—l>
-0

= 3(1im &, lim &g,
-0 -0

=3(¢%¢%...0%).
For uniqueness, assume that ¢* and ¢’ are two distinct FP of the mapping J, i.e, ¢
,¢’) with ¢* # ¢’. Hence, by hypothesis (2.1), we can

j(é'*,f*,,é'*) and ;l ::(§,r§ )
write
(@ (¢%¢) =n(@ (3" 6., ¢%),3(¢. ¢, 8))
L)
L+ @ (%)
O

<[n(@(¢%¢)]

a contradiction, as y € (0,1). Therefore, {* = ¢’. This ends the proof

The following examples support Theorem 2.3

Example 2.4 Let {¢;} be a sequence defined as follows

;1:37
§2:3+7,
+(4l-1) =10 +1).

g=3+7+11+---
Assume that U = {¢;: [ € N} and w(z,z) = IE —E|. Clearly, (G, ) is a complete metric

space. Define a mapping J: U? — U by

1 +1+8 when /> 1

3
%, otherwise.

:(;‘1) El,?l) =



Hammad et al. Advances in Continuous and Discrete Models (2022) 2022:52

For [ > 5, we have

@ (3814 G153 £1-2), 12, §1-1, 1))
<é’1—5 +8a+83 O3+t §l—1)
=w

’

3 3
%|((1 5)020-9) + (- 4)(21-7) + (- 3)(2] - 5))
- ((1-3)(21=-5)+ (1-2)2l-3) + (- 1)(2l - 1))
%|(612 451 + 88) — (6/* — 211 + 22)|
%|241 66| = 81— 22,

and

max{@ ((£1-4, §1-3, $1-2) (G-2: C1-1, 80)) }
|(l-9@I1-7)- (-

= max |(l -3)(2l-5)-(-1)(2/-
|(1-2)(20 - 3) - (21 + 1)

= max{(8l - 22), (8] - 14), (6/ - 6)} = (8] - 14).

Now,

@ (s 813, 6-2), W20 61, 8)) | 81-22

= =1.
e max{w (¢4, £1-3, $1-2)5 ($1=2, L1, &)} oo 81— 14

Thus,

@ (C1-a €13, C1-2), D12, G1-1, &) < ¥ max{@ (($1-a0 813, £1-2), (812, £1-1, 01)) }

does not hold for y € (0, 1), which implies that assumption (1.1) of Theorem 1.1 is not
fulfilled. Now, define the mapping 7 : (0,00) — (1, 00) by n(s) = ef%. We can easily verify
that n € V and Jis PTR n-C. Indeed, the inequality

@ (33 8iv18i2) i 2:8i43:8iv4))
/W(3(§iv§t+1,§i+2):3(§i+2yCi+3,€i+4)) oo (oY AR WY R (RN TN T

(2.4)

o R &P (Gir8iv14i+2)Eix 2 8iv3:i44))
< eV\/w((zufnlv§l+2):(§l+2’51+3v§t+4)) T+ (Ci: 841802 Cis2,8in38i04) ,

holds for 2(&;, £is1, Siva) # DCivas Civss Lina)s i = 1,2,..., and for some y € (0,1). Inequality

(1.1) is equivalent to

’D(:l(;z $i41:8i42)(i12:8143:8i14))

(j(é.l’;l+11§l+2) :(§l+27§l+3’§l+4)) L1 €i42),3Cir2 Gi3.4104)

2 max (e ((8,8j41:8i+2)(8i42:8i43,+4))}
=y max{ (((z; Cistr Giva)s (Givas Gins, §z+4)) }e Leman{e (i1 €iv2) Gina Gi3 Ziva )

Page 8 of 16
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So, for some y € (0, 1), we can write

W(J:(fﬂm:€t+2):3£55+2:55+3:55+4))
@ (3(&i, Civ1s Giva)y iy iv3s Giva))e 17 Fitin 6 2) i i Giva) <2
max{w ((§;,6i+1,8i42)&iv2:8i43:8i+a))} — v
max{@ ((§i, Sis1y Civa)s (Givas Givsy Civa)) Je M m Citinn G2 G Givs Giva))

Now, we will discuss the following cases:
(D) Ifi=1=1, weget

@ (3(¢1,62,¢3),3(¢3,64.85))

@ (1, 02, &3), 3, Lay E5))e T EC10.8) T Cants))
max{@ ((£1,62,63),(£3,64.¢5))}
max{w ((¢1, &2, £3), ($3, 4, £5)) Je M@ {@102.83) G La 500}

(il +{32+{3 ) Cs+534+€5 )

£1+62+¢3 ¢3+84+85
@ ( {1+{32+€3 , §3+534+§5 )el+w(—3—,—r)

max{w ((¢1,62,63),(¢3,64.,¢5))}
max{w((§1¢ 2;2’ ;3)’ (C3’ §47 ;5))}6 Lemax{@ (€1.42:83)¢3.04.45)))

(34 112)
3073

(34 112)e1+m(§§ 12,

max{w ((3,10,21),(21,36,55))}

max{w ((3,10,21), (21, 36, 55)) }e Trmax{w ((31021),21,36,55))]

- 26e%° 13
— =€ <e" .
T 34e3 17

(ii) If i = I > 1, we obtain

(3(41 $141:8142) 3 142:8143,6144))
@ (38 S, §1v2), G2 Sivy Civa))e 7 S D =02 813 811a))

max{(67,874.1:614+2)8112:814.3:54)}
max{@ ({1, §141, §1v2), (S112, E1v3y Civa)) Yo o C0 L8120 Ca2 B3 Elra)

—_a +531+§1+1 Sl +§1§2+§1+3 )

S1+8+81 Sa1+82 48043 ) , 1+ ( S=1 ¥ e ‘fl+l+fl+2+fl+3)
o (AL it 1 s

max{e ((£7,¢741,6142):(814.2:814.3:814.4)))
max{w(({l, §l+l’ §l+2)7 (§l+2r §l+3’ §1+4))}€ Lemax{e (€161 18142) C12 81 3.4114)))

| 61243144 _ 6124271434 |
3 3

| 61243+4  6P2+271+34 o™ 6243l+4 6124371434
6%430e4 _ 6124271434,
3 3

max({|8/+10|,|8/+18|,/8/+26|}

max{|8/ + 10|, |81 + 18|, |81 + 26|} e Trmax([8/+10/[8+18].[8+26]

(8/+10)
(8[+ 10)e T+GH10) - (8 + 10)e(81+10)
8+ 26)eli887336) ~ (81 +26)e! @126 ¢

with y = % Hence all requirements of Theorem 2.3 are fulfilled and the point (1,1,1) is
the unique FP of 3.

Example 2.5 Assume that G = [0, 1], w(E,E) =7 —E|, and 3: % — U is described by

:(glx ,Cl)——;l, Vé-l,u‘,{lEB.
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Let 1 : (0,00) — (1, 00) be a mapping defined by n(s) = e T . Since e‘/g < e¥s, we can see
from [15] that n € V. Now, for ¢1,,...,1 € U, one can write

w(:(glr ooy Cl):j(;% ) Cl+l)) > 0’

and

Tl(w (:(é‘l! LR 51)13(4‘2" (RS §l+l)))

@ (31051, 3(6208141))
—e 1+ (356208 141))

(@IC1-0)+ =841l
—e 1+1(21-22)+(=¢141)]

(=L [ e1=6)+(E-g51)I
—e 2217\ 14161 =82)+(&=¢14 1)l

(L), [ max{@@€ye) w6 )
T+max{@ (£1,82),@ (7,474 1)}

@ (5gj+1) 1<j<z)

),/ max({ Lo (Ggj41)

~ @ (5 G) 4
B [n(max{ L+ @ (g, gm) 1=/= Z}):| ’

with y = % In addition, for all ¢*,¢" € U with ¢* # ¢/, we obtain

IA

o (3¢ 67,2 ¢...8) = " -2l S_f l >0,

and

4/ lc*=¢'| )
e V2V 1HEF=¢]

= [n(@(¢,¢))]",

IA

with y = % Hence, all assumptions of Theorem 2.3 are fulfilled. In addition, for some
chosen ¢3,...,¢ € U, the sequence {¢;} defined in (2.3) converges to ¢* = 0, which is the
unique FP of 3.

If we put n(s) = eV’ in Theorem 2.3, we get the result below.
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Corollary 2.6 Consider J: 0% — U is a given mapping and suppose thereis y € (0,1) such
that

2 w(;jr §j+1) . .
w(:(glx~~)§Z)1:(§2:“')§Z+1)) < V4 (max{ 1+ w_(fl, §j+1) 01 S] < Z}) (25)

Then for any chosen points ¢1,...,¢, € U, the sequence {¢;} described in (1.2) converges to
t*eUVand*=2(¢",...,¢*). Moreover, if

@ (3(¢*...,¢*),3(¢....0) < vie (¢4 )
holds for all t*,¢" € U with ¢* # ', Then the point {* is a unique FP of the mapping 3.

Corollary 2.7 Assume that J: 5* — U is a given mapping and there are nonnegative con-

SEAnts Y1, Vo, ..., Ve With y1 + Vo + -+ + v, < 1 such that

@ (£1,82) y @ (£2,83)
L+ @ (81, 8) L+ @(52,83)
+, @ (82) Czv1) ,

1+ w(;z: $ze1)

w (:(Clﬁ ceer Cz)¢:(§2) s €z+l)) =N
(2.6)

for each (¢1,...,841) € O with 3¢y, ..., &) # 8o, ..., Lov1). Then for any chosen points
81,8, € U, the sequence {{;}, given by (1.2) converges to * € U, where £* is a unique FP
of 3.

Proof It is clear that (2.6) implies (2.5) with Y2 =y + 5 + -+ + 5.
Now, suppose that ¢*,¢" € U with ¢* # ¢, Based on (2.6), one can obtain

o (3(¢*¢%....¢%),3(¢¢.... 7))
= (3(¢%....¢%),3(¢%..., %))
+o(3(¢*,...,25¢),3(¢%....t5¢.)
+-+ o (3(¢%...,0¢),3(¢.... 60 7))

@ (¢*,¢)
< o _S s
Syt T )
E J/Zw_(g.*,é_/)'
Thus, the conditions of Corollary 2.6 hold. O

If we take a large class of functions V, for example,

2 1
n(s) = 2 — — arctan =)
T s

where 6 € (0,1) and s > 0, we obtain the following theorem from Theorem 2.3.

Page 11 0of 16
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Theorem 2.8 Suppose that 3: % — U is a given mapping. If there are a mapping n € V
and constants y,0 € (0, 1) such that

2 1
T a am“([w(:(cl,..., ¢z>,:(cz,...,§z+1>)19)

<12 2 1 y
— —arctan @ (gpgje1) i 4 ’
[ aX{1—1<JSZ}]

+a (8,5je1)

for each (£1,...,8241) € O with 2(g,...,8,) # (%o, ..., Lov1), then for any chosen points
81558, €U, the sequence {{;}, given by (1.2) converges to ¢* € U. Then ¢* is a unique FP
of 2. Moreover, if

5 1
2- - arctan( (@ Q5. 0,3 g/))]9>

< [2 - E arctan(é)]y,
- T (@ (5%, )

holds for £*,¢' € U with £* # ', then the point {* is a unique FP of the mapping 3.

Remark 2.9 It should be noted that:
« Our Theorem 2.3 unifies and extends Theorem 1.3 in [10] and Theorem 1.2 in [9].
+ Corollary 1 in [15] can be obtained directly from Theorem 2.3 putting y = 1 and
neglecting the denominator of the contractive condition (2.1).
« If we take y = 1 and neglect the denominators of the contractivity conditions of
Corollaries 2.6 and 2.7, we obtain the BCP [1].

3 Application to matrix difference equations
In this part, the symbols R(N) for (N > 2), 0, g, ™, and ¢ refer to the family of N x N
Hermitian positive definite matrices, an N x N Hermitian positive semidefinite matrix,
an N x N nonsingular matrix, the conjugate transpose of g, and the function from R(N)
to R(N), respectively.

Now, the definition of the equilibrium point is stated as follows:

Definition 3.1 Consider 3:5* — U as a given mapping. For any ¢3,...,¢, € U, define a

recursive sequence {{;} by

Cliz =3(§l» §l+17-~r§l+z—l): (3.1)

for each [ € N. We say that a point ¢ € U is an equilibrium point of (3.1) if the hypothesis
below holds:

E=3(E»§rmf)~ (3.2)

Definition 3.2 If for all {1, &5,...,¢, € O one has @ (g, E) — 0 as [ — oo, then an equilib-

rium point is called a global attractor.
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Here, we explore the global attractivity for the following recursive sequence:

1271 §l+‘
=D+ - * ! ) , Vi=1. 3.3
§l+z ijzop (p(1+§l+j & fetl ( )

Before applying the theoretical results, we analyze the Thompson metric @ on R(N),

which is described as

@ (91, 2) = max{log W(Q),log W(ﬁ) },
22 1

1oz
for 1,2 € R(N), where W/(%) =inf{A > 0: 1 < Agn} = A (9, 2 ;> £2), that is, W
1 -1

is the maximal eigenvalue of g, 2 ,” 2. Here g < g, means that o, — g, is positive
semidefinite and g7 < g, means that g, — g7 is positive definite.

Based on @, which defined as

o (1, 2) = [1n(r 2o )
R(N) is a complete metric space [26], where || - || is a spectral norm [27].
Now, let us start with the exciting characteristics of @, i.e., for any nonsingular matrix
W,
@(P1,9) =@ (91,9;") =7 (W W, W, W). (3.4)
The second important result is the nonpositive curvature property of @ in the form of
@ (9], 95) <hw (p1,6), hel0,1]. (3.5)
Based on (3.4) and (3.5), we can write
o (We[W, W0y W) < |hlw (0], 95), hel-1,1],
for all g1, g € R(N).
Lemma 3.3 ([28]) For each 1, 92, §3, 94 € R(N), we get
@ (91 + 2,93 + ©a) < max{@ (91, 93), 7 (92, 94}
Moreover, for all positive semidefinite g1, £, 3 € R(N), we have
@ (91 + 92,01 + 93) < @ (92, 93).
Consider that ¢ : R(N) — R(N) is an n-contraction related with @ . For Wy, W5,..., W, €

R(N), let {W;} C R(N) be a sequence defined by (3.3).
Now, we can state and prove our main theorem for this part.
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Theorem 3.4 Equation (3.3) has a global attractor ¢ € R(N), which is a unique equilib-

rium point.
Proof Define an operator J: R(N)?* — R(N) by

j(le WZ:« ‘e WZ)

0+ pto( i )+ o o+ ° s
z le \1vw, )" P\ 1w,

for all Wy, Ws,..., W, € R(N).
Let W1, W, ..., W1 € R(N). According to Lemma 3.3, we obtain

ZD_(:(WD WZ; oo Wz)vJ(WZr WS; ) Wz+l))

W 1 z+1 Wk
W<D+ —Zso w(l W)so,% —Zso ¢><1+ Wk)@)

<w ( Zga w(llvw)so, . iso w(llv‘kv )@)

j=1

Set A = ﬁg’) Then by Lemma 3.3, we have

@ (W, Wa,..., W), D(Wa, Wi, ..., Wei1))
z z+1
Ww; Wi
< A* A Y AY A

- (A* (1+W1)A + A% (1+W2)A Tt A*q’(uw )A )
)A

Wi+
A*‘p(qu) + A*‘p(uw A+t A*w(lﬂ’k@lu

W
o (3o H&«Z)A)’

<max4{ @| A*p Wy ANWANNT Wa )A),

1+W3 1+ Wy

W, 1%
=maxjw | A%p KA, A 81 A
1+ W 1+ Wi

(S5 () () ) o

(=)

(3.6)

for k = 1,2,...,z. Because g is nonsingular, A is also nonsingular. Using (3.6) for all k =

1,2,...,z, we can write

| A* Wi A, A¥ Wi Al=o Wi
¢ 1+Wk ’ ¢ 1+Wk+1 ¢ 1+Wk 4

Wk+l
1+ Wk+1 '

Page 14 of 16
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Since ¢ is an n-contraction, for all k = 1,2,...,z, we have
1% Wi, Wi, Wi, *
oo (2% E ) A A% YA <] @ (Wi, Wis1) ’
1+ Wi 1+ Wi 1+ @ (Wi, Wie1)
for some y € (0,1). Thus, we get
(@ (AW, Wa,..., W), A(Wa, W, ..., Weir)))
Wi, Wi 4
S [n(max{u} : 1 §]§Z>i| s
1+ @ (Wi, Wii1)
for W1, Wa, ..., W41 € R(N). Hence, by Theorem 2.3, there exists an FP of the mapping
2, which is a global attractor equilibrium point ¢ € R(N). Moreover, for W;, W, € R(N),
such that (W1, W, ..., W) # 2(Wa, Ws,..., Ws), one can write
(@ (AW, Wi, ..., W), A(Wa, Wa, ..., Wh)))
2+ pro D+ pro —2
=nlo|o+ ,0 +
n 60§01+W@ 60§01+W2@
- . 4! . Wa
w »
=N 6’9§01+W1 KJ&@¢1+W2KJ
Wi W,
2 ’
N7\ N\ 1w )\ 1w,
W, 14
N7\ 1+ W1 1+ Wa

< [n(w (W1, Wa))].

IA

Again, based on Theorem 2.3, the equilibrium point is unique. d

4 Conclusion and future work

In this study, a new concept of Presi¢-type rational n-contraction mappings has been in-
troduced and the convergence of iterative sequences of such contractions has been dis-
cussed in the setting of complete metric spaces. The new theory improves and extends
many results existing in the literature. Some nontrivial examples have been provided to
support the results obtained herein. Moreover, some convergence results for a class of
matrix difference equations have been derived. As future works, the authors are looking
for generalizations of these results to multivalued Presi¢-type rational -contraction map-

pings and studying the convergence of the matrix difference equations numerically.
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