Zhan Advances in Difference Equations (2021) 2021:502 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-021-03659-4 a SpringerOpen Journal

RESEARCH Open Access
®

Check for
updates

On a degenerate parabolic equation from
double phase convection

Huashui Zhan'"

“Correspondence:

huashuizhan@163.com Abstract

'School of Applied Mathematics, L . . -

Xiamen University of Technology, The initial-boundary value problem of a degenerate parabolic equation arising from
Xiamen, Fujian 361024, China double phase convection is considered. Let a(x) and b(x) be the diffusion coefficients

corresponding to the double phase respectively. In general, it is assumed that

alx) + bx) > 0, x € Q and the boundary value condition should be imposed. In this
paper, the condition a(x) + b(x) > 0, x € Q is weakened, and sometimes the boundary
value condition is not necessary. The existence of a weak solution u is proved by
parabolically regularized method, and u, € L?(Qr) is shown. The stability of weak
solutions is studied according to the different integrable conditions of a(x) and b(x).
To ensure the well-posedness of weak solutions, the classical trace is generalized, and
that the homogeneous boundary value condition can be replaced by

a(x)b()|xeaq = 0 is found for the first time.

MSC: Primary 35B65; 49N60; secondary 35K10; 35K55

Keywords: Degenerate parabolic equation; Double phase convection; Boundary
value condition; Trace

1 Introduction

Consider the parabolic equation with a nonlinear convective term

N
e = div(a() [ VulP 2 Vi + b(x) [ Vul T2 Vi) + Y
i=1

W (x,£) € Qr, (1.1)

i

which arises from the double phase problems, as well as from the flows of incompressible

turbulent fluids etc. [3]. In this paper, Q7 = Q x (0, T), Q2 is a smooth bounded domain in

RN, p,q > 1, a(x), b(x) € C(RQ), fi(s,x, t) is a Lipschitz function when |s| is bounded.
Though the initial-boundary value problem of the non-Newtonian fluid equation

ue = div(|VulP>Vu), (%) € Qr, (1.2)

has been studied far and widely [12, 13, 24], as a generalized case, equation (1.1) has not
provoked researchers’ attention until recent years. Since the authors of [20] pointed out

that the methods used in studying the well-posedness problem of equation (1.2) are invalid
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for equation (1.1), more and more works related to equation (1.1) have appeared, one can
refer to [4—6, 8—10, 35]. First of all, let us give a simple review of [20]. If g > p > 1 and

a(x) >0, b(x) >0, a(x) +b(x)>0, xe€Q, (1.3)
then
a(x)|Vul? + b(x)|Vul? > c|Vul?,

provided that |[Vu| > 1. By its coercivity, we can minimize, with fixed boundary values,

the integral
F(u) :/(a(x)IVu|p+b(x)|Vu|q) dx
Q

and the local minimizers in the Sobolev class Wli)f (€2). It is expected (however it is not
always true!) that any local minimizer « is also a weak solution to the corresponding Euler’s
first variation, i.e., the PDE in a divergence form

N

0
E —a;(x,Vu)=0, x€&,
1 Bxi

where a(x, Vu) = (a;(x, Vu)), i=1,2,...,N, is given by
a(x, ) = {pa()|VulP + gb(x) | VulT2} Vu,

satisfying that

alx€)| <c(1+15177), &eRN.

Ifue WIZ’Z(Q), we can obtain

9 ’
|ax, V)| < M(1+ [VulT") e L (Q) = L (),

loc loc

and u € VV&)’Z(Q) would satisfy the (correct) weak form of the equation

N
0
/ E ai(x,Vu)a—(p dx=0, Vge Wol’q(Q), supp ¢ C .
@ a i

But the fact is that a minimizer of the functional (1.3) is only a function of class u €
Wl})f (2)! This is a difference (and a difficulty) with respect to equation (1.2) in which p = gq.

Of course, there is a similar difficulty in the evolution problems. Emphasizing the fact
that an evolution problem is usually formulated by a differential equation and not as a min-
imization, the authors of [20] adopted a different point of view and posed this philosophi-
cal question: does a counterpart of the minimization property exist in evolution problems?
i.e., may a solution of an evolution problem be a variational minimizer? By introducing a
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new kind of weak solution (called as variational solution in [20]), such a problem has been
perfectly solved in [20].
In this paper, we study the well-posedness problem of equation (1.1) only assuming that

[a(x) + b(®x)]lxeae = 0, [a(®) + b(x)]lxee > O, (1.4)

or

[a(0)b(x)]lxca0 =0, [a(®)b(x)]lxcaq > O. (1.5)

Since a(x) > 0, b(x) > 0, on the boundary 9%, if [a(x) + b(x)]|xcoo = O implies
[a(x)b(x)]|xcoq = 0. But generally, [a(x)b(x)]|xcan = 0 does not imply [a(x) + b(x)]|xeoq = 0.
Let us give some special cases when N =2, Q C R? is bounded. For example, we can
choose a small constant § < i and

Q1 = {x = (x1,%) 17 +25 <1},
0 < a;(x) € C(R), and on the boundary it is defined as

0, ifxe{l>xy>-8x7 +x5=1},
a1(x) = { smooth connected, ifx e {-§>x, > —28,x% + x% =1},

>0, ifxe{-28>x> 1,47 +x3 = 1}.
While 0 < by (x) € C}(Q1), and on the boundary it is defined as

0, ifxe{-1<x <8 +x3=1},
bi(x) = { smooth connected, ifx € {28 >xy > 8,27 + 3 =1},

>0, ifxe{25<x2§1,x%+x%=1}.
Then a;(x)b;(x) = 0, x € 921, but
ai(x) +bi(x)>0, «x¢€ {—28 > Xy > —1,x% +x§ = 1} U {25 <Xy < l,x% +x§ = 1}.

So, (1.5) is true, whether or not (1.4) is right.
For a simpler example, let

Q= {x:(xl,xz):1<xf+x§<4}

and

ar(x) =2 + x5 - 1, by(x) = 4~ (27 +43).
Clearly, a;(x) + bo(x) = 3 > 0 and ay(x)b2(x) = 0 when x € 9Q,. Also (1.5) is true, whether
or not (1.4) is right.
Certainly, if a(x) = 0, b(x) = 0 on the boundary 9€2, then conditions (1.4) and (1.5) can
be true at the same time.
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We would like to enlarge a bit upon this point. If a(x) and b(x) satisfy
a(x) >0, b(x)>0, xe€Q, (1.6)

to study the well-posedness of the solutions of equation (1.1), besides the initial value
condition

u(x,0) = ug(x), x€€, (1.7)

similar to the usual non-Newtonian fluid equation (1.2), in the sense of the classical trace,
the boundary value condition

u(x, t) =0, (x,0) € 02 x (0, T) (1.8)

should be imposed.

On the other hand, if a(x) and b(x) only satisfy (1.4) or (1.5), equation (1.1) may be de-
generate on the boundary 92, how to define a suitable boundary value condition instead
of (1.8) becomes an important problem. In fact, for a degenerate parabolic equation, the
weak solution u(x, £) may be too weak to define the trace on the boundary. For example,
the authors of [25] pointed out that if the weak solution u(x, t) only has the property

f ()| Vul? dx < oo,/ a(x) 7T dx = +00 (1.9)
Q Q
with that

ax)>0, xe9Q,

then C5°(Qr) is not dense in the space B = {u : u satisfies (1.9)}, and so one cannot define
the trace on 92 in the classical way. The author of [25] gave a new way to deal with the
boundary value condition, and we will introduce the related content in the last section of
this paper.

In recent years, the author of this paper has been interested in the stability of weak
solutions to the following equation:

uy = div(a ()| VulP 2 Vu) + f(x,t, u, Vi), (x,t) € Qr, (1.10)
including the special cases of that p(x) = p is a constant, provided that
a(x)=0, x€0%, ax) >0, xeQ. (1.11)

If the weak solutions of (1.10) only satisfy (1.9), we also cannot define the trace on the
boundary in the classical way. To solve this problem, we have avoided to use the boundary
value condition (1.8). Instead, we have found that, to study the uniqueness of weak solution
of equation (1.10), condition (1.11) can take place of the boundary value condition (1.8)
[26,29-32].

Actually, for a degenerate parabolic equation, how to deal with the boundary value con-
dition (1.8) has been an important problem for a long time, and there are many papers
devoted to this question, one can refer to [14, 15, 18, 21, 27, 30] etc. for the details.
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2 The definition of weak solution and the main results
In the first place, we give some basic concepts.
Assume that v(x) is a positive measurable function defined in 2. Define the weighted

Lebesgue space LP(v, 2), 1 < p < 00, as the space of all real-valued functions u for which

1/p
llatllp,0 = (/Q V()| u(x)| dx) < 0.

Further we suppose that

v el (@), [pw] el V(@ 2.1)

loc

Now, we denote by W (v, Q) the space of all real-valued functions u such that the deriva-
tive in the sense of distributions fulfills

uel?’(Q) and vY7|Vu|eI?(RQ)

with the norm

1/p
llzell1,p,0 = (/Q’u(x)|pdx+/Qv(x)|Vu(x)‘pdx) . (2.2)

By (2.1) we can introduce the subspace Wol'p(v, Q) of WP(v, Q) as the closure of C5°(2)
with respect to the norm (2.2). Moreover, conditions (2.1) imply that W#(v, Q) as well as
Wol ?(v, Q) are reflexive Banach spaces [19].

Lemma 2.1 Let us suppose that (2.1) holds and

)] 8 (@) (2.3)

with some g* > 1% Then WYP(v, Q) is continuously imbedded into WP1(Q), where p, =

1"
re*
gF+1"

Remark 2.2 By virtue of compact imbedding theorems (see [6]) and Lemma 2.1, we obtain
that the imbedding

WP (v, Q) — L1() (2.4)

Npi
N-p1
Therefore, if we also suppose that the number g* from Lemma 2.1 satisfies g* > %. then

WLP(11, Q) is compactly imbedded into L7 ().

is compact for 1 < g < ifN>pj,forl <g<ooif N=p;,forl1 <g<ooif N<p;.

In the second place, we introduce the definition of weak solution.

Definition 2.3 If u(x, ) is a L°(Qr) function, it satisfies

uel?(0,T; W (a(x), Q) NL1(0, T; W (b(x),Q)), u, € L*(Qr) (2.5)



Zhan Advances in Difference Equations (2021) 2021:502 Page 6 of 32

and

// U dx dt
Qr

N
' //QT [(a(x)|vu|102vu +b(x)|VulT Vu) Ve + ;ﬁ(”x t)‘/’xi:| dxds (20

=0, Vg e Cy(Qr),

then u(x, £) is said to be the weak solution of equation (1.1) with the initial boundary values
(1.7)—(1.8) provided that

}i_r)r(l)/ﬂ(u(x, t)— uo(x))gb(x) dx=0, Ve¢(x) e Cy°(Q), (2.7)

and the boundary value condition (1.8) is satisfied in the sense of trace.
In the third place, we give the main results.

Theorem 2.4 Suppose that q > p > 2, a(x), b(x) € C(Q) satisfies (1.5), f(s, x, t) is a C* func-

tion on R x Qy satisfies
[fi(tte, x,8)| < cmin{a(x),b(x)}, i=1,2,...,N, (2.8)

uo(x) satisfies

uy € L*(Q), |Vuol € LURQ). (2.9)
If
/ a(x) " dx < 0o, g1k > i, (2.10)
Q p-2
or
_ 2
/ b(x)™82* dx < 00, Dk > ——, (2.11)
Q q-2

then the initial-boundary value problem (1.1)—(1.7)—(1.8) has a solution.

If we do not require u, € L2(Qr), instead, u, € L'(0, T; W~14(R2)) (or a more general
Banach space), condition (2.10) or condition (2.11) may not be necessary. Also, condition
(2.8) is only used in the proof of the L*-norm estimate of #, and we conjecture it can be

replaced by the condition

N
Z—ﬁ ,%,2) < 0. (2.12)
P 0x;
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In this case, if #g(x) > 0, then by the maximal value theorem, one may prove that there is
a nonnegative weak solution u(x, t) satisfying

0<uxt) < ”uO(x)”LOC(Q)'

Moreover, by considering the minimality for the variational solution, the existence and
the regularity of weak solutions was studied in [20] when

4
2<p<g<p+minjl,—;.
PRRAEY
However, the main aim of this paper is not to study the existence of weak solution to
equation (1.1), we do not pay attention to whether conditions (2.10)(2.11) are optimal or
not. Also, we do not try to compare Theorem 2.4 with the results of weak solutions given
in [20]. We only give a result on the existence of weak solution for the completeness of

the paper. We mainly focus on the stability of weak solutions to equation (1.1) when the
coefficients a(x) and b(x) may be degenerate on the boundary 9<2.

Theorem 2.5 Let g > p > 1, a(x), b(x) € C(Q) satisfy
/ [a(x)_lﬁ + b(x)_q%l] dx < 00, (2.13)
Q

fi(s,x,t) be a Lipschitz function when |s| < ¢, i =1,2,...,N. If u(x,t) and v(x,t) are two
solutions of equation (1.1) with the same homogeneous boundary value condition

u(x,t) =vix,t) =0, (x,t) €02 x (0, T), (2.14)
and with different initial values u(x) and vo(x) respectively, then
/ ‘u(x, t) —v(x, t)’ dx < / |u0(x) - vo(x)’ dx, tel0,T). (2.15)
Q Q

If condition (2.13) is invalid, there are three cases

(a)
/ a(ac)_lﬁ dx < 00, / b(x)_qi11 dx = 00;
Q Q
(b)
/ a(x)*P+1 dx = 0o, f b(x)fﬁ dx < o0;
Q Q
(©
/ a(x)_!ﬁ dx = 00, / b(x)_ﬁ dx = oo.
Q Q

By Proposition 3.3, in cases (a) and (b), we still can impose the boundary value condition
(2.14) and obtain stability (2.15). If a(x), b(x) satisfy (c), we cannot impose the boundary
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value condition (2.14) generally. Fortunately, if there are some restrictions between a(x),
b(x) and f(s, x, £), we are still able to prove the following stability of weak solutions without
(2.14).

Theorem 2.6 Letq > p > 1,a(x), b(x) € C1(Q) satisfy (1.5), fi(s, x, t) be a Lipschitz function
when |s| < c. Suppose that u(x, t) and v(x) are two solutions of (1.1) with the initial values
uo(x) and vo(x) respectively. If a(x), b(x) and f;(s, x, t) satisfy

fit 3, 8) — fi(v,2,8)| < c[a(®)? +b@)T]lu-vl, i=1,2,...,N, (2.16)

and for n small enough,
/ a(x)\P|ValP dx <c, / a(x)b(x)P|VbP dx < c, (2.17)
Q\Q, @,
f b(x)"1VbPdx <, / b(x)a(x)|Va|ldx <c, (2.18)
Q\Q, 2@,

then stability (2.15) is true.
Here, 1 is a small constant and €2, = {x € Q2 : a(x)b(x) > n}.
Theorem 2.7 Letq > p > 1, a(x), b(x) € C(Q) satisfy (1.4), fi(s, x, t) be a Lipschitz function

when |s| < c. Suppose that u(x, t) and v(x) are two solutions of (1.1) with the initial values
uo(x) and vo(x), respectively. If a(x), b(x) and fi(s, x, t) satisfy

M(u,x, t) - fi(v,x, t)’

< c[(atx) + b@)7 + (alx) + b@) 7 ju—vl, i=1,2,...,N, (2.19)

and for n small enough,

1 ETAY

, </Q\D,7 |V(a(x) + b(x)) | dx) <g (2.20)
l 1+1y(q i <

, (/Q\D,, |V(ax) +bx)"1)| dx> <c, (2.21)

then stability (2.15) is true.

Here, 7 is a small constant and D), = {x € Q: a(x) + b(x) > n}. There is an essential differ-
ence between Theorem 2.6 and Theorem 2.7. In Theorem 2.6, a(x), b(x) € C'(R2) satisfy
(1.5), and so

a(x) >0, bx)>0, xeQ;

while in Theorem 2.7 a(x), b(x) € C(Q) satisfy (1.4), and so

a(x) =0, b(x)=0, xedf.
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But it is possible that there is xy € €2,
a(xg) + b(xy) >0, a(xg)b(xg) = 0. (2.22)

Naturally, condition (2.16) (or (2.19)) may not be necessary. In the last section of this
paper, by giving a generalization of the classical trace of u € BV(Qr), we will use a reason-
able partial boundary value condition instead of condition (2.16) (or (2.19)) to study the
stability of weak solutions.

3 The existence of weak solutions
In this section, we want to prove Theorem 2.4. Let us first consider the following Cauchy—

Dirichlet problem:
r=2 q-2
Ugs — div((a(x) + ‘8)(|Vug|2 + 8) 2 Vug + (b(x) + 8)(|Vu€|2 + 8) 2 Vug)
B i 0fi(te,%,1) 3.1)
, 0x;
i=1
= 0; (x: t) € QT;
us(x,8) =0, (x,t)€dQx(0,T), (3.2)
ue(%,0) = ugo(x), x€, (3.3)

where ug € C3°(2), |l ucollzo(@) < lluollze (@), |Vueo| converges to |Vug(x)| in L9(S2).

Since the convection function f(s,x,¢) is a C! function on R x GT, i=1,2,...,N,
by the classical existence theory for parabolic equations [17], similar to [8], we know
there is a unique weak solution u, € C°([0, T); L%(2)) N L9(0, T; Wol'q(Q)) with 9,1, €
L7(0, T; W14 (£2)). Now, let us show that

llzte |l ooy < c.
Lemma 3.1 Assume that ay, by, A are positive constants, where A > % + %. Define

eks—l s> 0,

p(s) = (3.4)
—eM+l s<0.

Then the following properties hold:
1. For any s € R, we have

0@ = 2lsl,  aip'(s) - bale)] = e (3.5)

2. For any s > d, there hold constants d > 0, M > 1, we have

! l
90’(8)5/\1\/1[90(;”, ¢(8)5M[<p<;)}, (3.6)

where > 1.
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3. Let ®(s) = fg @(o)do. Forany s > 0, if | > 2, here holds constant c* > 0, we have

l
®(s) > ¢* |:<p<;):| . (3.7)

If1<1<2, then there exist d > 0 and c* = c*(q, d) such that

®(s) = e, Vs=d,

(3.8)
O(s) = c*[p()]>, Yo<s<d.

Lemma 3.1 can be found in [16].

Lemma 3.2 Assume that u. is a weak solution of (3.1), then there is a constant ¢ (which is
independent of ) such that

lete Iz @p) < llstollzoee) + c. (3.9)

Proof We only give the proof provided that condition (2.10) is true. When condition (2.11)
is true, this lemma can be verified in a similar way. Let k be a real number and || u||10(q) <
k, the function ¢ be defined as (3.4). Define

u, —k, ug >k,
Gi(us) = Yu, + &k, u, < -k,

0, lue| < k.

We can see ¢(Gil(u:)) € V N L*(Qr). So, for any 7 € [0,T], we can choose v =
©(Gr(ue)) x0,r) as a test function (where x4 is an eigenfunction on the set A). At the
same time, we know that v, = xjorx{luel > k}¢'(Gr(use))ther, and Vv = xpoox{lte| >
kYo' (Gr(ue))Vue. Since fi(ue, x, t) satisfies (2.8), we have

Ar<u€f’¢(Gk(Ma)))dt
' /0 /Q[(b(’” +e)(IViel +¢)

p-2
2

q-2
2

|Vus|2

+(a(x) + &) (IVue|* +£) 7 |V |*]

¢ (Gr(ue)) x {|ue| > k} dxdt
N T
= _;/0 /Qﬁ(ug,x,t)x{lugl > ko' (Grlute)) the, dx dt
= fo t fg Ba(x)lws ¥+ éa(x)] x{luel > k}¢' (Gilu,)) dx dt, (3.10)

where (uq, 9(Gi(ue))) is the dyadic interaction between L?(0,T; Wol'p(Q)) and
L7 (0, T; W=7 (Q)).
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Let Ax(t) = {x € Q: |u.(x,t)| > k} depend on k. We have

/ (120, 9(Gi () lt = / (Genp)) (7) dx - / (Geltz0)) dx
0 Q Q

- oG mdr- [ @(Giluo)ds (3.11)
Ag(1) Ax(0)

- / (G (4,)(x) dix.
Ai(z)

Substituting (3.11) into (3.10), using Lemma 2.1, we can deduce that

/ ¢(Gk(u5))(r)dx+/f |Vu, P ¢ dxdt
(@) o Jag
5/ @(Gk(ug))(r)dx+/ / a(x)|Vug|Po' dxdt
Ag(r) 0 JA®)

+/ b(x)|Vu |l dxdt

0 JAk@®

< c/ (Gk(ug))(T)dx (3.12)
Ax(r)

+cf f Y+ & |Vu8|2+8)T|Vu |2
Ak(2)

+ (a(x) + ‘»9)(|Vug|2 + 8) 5 |Vu£|2](p/ dxdt

< c/(; /Ak(:) a(x)(p’(Gk(ug)) dxdt.

Let wy = go(‘G’(](‘%‘g)‘). Then

T , 1 T AIGk(ug)l p
/ / |[Vug P dxdtz—/ / \e Z Vu| dxdt
0 JAk(®) 2 Ar(0)
S
> —(—) / / |Varl? dxdt.
2\2 0 JA®)

By definition we know that Ax(£)\Ax.4(2) = {x € Q: k < |u.(x,t)| < k + d}. So, in the set
of Ar(t)\Axsa(t), we get 0 < |Gi(u,)| < d, ' (Gi(ue)) = 1Mkl < 1 e* Combining (3.6)
with (3.12) and (3.13), we have

| ()@ —(—) [ / Vol ddt
Ag(z) Ap ()
<ck/ / |wk|pdxdt+c)\e’\d/ / dxdt.
Aferd () Ax(OAg1a(t)

P dx dt (3.13)

(3.14)

Page 11 of 32
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Since p > 2, by (3.7), then

/ D(Grlue))(v) dx > c*/ |wl? dx. (3.15)
A(r)

A ()

Plugging (3.15) into (3.14) and taking the supremum for 7 € [0,#;], with ¢; < T to be de-
termined later, we have

sup/ |k | dx+—<—>/ / |Vl dxdt
rel0,t1] A(2)

(3.16)
<ck/ / |wk|1"dxdt+c1)ne”l/ / dx dt.
Ak+d(t) Ar®Ag,a®
Let i = [2' u(Ax(#)) dt. By choosing
p 1
a(tu(Q) N7 < > (3.17)

where (£(2) is the Lebesgue measure of 2. Now, using the embedding inequality [16, 24],
we can deduce that

a N+p NL*‘P a
(/ / |wg [P N dxdt> < y( sup / |a)k|pdx+/ / |Va)|pdxdt>,
0 JAR®) tel0t1] JAx(r) 0 JA®)

where y is a constant independent of ¢, similar to the proof of Theorem 2.2 in [16], it
follows from (3.16) that

Wi < v NV, (3.18)

p(N +p)

(-k)y"~

N .
where r > % is a constant, and so

N
(1__>£ 1.
r N

Therefore, thanks to the iteration lemma in [21], from (3.18), we eventually obtain that

Vlluoll oo gy +D) = 05

where D > 0 is a constant depending only on p, N, t;, r, Q. This proves that, for fixed A
validating Lemma 2.1,

(e t)”Loo(Qtl) < lluoe | Loy + D. (3.19)
Finally, we partition the time interval [0, 7] into finite subintervals [0,t], [t1,%],...,

[t,-1, T] such that the conditions similar to (3.17) are available for each subinterval [t;, £;,1],
then we deduce an inequality of the form (3.19). Eventually, we have conclusion (3.9).
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Proof of Theorem 2.4 Multiplying (3.1) by u, and integrating it over Qr yield

1/u dx+// x)+e)(|Vu,3|2+e)T2|Vu5|2
2 QT

+ (b(x) + 8)(|Vu5|2 + s)% |Vu5|2] dxdt

Z// af(“’”x’t) e dxdt

1

=5 / u?y dx. (3.20)
Q

Since f(s,x, t) is a Lipschitz function when |s| <, af’ 5

bounded. If [, a(x)_lé dx < 00, then [, a(x)_lﬁ dx < 00, and

) exists almost everywhere and is

ai es X, L ai , %, L
/Musdxlff ACL ) [P,
Q 0x; Q ds s=ug

ai , X, L
SC/ M MEJC' dx+c
Q ds S=ulg '

1
< L—L/a(x)|Vu8|pdx+c/ a(x)_lf%1 dx +c¢
Q

Q

1
< —fa(x)qug|pdx+c.
4 Jo

Or similarly, if |, b(x)_% dx < 00, we know that [, b(x)_ﬁ dx < 0o and

ai er Xt 8;’ Ly X, L
fMusdx‘f/ LACLL) I TP
Q Bxi Q ds s=itg

ai , X, b
§c/ M Ugy,|dx + C
Q ds s=g

1
< —/b(x)|Vu5|qu+c/ b(x) 7T dx + ¢
4 Jo Q

1
< —/b(x)quglqu+c.
4 Jao

Accordingly, based on condition (2.10) or condition (2.10), by (3.20), we obtain

/u dx+// u(x)|Vu5|”dxdt+/ b(x)|Vue|? dx dt
Q Qr

p-2
/u dx+// (a@x) + &) (IVue|* +S)T|Vu£|2dxdt
Qr (3.21)

// ) +¢) |Vug|2+8)T|Vug| dxdt
Qr

Page 13 of 32
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Let ©; CC . Then there exists a constant ¢(£21) such that
a(x) > c(21) > 0, b(x) > (1) > 0.

By g > p >2,(3.21) yields

T
/ |V | dx dt
0 Q1

T p
fc(/ |Vu5|”dxdt)
0 Q1

T 2 T 2
56(91)[</0 ‘/Qa(x)Wuglpdxdt) +</0 A b(x)qus|qudt> ]

<c.

Multiplying (2.9) by u,;, we have

// |ttee|? dx dt
Qr

3 -2
) ;://QT aixl[(a(x) + 8)(|V’48|2 + S)IQTugxi

q-2
2

+ (b(x) + 8)(|Vz,tg|2 + 8)
S g

For every term in (1.7), firstly, we have

uexl]ugt dx dt

N 5 2
Z// — a(x)+8)(|Vug|2+8)Tusxi)u8tdxdt
o JJor 9%
)
:_Zf/ a(x)+e |Vu8|2+8)%u€xiusxitdxdt
\Vug\zﬂs 2
:——Z// a(x +s / s 2 dsdxdt
0

and

N
P q-2
Z//Q T (0@ + &) (IVuel” +2) 7 ey Juer dcdt
i=1 T o
:_Z// x)+e |lelg|2+€)%uaxiusxitdxdt
Vg |2+e 4-2
___Z// b(x +£ / $'2 dsdxdt.
0

(3.22)

(3.23)

(3.24)

(3.25)

Page 14 of 32
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Secondly, if fQ oz(x)_l‘%2 () dx < 00, by the Holder inequality, we have

/:/ |V | dx dt
Qr

2 2
= c// a(x) ?alx)? |Vu|* dxdt
Qr

(3.26)
p=2 2
2 » P
< c(// a(x) 2 dxdt) <f/ a(x)|Vug|? dxdt>
Qr Qr
2
Similarly, if [, b(x) 72 (x) dx < oo, we have
// |V | dx dt
Qr
_2 2
= c// b(x) 1b(x)1 |Vu,|* dxdt
Qr (3.27)
q-2 2
2 q q
< c(/ b(x) a2 dxdt) (// b(x)|VuS|qudt>
Qr Qr
<c.
Thirdly, we have
er X, L
Z// JACEE ) dxdt
N
SZ// it 6,0 | vt
i=1 7 QT (3.28)

N
+Z+// fix, (e, %, 1) ||| dc it
i=1 Qr

1
< —// |u5t|2dxdt+c// |V |*dxdt + c.
2 Qr Qr

Combining inequalities (3.24)—(3.28) with (3.23), we can extrapolate that

d |Vug|2+s =2
// |u”|2dxdt+// (a(x)+£)—/ s dsdxdt
Qr Qr dt Jo
|Vig |2 +e B
+// b(x)i/ s% dsdxdt

Page 15 of 32
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and so

// luter|? dx dt
Qr

[Vugo|2+& P2
§c+c/(a(x)+s)/ s 2 dsdx
Q 0

IVueolP+e
+cf(b(x)+s)/ s? dsdx
Q 0

<c.

(3.29)

According to the weak convergence theory, by (3.20), (3.21), (3.22), and (3.29), there exist

— —
afunction u and two N-dimensional vector functions ¢ =(¢y,...,¢y)and & =(&y,...,&N)
such that

P a_
u € L™(Qr), [&i] € LP1(Qr), &l € L&1(Qr),
U, —> u, a.e. inQr,

u, — *xu, in L*=(Qr),

ﬁ(ua)x, t) —>ﬁ(u,x, t), a.e. in QT,

L

a(x)|Vu, |p_2usxi — ¢, inLr(Qr),

q
-1

b()| Ve "ty — &, in LTT(Qr).

At last, it is not difficult to show that

lim //QT(a(x) +6)(a) + &) (IVue|* + €)

e—0

p2
2

|V |>°Vu, Vo dxdt

+ lim // (b(x) + 8) (a(x) + 8)(|Vug|2 + 8)% Vi |*Vu, Vo dxdt
Qr

e—0
- _
:/ (¢ +&)-Vodxdt
Qr

= // [a@) VUl 2V + b(x)| VulT>Vu] Ve dx dt
Qr

for any given ¢ € C}(Qr). So u € L?(0, T; \Vli’f(Q)) NLi0,T; VVI})’Z(Q)), and (2.6) is true.
In addition, we can choose the test function ¢(x, £) = X[z 19 (*) in which ¢(x) € C5°(2)
and x[, ] is the characteristic function of [£1,£,] C (0, T). Then

ty N
/ / |:(a(x)|Vu|p’2Vu + b(x)|Vu|q_2Vu)V¢ + Zﬁ(x, t, u)¢(x):| dxdt
t Q

i=1
- / (s 12) — (e, ) () di.
Q
Let t = £, and t; — 0. Then we have (2.7). Moreover, by the following proposition, u can

be defined as the trace on the boundary 9€2, u is a solution of equation (1.1) with the
initial-boundary value conditions (1.7)—(1.8). Theorem 2.4 is proved. O

Page 16 of 32
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Proposition 3.3 If u(x,t) is a weak solution of equation (1.1) with the initial value condi-
tion (1.4) and one of the following conditions is true:

(i)

fQ a(x) 7T dx < 00 (3.30)
(ii)
fQ b(x) 7T dx < o0, (3.31)
then
/Q Vil dx < (T). (3.32)

Proof 1f (i) is true, then

/|Vu|dx=/ 1 |Vl dx
Q {(xeQa(x)P~1|Vu|<1}

+ / e |Vu|dx
(xeQ:aP~1|Vu|>1}

fc/ a(x)_lﬂ%1 dx+/a(x)|Vu|pdx+c
Q Q

C.

IA

Similarly, if (ii) is true, we also have (3.32). a

4 The stability of the initial-boundary value problem

For small 1 > 0, we introduce the following functions:

s 2 S
S,(s) = / hy(t)dr, hy(s) = — (1 - ﬂ) , H,(s) = / S,(r)dr.
0 n n/. 0
Obviously, we have |s/,(s)| <1 and
ling)S,,(s) =sgns, lin})sh,,(s) =0, ling)l-[n(s) =1s|, s€(~o00,+00). (4.1)
n— n— n—

Proposition 4.1 Let u(x, t) and v(x, t) be two solutions of equation (1.1) with the homoge-

neous value condition
u(x,t) =v(x, t) =0, (x,8) €02 x (0, T), (4.2)

and with different initial values uy(x) and vy(x) respectively. If p > 1, (3.30) or (3.31) is true,
and

filt 3, 8) — fi(v,2,8)| < [a®)? +b@)T]lu-vl, i=1,2,...,N, (4.3)
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then
/ |u(x, t) — vix, t)| dx < / |u0(x) - vo(x)| dx, te€l[0,T).
Q Q
Proof Since (3.30) or (3.31) is true, Proposition 3.3 implies that the boundary value condi-

tion (4.2) is true in the sense of trace. Choose ¢ = x[S, (14 — v) as the test function, where

X[z.s] is the characteristic function of [t,s] C (0, T). Then

//S(u )ddt

+/ /a(x)(|Vu|”_2Vu—|VV|”_2VV)V(M—v)hn(u—v)dxdt
T JQ

+// b)) (IVul T2V — [VV|92V) V(1 = v)hy (1 — v) dx dt (4.4)
T Q

N S
i\t %, 1)) = JilVs %, = V) hy(u—v)dxd
+121:/; /;Z[f(uxt)) Fi,2,8)] (= V)i (u — v) dx dt
=0.

By that foT lu,| dxdt < c, foT |v¢|dxdt < c, we can use the dominated convergence
theorem to obtain

llm//S(u v) )ddt

:lin(l) [Hﬂ(u—v)(x,s)—Hﬂ(u—v)(x,r)]dx (4.5)
n—VJq

=/ |u—v|(x,s)dx—/ lu —v|(x, T) dx.
Q Q

Also, since a p-Laplacian operator is a monotone operator, then we have
/ / |Vu|” 2Vu - |VV|p_2VV)V(M —Vh,(u—-v)dxdt>0 (4.6)
and
/S /Q b(x)(|VulT2Vu — V|12 Vv) V(1 — v)hy (u - v) dxdt > 0. (4.7)
v

Moreover, since f;(s, x, t) satisfies (4.3), we have

lim
n—>0%
P

S / [fiu, %, 8) = fi(v, %, 8) | = V) 11y (s = v) dxc it
T JQ

§clim/f|h u—v)( —V|[ (x)P+b %]|V —V)|dxdt

n—0

sc%iﬂ)/r /Q|h,7(u—v)(u—v)|a(x)%|V(u-v)|dxdr
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+c%igg)/:/gihn(u—v)(u—v)|b(x)ﬂll|V(u—v)|dxdt

< c%ii%(/:/ga(x)(Wulp + |Vv|”) dxdt)p (4.8)

-(/S/|(u-v)h,,(u-v)|% dxdt)T
T JQ
+crlli_r>r(1)<frsf9b(x)(|Vu|q+|Vv|q)dxdt)q

: (/S/Q‘(u—v)hn(u—v)]% dxdt)qql
=0.
Finally, let n — 0 in (4.4). By (4.5)—(4.8), we have
/Q|u(x,s) - v(x,s)| dx < /Qiu(x,T) —v(x, t)| dx.
Let 7 — 0. Then
/Q‘u(x,s) - v(x, s)| dx < /Q‘uo(x) - vo(x)‘ dx.
Proposition 4.1 is proved. O

Proof of Theorem 2.5 Comparing with Proposition 4.1, Theorem 2.5 is not with condition
(4.3). By checking the proof of Proposition 4.1, we only need to show

lim
n—0

/ [ﬁ(u,x, ) —fi(v,x, t)](u =V (u—v)dx| =0 (4.9)
Q
without condition (4.3). We give the details below

/S;[fi(u,x, £) = fi(v,, 8) | (u = V) g (4 — v) dx
(4.10)
= / [fi(u,x, t) - fi(v,x, t)](u = V) 1y (u—v)dx.
{€2:|u—vi<n}

When the set {Q: |u — v| = 0} is with zero measure, since |f;(u,x,t) — fi(v,x,t)| < ¢, we

have
lim / [ﬁ(u,x, t) - fi(v,x, t)](u = V)b (u—v)dx
n—0 {Q:|u—v|<n}
1
= — lim / fi(u,x,8) — fi(v,x,1)
210 {Q:IM—VI<n][ ]

(@) 7T a(x) T + b(x) T b() T |(u - V) by (1 — v) dix

p-1

» A\Y d b g e
SC(/{Q:M_V=0}(ﬂ(x)(|VM| +[V¥)I) x) (/Qﬂ(x) x)
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q-1

* C</{9:|u-v|0} (b (IVul? + |Vv|‘1))”dx> ! (/Q b(x) 71 dx) !

=0.

1 1
When the set {€2: |u — v| = 0} is with a positive measure, by (2.13), [a(x) 7T + b(x) 7] €
L'(2), we have

lim
n—0

/ [ﬁ(u,x, 1) —fi(v,x, t)](u = V), (u—v)dx
{Q:|u—v|<n}

p-1

= C(-/{Q:u—v|=0} (a(x)z% Vi — Vv|)” dx)ﬁ </Q ﬂ(x)_ﬁ dx) B

q-1

IV — V) 7 Lo\ T
+C(-/{Q:u—v=0}(b(x) |VM VV|) dx) (‘/Qb(x) dx)

=0.
Thus, we have the conclusion. O

5 Proof of Theorems 2.6

Proofof Theorems 2.6 Since a(x)b(x) = 0,x € 0€2, we can define @, = {x € Q2 : a(x)b(x) > n},

1, ifxeQ,,
08 =1 (5.1)
LEZE, ifxeQ\Q,,
n

and choose x[r,5¢,(*)S, (& — v) as the test function. Thus

/:/Q%Sn(u—V)

+ /S/ a(x)(quV"_zVu - |VV|p_2VV)V(M =V, (u—v)p,(x) dxdt
T JQ

dxdt

o(u—v)
ot

+ /s/ a(x)(qulp‘ZVu - IVVIP‘ZVV)(u -v)S,(u-v)Ve, dxdt
T JQ

+/s/ b(x)(|Vu|q_2Vu— |Vv|q_2Vv)V(u—v)h,,(u—v)¢,,(x)dxdt
T JQ

s (5.2)
+ / / b)) (IVul >V — |[VV|92Vv) (- v)S, (u - v)V ¢, dx dt
T Q

N s
+;/T /Q[ﬁ(u,x,t) — [V, %, ) | by Sy (1 — v) dx dlt

N s
' ZI/ fg[fi(”’x' ) = fi(v, % 0] = V)t (u — v) dxdt

=0.
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At first, we have

lim // ¢)n(x)5,7(u—v)a(u_v) dxadt

n—0

M%@th V)]
n—>0 / / dxdt

:/ |u—v|(x,s)dx—/ lu —v|(x, ) dx.
Q Q

Secondly, we have

/Qa(x)(|Vu|p'2Vu — [VVP2VY) V(1 = v)hy (1 = v) g, (%) dxc > 0
and

/Q b)) (IVu|T Vi — |[Vv[T2 V) V (1 = v)hy (1 — v) gy, (x) dx > 0.

Thirdly, we have

o ) 0, ifxeQ,,
X) =
! TV@a@b), ifxeQ\Q,

condition (2.17) yields

/ a(x)(|Vu|”’2Vu - |VV|”‘2VV)V¢ﬂSn(u —v)dx
Q

/ a(@®)(|VulP>Vu - |VvP2Vv) Ve, S, (u - v) dx
2\,

< l/ a(x)(qulf”‘1 + IVVIP_I)V(a(x)b(x))S,,(u —v)|dx
2\Q,

n
_c AN
< n(/Q\Qn[a(x)(Wul + Vv )]dx)

. (/ a(x)|V (a(x)bx)) |’ dx)ﬁ
a2\,

vax)” N\
SC[(/S;\Q" a@)|Vul dx) + (‘/Q\Qn a(x)|Vv| dx> :|

1

. |:</ a(x)'P|Val? a’x)l7 + (/ a(x)b(x)P|VblP dx)p]
Q\Q, 2@,

p-1

< C|:(/§.2\Q,, a(x)|Vul? dx) + (/Q\Q” a(x)|VvlP dx) ],

(5.4)

(5.5)

(5.6)
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which goes to zero as n — 0. Similarly, by (2.18), we have

/ b)(IVu|T>Vu — |Vv|T>Vv) Ve, S, (u - v) dx
Q

/ b(x)(IVulT>Vu — V|12V Ve, S, (u - v) dx
Q\Qy

< 1 f b)) (IVulT" + V|7V (a(x)b(x))S, (u - v)| dx
nJao\,
1, o) ([ sorasrs)) g

q-1

= C[(A\Qn b(x)|Vu|qu> + </9\9n b(x)IVvlqu> :|
. [(/ bl dx) 5 ’ (/ bx)a(x) ™| Val? dx> q}
2\ 2\,

q-1 q-1

< C|:(./§.2\Q,] b(x)|Vu|qu>T + </s‘z\sz,7 b(x)|Vv|qu>T:|,

which goes to zero as n — 0.
Fourthly, since u(x, £), v(x, t) € L>°(Qr), condition (2.17) yields

rl}ig})‘/ﬂ[ﬁ(u,x,t) —fi(v,x, t)]qbnxiS,,(u—v)dx
- %1_1)1(1) L\Qn[ﬁ(u,x, £) = fi(v,5,8) |y, Sy (1 — v) dx

< lim = [a@)? + b()7 ]| (a()b())||S, (e - v)(u - v)| dx
=017 Jave, /

< lim (/ (a(x)l_pIVuV’ + a(x)b(x)_p|Vb|1’) dx) ’
Q\Q,

n—0

X </Q|S,,(u—1/)(u—1/)|1”p1 dx)T

+ lim < / (b()|VBI7 + b(x)a(x) 7| Val) dx) !
\Q,

(5.8)

n—0

—

q

X (/SJSW(M—V)(M—V)"IL‘I‘dx)q
56(/Q|u—v|dx)p+c</ﬂ|u—v|dx)q.

Moreover, by condition (2.16), we have

N s
lim ;/; /;Z[ﬁ(u,x, t) - fi(v,x, t)](u —V)x;nhy(u —v)dxdt = 0. (5.9)

n—0
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Finally, let n — 0 in (5.2). Then

t k
/Ju(x,s)—v(x,s)!dxf/S;}u(x,r)—v(x,t)’dx+c</o /Q|u—v|dxdt> .

where k < 1.

By the generalized Gronwall inequality [28], we can extrapolate

/‘u(x,s)—v(x,s)’dxfc/’u(x,r)—v(x,t)’dx.
Q Q

Letting 7 — 0, we have the stability (2.15). O

Corollary 5.1 Suppose that a(x) and b(x) satisfy condition (a) or condition (b), and satisfy
(2.17)(2.18). Let ¢ > p > 1, a(x), b(x) € CY(Q) satisfy (1.5), and when ||, |s3| < c, there is a
nonnegative continuous function g;(x) such that

[ﬂ(x)(sl,x, t) - fi(so, %, t)| <cgx), i=12,...,N. (5.10)

If u(x, t) and v(x, t) are two solutions of (1.1) with the initial values uy(x) and vy(x) respec-

tively and with the homogeneous boundary value condition
ulx,t) =v(x,t) =0, (%, 1) = Xpg x (0, T), (5.11)

then stability (2.15) is true, where

N
Ty = {x €0Q: ) (aWbw), &) = 0}~

i=1

Proof Similar to the proof of Theorem 2.6, we have (5.2)—(5.7). Since a(x) and b(x) sat-
isfy condition (a) or condition (b), Proposition 3.3 means that the partial boundary value
condition (5.11) is true in the classical sense of the trace. Then by condition (2.17) it yields

lim
n—0

N
fQ > [l x,£) = fi(v, 2,0y, Sy (u — v) dx
i=1

=lim
n—0

N
[ 0150618 )

\Qy o1

N (5.12)
<clim /Q (@), &[S, (=)o~ ) dx

n—0n @, 5
N
= c/;ﬂ ;| (d(x)b(x))xigi(x)| lu—v|dx
=0.

The remaining process of the proof can be completed as that of Theorem 2.6. d
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6 Proof of Theorems 2.7
In this section, we use a similar method as that used in the proof of Theorem 2.6 to prove
Theorem 2.7.

Proof of Theorem 2.7 Let u(x,t) and v(x,t) be two weak solutions of equation (1.1) with
the initial values uo(x) and vo(x) respectively. Different from the proof of Theorem 2.6),
a(x) and b(x) may satisfy (2.22).

Since a(x) = b(x) = 0 when x € 09, but a(x) + b(x) > 0 when x € 2, we define D, = {x €
Q:a(x) + b(x) > n} and let

1, ifx e D,,
ZIOER W 6.1)
22, ifxeQ\ D,
n
By choosing [ s¢,(%)S, (1 — v) as the test function, we have
S a _
/ / 0051 = 1) 2V
T JQ at
+ / / a(x)(|Vu|p_2Vu - |VV|p_2VV)V(M =V, (u —v),(x) dx dt
T JQ
+ / / a@)(IVult>Vu - |VvP2 V) (u - v)S, (u - v)Vo, dx dt
T JQ
+ / / b(x)(|Vu|q_2Vu - |Vv|q_2VV)V(u =V, (u—v)p,(x) dxdt
(6.2)
/ / )(IVU|T2 Vi~ V|72 Vv) (u = v)S, (u - V)V, dx dt
+ Z / / [, %,8) = £i(v,2%, 0|0y Sy (1 = v) dx dt
-1 YT YR
N S
+ Z/ / [, x,8) = £i(v, 2,0 = V)01 (= v) dx dt
=1 YT J9
=0.
Directly, we have the following three formulas similar to (5.3)—(5.5):
. oy
im <p,7(x)S (u - dxdt
H,
/ [ et )1 i 63)
r]—>0
= / lu —v|(x,s)dx — f lu —v|(x, T)dx,
Q Q
/ a(x)(quV’_zVu - |VV|p_2VV)V(M —V)h,(u—v)p,(x)dx >0 (6.4)
Q

and

/ h(x)(IVu|q_2Vu - |Vv|q_2Vv)V(u —V)hy(u—v)g,(x)dx > 0. (6.5)
Q
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Moreover, condition (2.20) yields

/ a@®)(IVulP>Vu - |VvIP>Vv) Ve, S, (u - v) dx
Q

f a(x)(|Vu|p’2Vu - |VV|P’2VV)V<p,]Sn(u -v)dx
Q\D,

< 1 / a(x)(|Vu|1”1 + |Vv|p_1)V(a(x) + b(x))S,?(u —v)|dx
Q\D,

n (6.6)

1

(/ a(x)|V(a(x) + b(x)) |p dx)i

\Dy

< %(/Q\Dn [a()(1Vul +|VvP)] dx) '

p-1

L\ L\
§c[<A\Dna(x)|Vu| dx) +(/Q\Dna(x)|VV| dx) i|,

which goes to zero as n — 0. Similarly, by (2.14), we can show that

/ bx)(IVulT>Vu — |[Vv|T2Vv) Ve, S, (u - v) dx
Q

_ T ] T
_c|:<'/Q\Dn b(x)|Vu| dx) + (/mDn b(x)|Vv| dx) ],

which goes to zero as n — 0.
At the same time, since u(x, t), v(x, £) € L*°(Qr), condition (2.19) yields

(6.7)

lim‘/g[fi(u,x,t) —fi(v,%,8) |0y, Sy (u = v) dix

n—0

= lim
n—0

f [fi (s, %, 8) = fi(v, %, 8) |02, S (s = v)
Q\D,

< lim l [(a(x) + b(x))ll’ + (u(x) + b(x))%]
=01 Jo\p,

X ‘(a(x) + b(x))xi ‘ ‘S,,(u - v)(u - V)} dx

. 1+% % _ _ I% ;%1
5%%(/9\%(|V(a+b)| )dx) </Q|S,,(u V) (1 V)| dx)

. 1+}7 ‘1? _ _ q%l %
+$1_I)I(1)</Q\Dn(|V(zz+b)| )dx) (/Q|S,](u v)(u—v)| dx)

p-L q-1

gc(fgm—wdx) ! +c(/ﬂ|u—v|dx> "

For another term on the left-hand side of (6.2), conditions (2.19)—(2.21) yield

(6.8)

N s
lim ;/; /;Z[ﬁ(u,x, t) - fi(v,x, t)](u —V)x;0nhy(u—v)dxdt =0. (6.9)

n—0
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Finally, let n — 0 in (6.2). Then

t k
/Q|u(x,s)—v(x,s)|dx§/Qlu(x,r)—v(x,r)|dx+c(/o /Qlu—vldxdt> )

where k < 1.
Similar to the proof of Theorem 2.6, we can deduce conclusion (2.15). O

Corollary 6.1 Suppose that a(x) and b(x) satisfy condition (a) or condition (b), and satisfy
(2.20), (2.21). Let g > p > 1, a(x), b(x) € C1(Q) satisfy (1.4), and when |s|,|s2| < c, fi(s, %, t)

satisfies (5.10). If u(x, t) and v(x) are two solutions of (1.1) with the initial values uy(x) and
vo(x) respectively and with the homogeneous boundary value condition

u(x,t) =vix, t) =0, (%, 1) = Xpg x (0, T), (6.10)

then stability (2.15) is true, where

N
Yy = {x € Z(a(x) + b(x))xigi(x) = 0}'

i=1

The proof is similar to that of Corollary 5.1, we omit the details here.

7 A generalization of trace
Let BV(L2) be the BV function space, i.e., |§—£| is a regular measure, and

BV(Q) = {f(x) : /Q‘%

<¢Gi= 1,2,...,N}.

Then C5°(2) is dense in BV(2), and so the trace of f(x) € BV(2) on the boundary 92 is
defined as the limit of a sequence f; (x) as

S ) |xes = glij(l)ﬂ(xﬂxem. (7.1)

It is well known that a BV function space is the weakest space such that integration by
parts is still true.

For a degenerate parabolic equation, how to impose a suitable boundary condition has
been an important and difficult problem for a long time. For example, if we consider the
reaction-diffusion equation

z—l: = div(a(u,x,£)Vu) + div(b(w)), (x,1) € Qr, (7.2)

if a(u, x,t) is smooth enough, then the weak solution u(x,¢) € BV (Qr) can be proved, and
so one can impose the boundary value condition (1.8) in the sense of trace in the classical
way [26, 30, 32]. However, if a(u, x, £) is just a continuous function or just a integral func-
tion, then one only can prove that there is a weak solution u(x, t) € L*(Qr), but u(x, t)
may not be a BV function. Equation (7.2) is of hyperbolic-parabolic mixed type. When
a =0, equation (7.1) becomes a first-order hyperbolic equation, if the solution is merely
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in L*, the author of [23] first extended the trace in a weaker sense by introducing an
integral formulation of the boundary condition. [23]’s idea was generalized to deal with
well-posedness of weak solutions to the strongly degenerate parabolic equations (7.2) in
[1,2,7,11, 14, 15, 18, 22].

In this paper, we first consider the evolutionary p-Laplacian equations of the form

Z;_z: —div(a(x)| VulP>Vu) - by(x)Diu + c(x, )u = f(x,8),  (x,£) € Qr, (7.3)

where D; = Bix,-’ a(x) € C(2), a(x) > 0 in 2 but may be equal to 0 on the boundary 9<2. The
author of [25] classified the boundary 92 into three parts: the nondegenerate boundary
%3, the weakly degenerate boundary X4, and the strongly degenerate boundary %°. In
detail, the author of [25] denoted that

Y3 = {xeBQ:oe(x)>0},

Y= {x € 092 : a(x) = 0, there exists r > 0, such that /
QNBy(x)

a(y)_P%l dy < +oo},

=0\ (Z3U Xy) = {xe 8Q:foranysmallr>0,f
QNB(x)

a(y)fp%l dy = +oo},

where B, (x) = {y : d(x,y) < r}. Meanwhile, they defined

N
To=1xe XY bian(x) =0

i=1

N
T ={xex: Zbi(x)n,-(x) >0

i=1

N
> ={xex: Zbi(x)n,'(x) <0

i=1

where 7 = {n;(x)} is the inner normal vector of 9. In order to study the well-posedness

of weak solutions to equation (7.3), they imposed a partial boundary value condition as
u(x,t) =g, t), (x,t) € (U Z3U 3y) x (0,7), (7.4)

where g(x, t) is an appropriately smooth function.

According to Proposition 3.3, it is obvious that on (X3 U ¥4) x (0, T') the boundary value
condition is true in the classical trace sense. So, the trouble lies in that the classical trace
of u on the strongly degenerate boundary £° cannot be defined.

Denote that Q; = {x € Q:d(x) > A} when 1 is a positive infinite variable, and denote by
B the closure of the set C;°(Qr) with respect to the norm

||u||3—// |u x,t ’Vu x, )|p)dxdt, ueB.
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The author of [25] defined the trace of u € B, u(x,t) = 0 on X, as

N
ess lim u? Z bi(x)n;(x)do = 0. (7.5)
A—>0 {xeBQk:Zﬁl b;(x)n;(x)<0} i-1

Remark 2.2 in [25] pointed out that the usual trace of u € B, u(x,t) =0 on X3 U X4 also
satisfies (7.5). So, (7.5) is a generalization of the usual trace of u € BV(Qr) to that of # € B.

Moreover, we can generalize the trace of u € BV(Qr) to that of # € B by a more general
way. Let ¢(x) be a weak characteristic function of  [33], i.e., ¢(x) € C(?) N CH(Q\ ,,)
and

ox)>0, xe€Q,
where
Q, = {xe Q:¢>(x)>u}.

In avery recent paper [34], using some idea of [25], we defined the trace of u € B, u(x,£) = 0
on X% as

N
ess lim u? Z bi(x)¢x,(x)do =0, (7.6)
10" Jixed,: 3N | bix)¢i(x)<0) i=1
and the partial boundary value condition matching up with equation (7.3) is

u(x, t) = vix, t) = 0, (x,t) =%, x (0,T), (7.7)

in the sense of (7.5), where
N
%= {x €0Q: Y bil®)gy, (%) < o}.
i=1

Secondly, let us come back to our main equation (1.1). Denote that
llulls, = //Q a(x)(}u(x, t)}p + !Vu(x, t)’p) dxdt, ueBp,
T
and
lulls, = f/{g b(x)(’u(x, t)’q + ‘Vu(x, t)’q) dxdt, ueByq.
T

If a(x), b(x) satisfy (c), we cannot impose the boundary value condition (7.7) in the sense of
the classical trace generally. However, inspired by [25, 34], if f; satisfies (5.10), by checking
the proof of Corollary 5.1, then we may generalize the trace of u € BV (Qr) to that of
u € B, NBg, u(x,t) =0as

N

Zgz(x)(px,

i=1

ess lim |u do =0. (7.8)

20 1w,y N | i)y, 70}
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Accordingly, if a(x), b(x) satisfy (c), in order to study the uniqueness of weak solution to

equation (1.1), we can impose the partial boundary value condition
u(x,t) =0, (x,t) e (B, UZy) x(0,T), (7.9)

in the sense of (7.8), where

X, = {x € 02 : for any small r > 0,/ a(y)_p_ll dy = +oo}
Q

NBy(x)

and

¥, = {xeBQ:foranysmallr>O,/ b(y)fﬁ dy=+oo}.
Q

NBy(x)

Naturally, there are other ways to generalize the trace. For example, similar to [25, 34],

one also can generalize the trace of u € BV(Qr) to that of u € B, N B, u(x,t) =0 as

ess lim |u|? do =0.

+=0 /{xeanuzzﬁl &)y, 70}

N
Zgi(x)d)xi
i=1

In this weak sense of trace, one also can study the stability of weak solution to equation

(1.1) with the partial boundary value condition (7.9), provided f; satisfies
[fiu, %, 8) = fi(v, 2, 8)| < @) | — V).
The details are omitted here.

8 About the regularity
The following parabolic equation with p, g-growth

up = div(|VulP>Vu + |Vu|"?Vu), (x,t) € Qr, (8.1)

was studied in [8]. Actually, the main equation considered in [8] has a more general sense.

The following definitions and theorems are deduced from [8] directly.

Definition 8.1 We identify a function u € L{ (0, T; WIE’Z(Q)) as a weak solution of equa-
tion (8.1) if and only if

// [up, — (IVul?>Vu + |Vul">Vu)Ve|dxdt =0, Vo € C(Qr). (8.2)
Qr

Theorem 8.2 (A priori estimate) Letfu € Li’OC(O, T; Wlt’Z(Q)) be a weak solution of equation
(8.1). Assume that

2<p< 4 (8.3)
<p+ —. .
=p=4q<p N
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Then we have Vu € L>(Qr,RN), and for any parabolic cylinder Q,(z0) CC Qr and s €
(0, 1), there holds

1
1 q q 4-7iq-,
sup |Vu|§c[7ﬁ+2 // (1+|Vu|2)2dz] " (8.4)
Qsp(20) [(1 -s)p] Qu(20)

or a constant ¢ which goes to 0o as g — p + <, where i1 = n if n > 3, it = any number €
g q—>prP+y 'y
4N p
(2, q_p)tfn—2.

Definition 8.3 We identify a function

ueL’(0,T; Wy () N L]

loc

L
(0, 75 Wic ()
as a weak solution of the Cauchy-Dirichlet problem to equation (8.1) if and only if (8.2)
holds and, moreover, the homogeneous Dirichlet boundary value condition is true in the
sense of trace, the initial value condition is true in the sense

1 [k
lim — / / |u(x,t) - uo(x)|2dxdt =0.
h—oh Jo Ja

By considering the Cauchy—Dirichlet problem to the following equation related to the
q-Laplacian

q-2

wp = div(|VulP2Vu+ (Vul® +€) 2 Vi), (x1) € Qr, (8.5)
according to [17], there is a unique weak solution u, € C°([0, T); L2(2)) NL1(0, T; Wol’q(Q))
with 8,1, € L7 (0, T; W17 (2)). Based on this fact, using the Morse iterative technique and

by the Stekov mean value method, the author of [8] proved the following theorem.

Theorem 8.4 (Existence of weak solutions) Suppose that

4
N+2

2<p<qg<p+ (8.6)
holds. Then there exists a weak solution u of the Cauchy-Dirichlet problem to equation
(8.1). Moreover, its LP(0, T; Wol’p(Q)) norm bounded by a constant depends only on p, q,

N, |uolrooq), and |Vug|r(q). Further, the solution u satisfies Vu € Lﬁf’c(QT,RN) and u, €

L% (0, T; W_l’% (€2)). Once more, for any parabolic cylinder Q,(z0) CC Qr and s € (0, 1),

there holds
1 R
q P 4—(n+2)q—,
sup |Vu| < c|:7A2 // (L+|Vul*)? dz] - (8.7)

pr(ZO) [(1 - S)p]nJr Qp(ZO)

where 11 = n if n > 3, i = any number € (2, ﬁ -2)ifn=2.
Recalling the main equation considered in this paper
N ofi (%, 1)
U, = div(a(x)|Vu|”_2Vu + b(x)|Vu|q_2Vu) + Z 20 (wt) € Qr, (8.8)

0x;
i=1 ¢
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with that a(x) > 0 and b(x) > 0 when x € Q. Since f;(s,x,£) is a C! function on R x Qy,
i=1,2,...,N, if we notice that the estimates about |V| are local in Theorems 8.2 and 8.4,
besides the existence theorem (Theorem 2.4 in Sect. 2), under conditions (8.3) and (8.6),
then we conjecture that estimates (8.4) and (8.7) are true correspondingly. We are ready
to discuss this problem thoroughly in the future; in particular, we are concerned with the
boundary estimates about the weak solution u(x, t) and the estimate of its gradient |Vu|
near the boundary.
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