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1 Introduction

Let H be a real Hilbert space such that (-, ) and || - || are the inner product and the induced
norm, respectively. We are interested in the variational inclusion problem (VIP) which is
to find # € H such that

0e(F+Q)u, (1.1)

where F : H — H is a single-valued mapping and G : H — 27! is a multivalued mapping.
The solution set of VIP (1.1) is denoted by (F + G)1(0). These VIPs (1.1) include as partic-
ular cases many mathematical problems, such as variational inequalities, split feasibility
problem, convex minimization problem, and linear inverse problem, which can be ap-
plied in many ways, such as machine learning, statistical modeling, image processing, and
signal recovery, see in [5-7, 21]. Many splitting algorithms have been introduced and im-
proved to find a solution of VIP (1.1); one of the famous splitting algorithms is the forward-
backward splitting algorithm, see in [14] for more details. It is well known that VIP (1.1)
is equivalent to the following fixed point equation i = ]VG (I = yF)u, where ]yG is the re-
solvent operator of G defined by ]yG = (I + yG)™! such that y > 0. The following naturally
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introduced forward-backward splitting algorithm has been proposed in [1]:
urer = Jg (L= viF)ug, vk >0,k >0. (12)

In 2015, Donoghue and Candeés [19] showed that the forward-backward splitting algo-
rithm (1.2), which is reduced to the proximal gradient algorithm for convex optimization
problems, may get a lot of iterations when F is the gradient of a convex and differential
function. Finding a process to speed up the convergence of algorithms is very important.
Before that, in 1964, the inertial extrapolation technique, which is called the heavy ball
method, was introduced by Polyak [20] to speed up the convergence of iterative algo-
rithms. Later on, the inertial extrapolation has been used for VIPs (1.1) and improved
by many mathematicians, see in [2, 15, 18]. The inertial proximal algorithm is the one of
using the inertial technique with the forward-backward algorithm. The following inertial
proximal algorithm has been proposed by Moudafi and Oliny [17]:

T = e + ke — 1),

Ugs1 =]ka (r = wF(ug)), k=0, (1.3)

where {yx} is a positive real sequence. Based on the condition generated in terms of the
sequence {u;} and parameter & under a cocoercivity condition F with respect to the so-
lution set, the weak convergence of the iterative sequence was established. For obtaining
the strong convergence, Cholamjiak et al. [4] introduced Halpern-type forward-backward
splitting algorithm (HTFBSA) involving the inertial technique in a Hilbert space. This al-
gorithm was generated by a fixed element w € H and

rx = vy + Ex(ug — ug-1),

Urer = aw + (1= ax = b)re + b (re = v E(re)), k=1, (1.4)

where {ax} and {b;} are sequences in [0, 1]. After that, Yambangwai et al. [27] extended the
HTFBSA to the following modified viscosity inertial forward-backward splitting algorithm
(MVIEBSA):

1 = e + Exuk — 1),

ure1 = axp(re) + (1= ax = b)re + by (e — vE(re)), k=1, (1.5)

where ¢ is a p-contractive on .

Other developments and modifying of the forward-backward splitting algorithm have
been introduced to speed up the algorithm’s convergence. A well-known modified
forward-backward algorithm is Tseng’s splitting algorithm [24]. This algorithm uses
an adaptive line-search rule with parameter y, and converges weakly in a real Hilbert
space. Recently, Gibali and Thong [8] presented two additional extensions of the forward-
backward splitting algorithm; these modifications, presented next, are inspired by Mann
and viscosity techniques.

Strong convergence of the above two algorithms is established under Lipschitz continu-
ity and monotonicity of the operator F.
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Algorithm 1 Mann Tseng type algorithm (MTTA)
Initialization: Given {ai}, {bx} C (0,1), > € (0,1), and y; > 0. Let u; € H and set k := 1.
Iterative steps: Construct {uy} by using the following steps:

Step 1. Compute
Sk =/7i(1 - ¥iF)ux. (1.6)

If uy = s, then stop and s is a solution of (1.1). Otherwise
Step 2. Compute

ti = sk — yi(Fs — Fuy) (1.7)
and
Upe1 = (1 — ax — b)ug + bity.
Update
s min{A A=l v} if Fug # Fois i8)
Vi otherwise.

Replace k by k + 1 and then go to Step 1.

Algorithm 2 Viscosity Tseng type algorithm (VTTA)
Initialization: Given {a;} C (0,1), A € (0,1), and y; > 0. Let u; € H and set k:= 1.
Iterative steps: Construct {u;} by using the following steps:

Step 1. Compute s according to (1.6).
If 1y = sk, then stop and s is a solution of (1.1). Otherwise
Step 2. Compute t; according to (1.7) and

Ure1 = arp(ug) + (1 - apt,

where ¢ is a p-contractive on . Update yx,1 according to (1.8).
Replace k by k + 1 and then go to Step 1.

While all the above introduction is focused on a single variational inclusion problem
(1.1), many real-world problems require to find a solution that fulfils several constraints.
These constraints can be reformulated via a nonlinear functional model, and thus in this
work we wish to focus on the common variational inclusion problem (CVIP). The CVIP
consists of finding a point # € H such that

Oe (Fl + Gi)ﬁ, (19)

where F; : H — H are single-valued mappings and G, : H — 2% are multivalued map-
pings for all i = 1,2,...,K. We assume that the solution set of the problem system (1.9)
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is nonempty. Recently, Yambangwai et al. [26] studied an image restoration problem in
which several blurred filters were considered, and the mathematical model used there is
the common variational inclusion problem. A parallel inertial forward-backward splitting
algorithm for solving this problem was introduced and analyzed. Some results of the paral-
lel algorithm for solving the common variational inclusion problem and associated issues
have been reported, see [3, 9-13, 23].

Inspired by the above works, we focus on the common variational inclusion problem and
present a new modified Tseng’s splitting algorithm for solving it with strong converges in
real Hilbert spaces.

The paper is organized as follows. We first recall some basic definitions and results in
Sect. 2. The new algorithms and their analysis are introduced in Sect. 3. In Sect. 4 we con-
sider as an application a signal recovery problem with several blurred filters, and compare
and illustrate computational advantages of the method. Final remarks and conclusions are
given in Sect. 5.

2 Preliminaries

In what follows, recall that H is a real Hilbert space. Let C be a nonempty, closed, and
convex subset of H. We denote by — and — weak and strong convergence, respectively.
We next collect some necessary definitions and lemmas for proving our main results.

Definition 2.1 Let G:H — 27 be a multivalued mapping. Then G is said to be
(i) monotone if for all (x, %), (y,v) € graph(G) (the graph of mapping G)

(u-v,x-y) =0,
(i) maximal monotone if there is no proper monotone extension of graph(G).

Lemma 2.2 ([25]) Let {ax} and {ck} be nonnegative sequences of real numbers such that
Y roq €k < 00, and let {by} be a sequence of real numbers such that limsup,_, . by < 0. If
there exists ko € N such that, for any k > ko,

are1 < (1 = 8p)ag + Sibi + cx,
where {8} is a sequence in (0,1) such that Y -, 8 = 00, then limy_, o ay = 0.

Lemma 2.3 ([16]) Let {Ex} be a sequence of real numbers such that there exists a sub-
sequence {Ey;}j>0 of {Ex} satisfying Ex; < Ey;41 for all j > 0. Define a sequence of integers
{Y ()} k=i by

Yk):=max{n <k:E, < E,1} (2.1)

Then {r(k)}k=i+ is a nondecreasing sequence such that limy_, - ¥ (k) = 0o, and for all k >
k*, we have that E,/,(k) =< E]/,(k)ﬂ and By < E¢(k)+1.

3 Main result

In this section we present our new parallel inertial Tseng type algorithm (PITTA) for solv-
ing (1.9). For the convergence analysis of the proposed method, we assume the following
assumptions foralli=1,2,...,K.
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Assumption 1 7 is a real Hilbert space, F; : H — H is an L£;-Lipschitz continuous and

monotone mapping and G; : H — 2% is a maximal monotone operator.
Assumption 2 ¢ := ﬂfil(F,- + G;)71(0) is nonempty.

Assumption 3 {&} C [0,£§), {b,} C (b*,b') C (0,1 — a,,) for some & >0,b* >0,b’ >0, and
{a,} C (0,1) satisfies limy_, o ax = 0 and Y po; @, = 00.

Assumption 4 ¢ :H — H is a p-contractive mapping.
Next the algorithm is presented.

Lemma 3.1 Assume that Assumptions 1-4 hold, then any sequence {y}} in Algorithm
PITTA is nonincreasing and converges to y; such that min{y;, %} <y foralli=1,2,...,K.

Proof See [8, Lemma 5]. O

Algorithm 3 Parallel inertial Tseng type algorithm (PITTA)
Initialization: Given A; € (0,1) and yf >0foralli=1,2,...,K. Select arbitrary elements

uo,u1 € H and set k := 1.
Iterative Steps: Construct {u} by using the following steps:
Step 1. Set ry = uy + & (ux — uy_1) and compute, foralli = 1,2,...,K,

s4 :]Zi (I- y,fFi)rk.

Ifrp=si foralli=1,2,...,K, then stop and r; € ®. Otherwise
Step 2. Compute, foralli=1,2,...,K,

i =5 = vi(Fisy - Fire)
and
b= £ iy = argmax || 6 - rie| :i=1,2,..., K},
Step 3. Compute

i1 = arp(ug) + (1 — ag — br)ug + bty

and update, forall i = 1,2,...,K,

. [ ;
min{}; ——&— if Firy # F;st;
{ i HFth*FiS}(H ’ yk} il'k 7/ i)

Yi otherwise.

Replace k by k + 1 and then repeat Step 1.

Page 5 of 19
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Lemma 3.2 Let u € ®. Then under Assumptions 1-4, we have, forall i =1,2,...,K,

Jei = ul® < = el = [1 = (@) T = sk (3.1)
and
2= skl = ekllre = sill (32)
where o} = )\ilf—ki
Vi1

Proof In the same manner as [8, Lemma 6], we obtain that inequalities (3.1) and (3.2)
hold. O

Lemma 3.3 Suppose thatlimy_,« ||lrx —si |l = 0 foralli=1,2,...,K. If there exists a weakly
convergent subsequence {r} of {ri}, then under Assumptions 1-4, we have that the limit of
{ri;} belongs to ®.

Proof The proof is similar to the proof of [8, Lemma 7]. O

With the above results we are now ready for the main convergence theorem.

Theorem 3.4 Suppose that limy_, j—’; g — g1l = O, then under Assumptions 1-4, we

have u, — wu as k — 0o, where pu = Pg o p(1).

Proof First, since limi_,o[1~(0})*] = 1 =22 > 0, one can find m; € N such that 1 - (0})? > 0
for all k > ko, where ko = max;.1 5, x m;. Let u € ®, from (3.1), we get

|t =l < Nre =il (3.3)
for all k > ko. Next, we divide the proof into the following claims.
Claim 1 {uy} is a bounded sequence.

By the sequence {i—’]‘( lletx — ur_1]|} converges to 0, we have that there exists a constant
M, > 0 such that, forall k e N,

s—klluk = tg1|l < M. (3.4)
(225
From the definition of 74 and combining (3.3) and (3.4), we obtain, for all k > ko,

|t = ul| < lr = ull =[x + Ex(ux — urr) — ue
< llux — ull + %”uk — tj1 llax
ax

< llug — ull + axM..
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From the definition of i, we get, for all k > ko,

ltx — ull < Il — ull (3.5)
and

ltx — wll < llux — ull + arM,. (3.6)
By Assumption 4 and using (3.6), the following relation is obtained for all k > ky:

a1 — uell = || (0 (uar) — 1) + (1 — @i — bie) (e — ) + b (B — w)|
<ag| o) —u| + (1 - ax - b)llux — ull + bicll ik — ull
< ar|l o) — o) + ai | @(w) — u| + (1 - a)llux — ull + arbiM.

<[1-a@ - p)]llwx - ull + ax (|| () - u| + M)

= [1- a1 = )] =l + @ (1= ) ==

—ull + M
< max{||uk —ul, M}

1-p

This leads to a conclusion that ||ug,1 — u| < max{||lug, — ul|, W} for any k > ko.
Consequently, the sequence {u} is bounded. In addition, {¢(u)} is also bounded. Since
® is a closed and convex set, Pg o ¢ is a p-contractive mapping. Now, we can uniquely
find u € ® with = Py o (1) due to the Banach fixed point theorem. We also get that,
for any u € @,

{0(u) = o —p) <0. (3.7)
Now, for each k € N, set By := |lux — i
Claim 2 There is My > 0 such that
bi(1 — ax = b)lluk — Bll* < Bk — Biar + ax (|| () - MHZ +Mo)
forall k > k.
Applying (3.6), we have, for all k > ko,

- 2
12 — wll® < (g — pell + ax)
= B + ar (2M. |l uge — o + M)

< Er + arMy (3.8)
for some My > 0. For any k > ky, it follows from the assumption on ¢ and (3.8) that

Erer = [an () = ) + (1= ax — b) (g — 10) + by — )|
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< ar| o) —/JL||2 + (1= ar — br) Bic + bicll i — wll* = bi(1 — ax — bl — Bl
< ai|o(ur) - MHZ + (1= @) Bx + axbeMo — br(1 — ay — bye) |l uie — ||
< Ex + ar (]| o) —M”Z +Mo) — bi(1 — ax — bio) |l — Bl

Therefore, Claim 2 is obtained.

Claim 3 There is M > 0 such that

Ere1 < [l—ﬂk(l—p)]3k+ak(1—p)|:ﬂ Sk ]

- — |k = upe1 |l
1-p ag

2M -
llzer — Lell +

+ai(1 -
k( p)[l_p 15

(o) = o g1 - u)]
forall k > k.

Indeed, setting ¢ = (1 — bg)uy + byf. From inequality (3.5) and the definition of ¢, we
have
ek — mll < (1= b)llug — jall + brlltx —
< (1 =b)llux = pll + brllre = el

< llui — pell + brdellux — v || (3.9)

and
otk — cill = bicllux — t |l (3.10)

for all k > ko. Hence, from the assumption on ¢, and (3.2), (3.9), and (3.10), we obtain, for
all k > ko,

Erer = | (1= @) (e — ) + ax (9(m) — 9(10)) = an (ot — ) — ax (1 — 9()) |

< (1= an)ex - ) + ax () = p(w) | = 2ar{ug = e + 1 — (), g1 — 1)
< (1 —ap)llex = wl® + ax ]| o) — 9(0) | * + 2ax (ex — i, txir — 1)
+ 2ar(p(w) — po ey — 1)
< (L= ai)(lux — ol + bikrell g — ur—r ||)2 +akp” i + 2a|cx — || llger — 1]
+ 2a(o(1) — 1, 1 — 1)
< (1 —ax) B + 2 luxe — pelllluax — war || + E2 g — i1 |* + aip B
+ 2arby |l ug — G|l |ure — el + 2ax{@() = 1, trer — )
< [1-ar(1 - p)| S + Exllux — wra | (2N ax — el + & llotxc — - )
+ 2abi || u — G|l |tre — el + 2ar{@() = 1, tier — )

< [1-a(1 - p)]Ex + BMElluy — i1 || + 2Marby ||y — Bl
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+ 2aip() = 1y thies1 — 1)

- 3M &
<[1-a(1-p)]Ek +ar(1 —p)|:— . —||Mk—uk1||}
1-p ag

2M -
+ar(1-p) etk — tell +

=, l_p(w(u)—u,um—w]

for M := sup,entllux — wll, Ellux — uk-11l} > 0. Recall that our task is to show that u; — w,
which is now equivalent to showing that ¢ — 0 as k — oo.

Claim 4 Z; — 0as k — oo.

The proof is divided into the following two cases.

Case a. We can find N € N satisfying that, for all k > N, the inequality Es,; < Ej holds.
Since each term Ey is nonnegative, it is convergent. Due to the fact that limy_, 5 ax = 0 and
limy_, o0 bk € (0, 1), and by Claim 2,

lim |lug — & = 0. (3.11)
k—o00
Indeed, we immediately get

. &k
lim ||ug —rill = lim == ||ugx — up_1]|lax = 0. (3.12)
k—o00 k—o00 ay

In addition, from the definition of # and by using the triangle inequality, the following
inequalities are obtained:

Itk = riell < e = riell < 1T = waaell + Mok — el
and
[ =sill < [l =till + |6k = sk
foralli=1,2,...,K. It follows from inequality (3.2) that
(1= 0 ) e = si|| < 18 — wall + Noage = |
foralli=1,2,...,K. Since lim_.o[1 - (0})?] =1 - A? >0, (3.11) and (3.12),
Jim |7 skl =0 (3.13)
foralli=1,2,...,K. Note that, for each k € N,

lotiesr = wll < loggsr = Bl + ek — uk

< ai || (i) — wic| + (2 = bie) llase — . (3.14)

Consequently, since limg_, o ax = 0 and by (3.14), limg_, o || #k41 — ux|| = 0. Next observe
that, for the reason that {u;} is bounded, there is w € H such that U = w as j — oo for



Suparatulatorn et al. Advances in Difference Equations (2021) 2021:492 Page 10 of 19

some subsequence {ui} of {u}. By (3.12), we get rg — was j — oo. Then Lemma 3.3
together with (3.13) implies that w € ®. From (3.7), it is straightforward to show that

lim sup((w) — w, ux — 1) = kli)nolo(fp(u) — oty — 1) = (@) — p, w— ) < 0.

k— o0

Since limg_, oo || #k41 — ui || = O, the following result is obtained:

limsup{g (1) — p, 1 — ) < limsup{g (i) — p, tier — ) + limsup{e () — w, ui — 1)

k—o00 n—00 n—00

<o0.

Applying Lemma 2.2 to the inequality from Claim 3, we can conclude that limy_, o, Ex = 0.
Case b. We can find k,, € N satisfying that k, > nand &y, < Ex,,1 for allm € N. According
to Lemma 2.3, the inequality Ey ) < Ey k)41 is obtained, where ¥ : N — N is defined by

(2.1), and k > k* for some k* € N. This implies, by Claim 2, for all k > max{ko, k*}, that

by (1 = ayw — byw)llwyw — Lyw 1?

< By - By +ayeo (|oluyw) - 1] + Mo).

[1]

Similar to Case a, since ay — 0 as kK — 00, we obtain
lim ||u1/,(k) — Z,/,(k)” =0.
k— o0
Furthermore, an argument similar to the one used in Case a shows that

limsup{g (1) — w, ty gye1 — 1) < 0. (3.15)
k— o0
Finally, from the inequality Ey ¢ < Ey @1 and by Claim 3, for all k > max{ko, k*}, we
obtain

3M
Svw uy

Sy < [1-aywd - )] Epwe +ayp - P)[
L-p ayw

2M
+ayp(l-p)

Uy — ¢ +
1—,0” v = Lyl

1-p

Some simple calculations yield

By < M : %”uw(k) — Uy -1l + 2 oty @) — Lyl
L=p ayp l-p
15 (o) = oy g1 — ). (3.16)

From this it follows that lim sup;_, ., Ey )+1 < 0. Thus, limg_, o Eyk)+1 = 0. In addition, by
Lemma 2.3,

lim E; < lim Ew(k)+l =0.
k—o00 k— 00

Hence, we can conclude that u; converges strongly to . O
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4 Numerical illustrations
In this section we consider a signal recovery problem in compressed sensing that involves
several blurring filters. The classical problem involving a single filter is phrased as follows:

b=Hx+e¢, (4.1)

where x € RY is the original signal, b € R is the observed signal with noise ¢, and H €
RM*N (M < N) is a filter matrix. Clearly solving system (4.1) is equivalent to solving the
following regularized least squares problem:

1
min = ||Hx - bl + nllxl, (4.2)
xRN 2

where 1 > 0 is a parameter. Next, let g(x) = %HHx — b||3 and h(x) = nl|x|;, then Vg(x) =
H'(Hx~-b) is monotone and ||H||3-Lipschitz continuous. Besides, d/(x), the subdifferential
of /1 at x, is maximal monotone, see [22]. In addition, from Proposition 3.1(iii) of [5],
x is a solution to problem (4.2) < 0 € Vg(x) + 9h(x) < x = prox,, (I - nVg)(x)
for any n > 0, where prox, ;,(x) = arg min, g~ {1 (1) + ﬁ llx — 2%}
Here we consider the following model for the signal recovering problem consisting of
various filters:

1
- 2
min —||Hyx - byll; + mllxll1,
xeRN 2

1 9
min —||Hax — ball; + nallxll1,
xeRN 2

1
min — || Hzx — bsll3 + nslx[1, (4.3)
xRN 2

.1 2
min —||Hgx - bi |3 + n|lxll1,
xeRN 2

where, for all i = 1,2,3,...,K, H; is a filter matrix, b; is an observed signal, and 7; > 0.
Problem (4.3) can be seen as problem (1.9) through the following settings: H = RN, F;(-) =
VG IIH(-) - bill3), and Gi(-) = 0(n;l| - [Iy) forall i =1,2,3,...,K.

For the experiments in this section, we choose the signal size to be N = 1024 and M =
512, and the original signal x is generated by the uniform distribution in [-2,2] with m
nonzero elements. We use the mean-squared error to measure the restoration accuracy
defined as follows: MSE; = ﬁlluk —x||3 <5 x 107° and suppose

.5 1 .
min{&, 3} if up 7w,

i otherwise

k=

for all k € N. In the first part, we solve problem (4.2) by considering different components
within PITTA (Algorithm 3) where K = 1: A1, ¥}, ¢(-), &k, br, and ay. Let H be the Gaussian
matrix generated by the MATLAB routine randn(M, N), the observation b be generated by
white Gaussian noise with signal-to-noise ratio SNR=40 and 5 = 1. Given that the initial
points ug, u; are generated by commend randn(N, 1).
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Table 1 Numerical results of A1

A 0.5 0.7 09 0.95 0.99
No. of iter. 19,213 15,373 12,642 12,038 13,232
Elapsed time (s) 12.5727 10.5476 8.7374 8.3056 9.0985

Table 2 Numerical results of y,|

v, 10 5 1 0.1 0.01
No. of iter. 14,636 9189 6096 5719 5566
Elapsed time (s) 104622 6.9668 43429 4.0706 3.9709

Table 3 Numerical results of ¢(-)

o) 50 Lsin() 75 sin(-) 3 cos(-) 75 COs()
No. of iter. 4712 4864 4574 4591 4506
Elapsed time (s) 41631 3.7430 3.5067 35412 34410

Table 4 Numerical results of &

& No. of iter. Elapsed time (s)
4072 49433
1
) “Uk*“/ﬁ M 4080 43624
4072 31511

k+1)2\|uk—uk 112 +k+1)2

W 4073 3.1753

k11 Huk el 3925 3.0562

Table 5 Numerical results of by

by No. of iter. Elapsed time (s)
l%ﬂ —ax) 4293 45991

701 - ai) 3099 25936

w0 -a 2421 2.2488

%(1 ~ak) 2295 19456

7000~ k) 2201 1.8822

o
S

Case 1. We compare the performance of the algorithm with different parameters A; by
setting y; = 7.55,¢(-) = %(~),§k = k+1 ,and by = 1(1 ax). Then the
results are presented in Table 1.

L a
Tug—ug1 17+ (k+ D3> &k = T0¢

Case 2. We compare the performance of the algorithm with different parameters y;' by
setting A1 = 0.95, and select ¢(-), &, ax, and by are the same as in Case 1. Then the results
are presented in Table 2.

Case 3. We compare the performance of the algorithm with different mappings ¢(-) by
setting A; = 0.95, )/11 =0.01, and select &, ax, and by are the same as in Case 1. Then the
results are presented in Table 3.

Case 4. We compare the performance of the algorithm with different parameters & by
setting A; = 0.95, y! =0.01, () = & cos( ), and select a; and by are the same as in Case 1.
Then the results are presented in Table 4.

Case 5. We compare the performance of the algorithm with different parameters by by
setting A1 = 0.95, y! =0.01, ¢(-) = cos( ), &k =
Then the results are presented in Table 5.

m, and select ay as in Case 1.
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Table 6 Numerical results of ay

ak No. of iter. Elapsed time (s)
1
m 1610 1.2904
k31000 1929 15377
% 9650 7.6941
1
Tl 1771 14143
TO0k+1) 2918 3.1259

Table 7 Numerical comparison of five algorithms

m nonzero elements

m=20 m=40 m =60 m =280 m =100
MTTA Elapsed time (s) 1.8664 2.2307 40934 40526 7.7653
No. of iter. 1957 2851 4725 5269 8970
VTTA Elapsed time (s) 1.7425 2.2868 3.7257 4.3852 7.8369
No. of iter. 2109 2922 4759 5291 9100
HTFBSA Elapsed time (s) 51177 5.5682 74075 7.3936 10.0403
No. of iter. 13,658 14,136 19,379 19,207 23,863
MVIFBSA Elapsed time (s) 1.5619 2.2659 3.7905 42519 75121
No. of iter. 3727 5229 8635 9680 17,044
PITTA Elapsed time (s) 1.6738 2.2040 3.6526 40617 7.3839
No. of iter. 1944 2719 4523 5032 8893

N | | | | Original signal | | | | |
R e T O T P S W R PR UYL
[T T AT, | T N AN
% 00 50 ES 20 ES 0 200 = 50
N : ‘ ‘ ‘ Recovered ‘signa\l by MTTA : ‘ : : :
R T T T P R W R PR UYL
LTI INAID ;‘ IR BEANRENEL N
100 ES w0 s 500 500 700 500 500 1000
2 ‘ ‘ ‘ ‘ Recovered ‘signx\l with VTITA ‘ ‘ ‘ ‘ ‘
o J‘ ' ‘\\Y““ . “\‘ H ,}‘ ‘\ ‘\“!"\ | “ | HA‘ . H\\\\ — ’\‘}\‘ - . | . ‘}; i A “H ‘,‘,"“' -
A L 1 IR 1 4 LR A c‘ 1R AEANER N
100 200 300 400 500 600 700 800 900 1000
2 : : : : sl‘gnal \(vlth HTFESA‘ : : : :
P I T T R O L [ L P L T
,2\ ! '\W I 'H\'\H H\ ) | \N( \H\ | : ! /|
00 200 e o 500 o0 700 w0 500 To00
2 ‘ ‘ ‘ ‘ Recovered si?nal with MVIFBSA‘ ‘ ‘ ‘ ‘
P I A T VG [P I L S
.2\ ! '\W | H\’\y AN ) | \r,( \H‘ | ' Pl
100 200 300 400 500 600 700 800 900 1000
Recovered signal with PITTA
B [ 7 | I T T } T T T T T T
o J‘ ' \\ | N i ,}‘ | Sk | I L1 i — '\‘ }\‘ . . | — ‘; — ,Ln,,\y ‘,'\“' -
A L [ I A5 LA AN L
00 200 500 w00 500 500 700 500 500 To00
Figure 1 From top to bottom: the original signal, the measurement, and the reconstructed signals by the five
algorithms in Table 7 for m =100

Case 6. We compare the performance of the algorithm with different parameters a; by
setting A1 = 0.95, | =0.01, (-) = & cos(-), & = m, and by = (1 — ax). Then
the results are presented in Table 6.

We noticed that in all the above six cases, selecting a; = k—il for all k € N and setting
bk,ék, M yll, and ¢(-) as in Case 6 yield the best results.

In the next experiment, we wish to compare the performance of MTTA (Algorithm 1),

VTTA (Algorithm 2), HTFBSA, MVIFBSA, and PITTA for solving problem (4.2) with one
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T

MTTA
VTTA

HTFBSA
MVIFBSA

PITTA

L

vl

MR T T ST S R ETIT B AR

vl

-5 | | | | | | |
10 1000 2000 3000 4000 5000 6000 7000 8000 9000
Number of iterations
Figure 2 The mean-squared error versus the number of iterations for m = 100
Table 8 Numerical results of PITTA
Inputting m nonzero elements
m=20 m=40 m=60 m =280 m =100
Hs Elapsed time (s) 1.5507 2.6985 3.7521 75174 84918
No. of iter. 1799 2970 4336 8629 9932
H> Elapsed time (s) 14325 44381 3.6034 59576 8.7588
No. of iter. 1791 3112 4597 6907 10,175
Hs Elapsed time (s) 1.5883 2.3403 3.5121 6.9216 7.5436
No. of iter. 2026 2996 4406 8751 8389
Hi, H> Elapsed time (s) 1.1125 1.6056 20113 29192 34436
No. of iter. 616 890 1124 1563 1888
Hi, H3 Elapsed time (s) 19713 1.6221 2.1273 2.8935 32136
No. of iter. 625 917 1192 1611 1722
Ho, H3 Elapsed time (s) 1.8236 1.5904 1.9945 26373 32237
No. of iter. 670 892 1127 1478 1753
Hi, Ha, Ha Elapsed time (s) 1.2404 1.6589 2.0204 2.9801 3.2592
No. of iter. 417 623 766 1004 1187
Table 9 Numerical comparison of two algorithms
m nonzero elements
m=16 m =32 m =64 m=128
PMHA Elapsed time (s) 1.1742 1.2011 1.5303 1.5309
No. of iter. 1696 1700 1928 2111
PITTA Elapsed time (s) 0.6402 0.8081 1.3495 2.3308
No. of iter. 379 464 790 1399

filter, that is, K = 1. We suppose that H, b, ), uy, and u; are the same as in the first part and

select ay = k_11 for all kK € N. We set bk,ék,)q, yll, and ¢(-) are the same as in Case 6. For

Page 14 of 19
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Original signal
T
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Figure 3 From top to bottom: the original signal and the measurement by using Hs, H,, and Hs, respectively,
with m =100

Recovered signal by inputting H,
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Figure 4 From top to bottom: the reconstructed signals by using each input for m = 100

MTTA and VTTA, let A1 = 0.95and ;' = 0 01. Define w by using randn(N, 1) for HTFBSA.

Further, for any k € N, we select y; = for HTFBSA and MVIFBSA. The results are

SN2
presented in Table 7 and Figs. 1 and Z.ZHH”
Based on the above results, we can see that our proposed algorithm is less time consum-
ing and requires lower number of iterations than the other four algorithms.
The final experiment considers PITTA for solving (4.3) with multiple inputs H;, and then
we compare it with the parallel monotone hybrid algorithm (PMHA) of Suantai et al. [23].

Gaussian matrices are generated by the MATLAB routine randn(M, N). The observation b;
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Figure 5 The mean-squared error versus the number of iterations for m = 100
Original signal
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Measured values with SNR=40 by using H3
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Figure 6 From top to bottom: the original signal and the measurement by using Hy, H,, and Hs, respectively,
with m=128

is generated by white Gaussian noise with signal-to-noise ratio SNR=40, n; = 1, A; = 0.95,
and y{ = 0.01 for all i = 1,2,3. Select a; = k%l and set ug, 11, ¢(-), be and & are the same
as in Case 6 for all k € N. Further, for any k € Nand all i = 1,2, 3, we select a,i =0.75 and
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Figure 7 From top to bottom: the reconstructed signals by the two algorithms in Table 9 for m = 128
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Figure 8 The mean-squared error versus the number of iterations for m = 128
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Figs. 3-8.

IIH; ||2

From the above one can observe that incorporating all three Gaussian matrices (H, H,

and H3) into PITTA is more effective with respect to time and number of iterations than

F;)(-) for PMHA. The results are presented in Tables 8, 9 and

Page 17 of 19
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involving only one or two of them. PITTA also requires lower number of iterations than
PMHA.

5 Discussion

In this work we study the common variational inclusion problem (CVIP) and propose an
inertial Tseng’s splitting algorithm for solving it. A parallel iterative method is presented,
and under standard assumption we establish its strong convergence in real Hilbert spaces.
An intensive numerical investigation with comparison to several related schemes is pre-
sented for signal recovery problem involving several filters. Our work extends and gener-
alizes some related works in the literature and also demonstrates great practical potential.

Acknowledgements
This research was partially supported by Chiang Mai University. W. Cholamjiak would like to thank the University of
Phayao, Thailand. T. Mouktonglang would like to thank the Faculty of Science, Chiang Mai University.

Funding
Chiang Mai University, Thailand.

Availability of data and materials
Contact the authors for data requests.

Declarations

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors equally conceived of the study, participated in its design and coordination, drafted the manuscript,
participated in the sequence alignment, and read and approved the final manuscript.

Author details

' Advanced Research Center for Computational Simulation, Chiang Mai University, Chiang Mai, 50200, Thailand.
2Department of Mathematics, Faculty of Science, Chiang Mai University, Chiang Mai, 50200, Thailand. 3School of Science,
University of Phayao, Phayao, 56000, Thailand. *Department of Mathematics, ORT Braude College, 2161002, Karmiel,
Israel. *The Center for Mathematics and Scientific Computation, University of Haifa, Mt. Carmel, 3498838, Haifa, Israel.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 29 April 2021 Accepted: 10 October 2021 Published online: 13 November 2021

References
1. Bauschke, HH., Combettes, PL.: Convex Analysis and Monotone Operator Theory in Hilbert Spaces, vol. 408. Springer,
New York (2011)
2. Beck, A, Teboulle, M.: A fast iterative shrinkage-thresholding algorithm for linear inverse problems. SIAM J. Imaging
Sci. 2(1), 183-202 (2009)
3. Cholamijiak, P, Hieu, D.V,, Cho, Y.J.: Relaxed forward-backward splitting methods for solving variational inclusions and
applications. J. Sci. Comput. (2021). https://doi.org/10.1007/510915-021-01608-7
4. Cholamjiak, W., Cholamjiak, P, Suantai, S.: An inertial forward-backward splitting method for solving inclusion
problems in Hilbert spaces. J. Fixed Point Theory Appl. 20, 42 (2018)
5. Combettes, PL., Wajs, V.R.: Signal recovery by proximal forward-backward splitting. Multiscale Model. Simul. 4(4),
1168-1200 (2005)
6. Daubechies, I, Defrise, M., Demol, C.: An iterative thresholding algorithm for linear inverse problems with a sparsity
constraint. Commun. Pure Appl. Math. 57, 1413-1541 (2004)
7. Duchi, J, Singer, Y: Efficient online and batch learning using forward backward splitting. J. Mach. Learn. Res. 10,
2899-2934 (2009)
8. Gibali, A, Thong, D.V.: Tseng type methods for solving inclusion problems and its applications. Calcolo 55(4), 49 (2018)
9. Hieu, DV, Anh, PK, Muu, L.D.: Modified forward-backward splitting method for variational inclusions. 40R 19(1),
127-151(2021)
10. Hieu, D.V, Anh, PK, Muu, LD, Strodiot, J.J.: Iterative regularization methods with new stepsize rules for solving
variational inclusions. J. Appl. Math. Comput. (2021). https://doi.org/10.1007/512190-021-01534-9
11. Hieu, D.V, Cho, Y.J, Xiao, Y, Kumam, P: Modified extragradient method for pseudomonotone variational inequalities
in infinite dimensional Hilbert spaces. Vietnam J. Math. (2020). https://doi.org/10.1007/10.1007/510013-020-00447-7


https://doi.org/10.1007/s10915-021-01608-7
https://doi.org/10.1007/s12190-021-01534-9
https://doi.org/10.1007/10.1007/s10013-020-00447-7

Suparatulatorn et al. Advances in Difference Equations (2021) 2021:492 Page 19 of 19

20.

21

22.

23.

24.

25.
26.

27.

. Hieu, DV, Muu, LD, Anh, PK.: Parallel hybrid extragradient methods for pseudomonotone equilibrium problems and

nonexpansive mappings. Numer. Algorithms 73(1), 197-217 (2016)

. Hieu, DV, Reich, S, Anh, PK, Ha, N.H.: A new proximal-like algorithm for solving split variational inclusion problems.

Numer. Algorithms (2021). https://doi.org/10.1007/511075-021-01135-4

. Lions, P-L., Mercier, B.: Splitting algorithms for the sum of two nonlinear operators. SIAM J. Numer. Anal. 16(6),

964-979 (1979)

. Lorenz, D, Pock, T.: An inertial forward-backward algorithm for monotone inclusions. J. Math. Imaging Vis. 51,

311-325(2015)

. Maingg, PE.: Strong convergence of projected subgradient methods for nonsmooth and nonstrictly convex

minimization. Set-Valued Anal. 16(7-8), 899-912 (2008)

. Moudafi, A, Oliny, M.: Convergence of a splitting inertial proximal method for monotone operators. J. Comput. Appl.

Math. 155, 447-454 (2003)

. Nesterov, Y: A method for solving the convex programming problem with convergence rate O(1/k?). Dokl. Akad.

Nauk SSSR 269, 543-547 (1983)

. O'Donoghue, B, Candés, E.J.: Adaptive restart for accelerated gradient schemes. Found. Comput. Math. 15(3),

715-732(2015)

Polyak, B.T.: Some methods of speeding up the convergence of iteration methods. USSR Comput. Math. Math. Phys.
4,1-17 (1964)

Raguet, H,, Fadili, J., Peyré, G.: A generalized forward-backward splitting. SIAM J. Imaging Sci. 6, 1199-1226 (2013)
Rockafellar, RT.: Monotone operators and the proximal point algorithm. SIAM J. Control Optim. 14, 877-898 (1976)
Suantai, S, Kankam, K., Cholamijiak, P, Cholamjiak, W.: A parallel monotone hybrid algorithm for a finite family of
G-nonexpansive mappings in Hilbert spaces endowed with a graph applicable in signal recovery. Comput. Appl.
Math. (2021). https://doi.org/10.1007/540314-021-01530-6

Tseng, P: A modified forward-backward splitting method for maximal monotone mappings. SIAM J. Control Optim.
38, 431-446 (2000)

Xu, HK: Iterative algorithms for nonlinear operators. J. Lond. Math. Soc. 66(1), 240-256 (2002)

Yambangwai, D,, Khan, S.A, Dutta, H., Cholamjiak, W.: Image restoration by advanced parallel inertial
forward-backward splitting methods. Soft Comput. (2021). https://doi.org/10.1007/s00500-021-05596-6
Yambangwai, D,, Suantai, S., Dutta, H., Cholamjiak, W.: Viscosity modification with inertial forward-backward splitting
methods for solving inclusion problems. In: Zeki Sarikaya, M., Dutta, H., Ocak Akdemir, A, Srivastava, H. (eds.)
Mathematical Methods and Modelling in Applied Sciences. ICMRS 2019. Lecture Notes in Networks and Systems,
vol. 123. Springer, Cham (2020). https://doi.org/10.1007/978-3-030-43002-3_14

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.1007/s11075-021-01135-4
https://doi.org/10.1007/s40314-021-01530-6
https://doi.org/10.1007/s00500-021-05596-6
https://doi.org/10.1007/978-3-030-43002-3_14

	A parallel Tseng's splitting method for solving common variational inclusion applied to signal recovery problems
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Main result
	Numerical illustrations
	Discussion
	Acknowledgements
	Funding
	Availability of data and materials
	Declarations
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


