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constructed. A new cross-dispersal matrix is established by the coupling relationship
between vertices. First, an existence theorem of the positive equilibrium for the new
model is obtained. Secondly, based on the idea of constructing Lyapunov functions
and a graph-theoretical approach for coupled systems, sufficient conditions that the
positive equilibrium of the new model is globally asymptotically stable in 2" are
derived on a network with strongly connected graphs. Thirdly, based on the theory of
asymptotically autonomous systems, Lyapunov functions method and graph theory,
a stability theorem for the positive equilibrium of the new model is established on a
complex network without strongly connected graphs. Finally, two examples are given
to illustrate main results.
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1 Introduction

In the literature of predator—prey systems, it is an interesting problem to consider a patchy
environment. In reality, species always disperse from one patch to another patch. It is an
important topic to consider the population dynamics of multi-patch predator—prey mod-
els with dispersal. Dispersal among predators or among various prey has been studied by
researchers for many years. Dispersal among predators is called self-dispersal of preda-
tors, while dispersal among various prey is called self-dispersal of prey. The dynamics of
predator—prey models with self-dispersal have been studied by researchers in recent years.
Many researchers devoted more time to discussing self-dispersal of prey, self-dispersal of
predators and self-dispersal for both predators and prey of predator—prey models [1-6].
Self-dispersal of prey among n patches was considered in Refs. [1-3]. However, the models
presented in Refs. [1-3] were slightly different. One was to model and study multi-patch
periodic predator—prey systems [1]. Another was to consider multi-patch predator—prey
systems without considering the periodic character [2]. The other was to study multi-
patch predator—prey systems with a Holling type-II functional response [3]. Predator—

© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’'s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-021-03645-w
https://crossmark.crossref.org/dialog/?doi=10.1186/s13662-021-03645-w&domain=pdf
https://orcid.org/0000-0003-1952-3955
mailto:gy19790607@163.com

Gao Advances in Difference Equations (2021) 2021:507 Page 2 of 21

prey systems with self-dispersal of predators between two patches were studied in [4].
Predator—prey models with n patches and self-dispersal for both predators and prey were
investigated in [5, 6].

Because of the close relationship among species in different patches, cross-dispersal
should be considered in the real environment. In fact, predator dispersal can affect prey
density, while prey dispersal also can affect predator density. Hence, it is necessary to study
the dynamics of the predator—prey model with cross-dispersal among all patches. Re-
cently, cross-dispersal was used to study multi-group models (see [7]). Based on graph the-
ory and Lyapunov functions method, the dynamics of a general multi-group model with
cross-dispersal were given in [7]. To the best of the author’s knowledge, few researchers
have focused on the dynamics of predator—prey models with cross-dispersal. Hence, it is
important to discuss the problem in this paper.

Based on graph theory, a systematic approach to construct global Lyapunov functions
for coupled systems was developed by the authors of [2]. Much work had been done in
order to apply this method to many areas [1-3, 6, 8—11]. The systematic approach was
based on the assumption that the network was strongly connected. However, to the best of
the author’s knowledge, graphs without strong connectedness are universal in reality. Due
to dealing with large-scale complex networks without strong connectedness, a hierarchical
method and a hierarchical algorithm were proposed in [12]. Based on the hierarchical
algorithm and the theory of asymptotically autonomous systems, stability theorems for
a new fractional-order coupled system on a network without strong connectedness were
obtained in [13].

Although predator—prey models based on ordinary differential equations (ODE) have
been discussed for many years, to the best of the author’s knowledge, cross-dispersal was
not considered in the predator—prey model based on ODE by researchers. In fact, cross-
dispersal is reasonable and applicable for patchy environment. The construction for the
new predator—prey model with cross-dispersal in a patchy environment is interesting and
can be widely applied to the ecological field. In order to fill this gap, a new predator—
prey model with cross-dispersal is constructed in this paper. To the best of the author’s
knowledge, the new predator—prey model with cross-dispersal constructed herein has not
been proposed in any other literature. The new cross-dispersal matrix presented here has
not been established by any other researcher. Based on the method of graph theory and
Lyapunov theory, global stability theorems of the positive equilibrium are established. In-
novative points are listed as follows:

1. Cross-dispersal is introduced into the predator—prey model in a patchy environment.

A new predator—prey model is established.

2. A new cross-dispersal matrix is established by the coupling relationship between
vertices.

3. Based on the idea of graph theory, a global stability theorem for the positive
equilibrium is established on a network with strongly connected graphs.

4. Based on the theory of asymptotically autonomous systems and graph theory, a
global stability theorem for the positive equilibrium is established on a network with
strongly connected components, but without strongly connected graphs.

This paper is organised as follows. Preliminary results are introduced in Sect. 2. In

Sect. 3, the main results are obtained, and examples are presented in Sect. 4. Finally, con-
clusions and outlook are outlined in Sect. 5.
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2 Preliminaries

In this section, some definitions and theorems are listed that will be used in the later sec-
tions (see [2, 12, 13]). We denote a weighted digraph as (G, A). A digraph G is strongly
connected if, for any pair of distinct vertices, there exists a directed path from one to the
other. A weighted digraph (G, A) is strongly connected if and only if the weight matrix A is
irreducible. Furthermore, a strongly connected component H of a digraph G is defined as
follows: if the subgraph H is strongly connected and for any vertex k ¢ V(H), the subgraph
that consists of the vertex set V(H) U {k} is not strongly connected, then H is a strongly

connected component.

Lemma 2.1 ([2]) Assume n > 2. Let c; be given in Proposition 2.1 of Ref. [2]. Then, the
following identity holds:

Y ciaFyxpx) =Y wQ Y Fylxnx,).

ij=1 QeQ (sr)€E(CQ)

Here, Fjj(x;,%)), 1 < i,j < n, are arbitrary functions, Q is the set of all spanning unicyclic
graphs of (G, A), w(Q) is the weight of Q, and Cq denotes the directed cycle of Q.
If (G, A) is balanced, then

n

Zciaszij(xhx/) = % Z w(Q) Z [Fyj(ir %) + Fii(xo 1) |-

ij=1 QeQ ()eE(Cq)

3 Main results

Based on cross-dispersal, the new predator—prey model is constructed as follows:

% = xi(ri — bixi — eyi) = Yy Ky yysixi, W
Vi = yi(=yi — 8iyi + &%) + 7=1 kgxxiziipiiyir i=1,...,n

Here, x;, y; denote the densities on patch i for various prey and predators, respectively.
Model parameters b;, §;, e;, €; are all positive constants. r; and y; are non-negative con-
stants. k;.y denotes the dispersal rate of predators from patch j to patch i. s;x; denotes
functional response of predators that disperse from patch j to patch i. klylx denotes the dis-
persal rate of various prey from patch j to patch i. p;x; denotes the functional response of
predators on patch i to various prey that disperse from patch j to patch i. z;; denotes the
conversion rate of various prey that come from patch j and are preyed on by predators on
patch i. The meanings of the above parameters are listed as Table 1.

Based on the Volterra predator—prey model [2], the new model constructed is reason-
able. Dispersal assumptions are reasonable from modelling. Predator—prey systems with
n patches can be studied and explained from the biological viewpoint, any prey dispersed
to this patch can be preyed on by predators on this patch. Furthermore, any prey can be
preyed on not only by predators on this patch, but also by predators dispersed to this
patch. In other words, any prey have a positive effect on the predator when prey disperse
to a predator’s population. Prey dispersed from patch j can be preyed on by predators on
patch i. Furthermore, the predator population on patch i will increase, while predators
have a negative effect on prey when predators disperse to a prey’s population. Predators
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Table 1 Parameters used in the new model

Symbol Definition
I birth rate for prey population on patch i
eiXi functional response of predators on patch /
Vi death rate for predator population on patch i
&j . .
E—; conversion rate of prey on patch i
g environmental capacity for prey population on patch i
1
% environmental capacity for predator population on patch i
J
k;y dispersal rate of predators from patch j to patch i
kéx dispersal rate of prey from patch j to patch i
SijXi functional response of predators that disperse from patch j to patch i
piiX; functional response of predators on patch i to prey that disperse from patch j to patch i
Zj conversion rate of prey that come from patch j and are preyed on by predators on patch i

dispersed from patch j can prey on patch i. In addition, the prey population on patch i will
decrease. When i = j, we assume k;, = k; =0 in the new model (1).
For simplicity, let
—k;ysli = dxy szszij = df;x

i’ i

The above model (1) is transformed into the following model:

. no Xy
X = xi(r; — bix; — ey;) + ijl d;; yixiy

(2)
Ji=yil=vi=Siyi+ ex) + L Ay gy, i=1,..,m
The model (2) is equivalent to the next model (3):
= [ — hoxs — e n V).
X =xi[(ri — bix; — ey;) + Zj:l d; y]]¢ 3)

Ji=yill—yi=Si+em) +djxl, i=1,...,n

Remark 3.1 Model (1) is different from the predator—prey model with dispersal that has
been studied in recent years. The cross-dispersal is considered in model (1). This means
that predators can disperse to a prey population, while prey can also disperse to a preda-
tor’s population.

Remark 3.2 The biological significance of model (1) is that a patchy environment is formed
under the influence of natural conditions or human activities. Predator populations can
disperse to other patches to prey, prey species can also disperse to other patches to be
preyed on by predators. For example, Eagles prey on rabbits. Rabbits can migrate across
different patches, and so can eagles.

Since the above model (1) is equivalent to model (2), we will discuss model (2) in the
following sections.

3.1 The existence of the positive equilibrium for new model (2)

By the locally Lipschitz character of model (2)’s right-side function and the equivalent
model (3), positive solutions’ local existence is obvious. Now, we will construct a compact
subset to prove the positive solutions’ global existence [14—18].
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Lemma 3.1 If

leibi = >0 (ealdy] | + ¢jld); )]

2 >0,
4
ledi — Y7L, (eild | + g1y )]
5 >0
e

l

fori=1,2,...,n, then there must exist a N* > O such that G := {(x1,%2, ..., X, Y1, Y25+ - -»Yn) €
R Yo (e + ery;) < N*} is positively invariant for system (2).

Proof Let [; = max{r;, y;},

. [eibi = >0 (eildy] | + ¢jld); )]
i = 2

’

&
£m e — Y7L, (eald) | + &11d )]
i~ 2 ’

€;

and g; = 3 min{q;},q7}, N = Y i N, N; = €x; + €;y;. We have
N'< Z(li - q;:N;))N;.
-1

Here, we use the Mean Value Inequality with 2xy < x% + y2.

Furthermore,
% q
N < Li—-qN)N; <|[l-=N|N,
_;(l aiNy) 1_< . )
where [ = max,{/;}, g = min;{g;}.
Let N* = %. When N > N*, we obtain
N' < Xn:(li = qiNi)N; < —lN <0.
i -2

This means that G is positively invariant. The proof is completed. d

Therefore, we have found a compact subset D = G. Now, the positive solutions’ global

existence for model (2) can be obtained as follows:

Lemma 3.2 If

lesbi — Y7L, (eildy] | + ¢l )]
5 >0,
ledi — Y7L, (eald | + g5l )]

2
€;

&

>
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fori=1,2,...,n, there is a unique solution Z(t) = (x1(t), y1(£), %2(t), y2(), ..., %,(£), ¥, ()T
that is defined for any t > ty with Z(ty) = Zy € D for model (2).

Note that when N > N*,
, 1
N <--N<0
2
holds. Therefore, we obtain if Z(y) = Zy € R* and N(Z,) > N*, then
, 1
N < _EN <0.

This means that D := {(x1,%2, ..., %5, Y1, Y2, - - -, Yn) € R : Yo (exi + ey;) < N(Zo)} is posi-
tively invariant for system (2). The next lemma is obtained naturally.

Lemma 3.3 If

leibi = >0 (ealdy] | + ¢jld); )]

2 >0,
l
X X
[eid; — 2;11(61‘"% | + 8j|dﬂy|)] S
62

i

fori=1,2,...,n, there is a unique solution Z(t) = (x1(t), y1(£), %2(t), y2(), ..., %, (£), ¥, ()T
that is defined for any t > to with Z(to) = Zo € R*" for model (2).

Proof Two cases are considered for this lemma. One is that when N(Zy) < N*, G is a
required compact and positively invariant set. The other is that when N(Zy) > N*, D :=
{1, %2+, X V1, Y25 -5 V) € R 230 (€% + €;:) < N(Zo)} is also a required compact
and positively invariant set. The proof of this lemma is similar to Lemma 3.2, hence we
omit it. g

Positive equilibria existence can be obtained by the next formula.

no gxy
ri—bixi—eyi+ 3 dz ¥ =0,

n x .
—Vi— 8y + &% + jzld{jx,=o, i=1,...,n

Assume

ZT = (xlxylrx2ry2w~;xn7yn); bT = (71,—1/1,7‘2,—)/2,...,77” _Vn)'
Let

by -es 0 dyy 0 4}
&1 =6 4y 0 d3 0
A=| 0 dyy -by —ex 0 dy
&y 0 & =8 dy 0
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Consider the system of linear equations:
AZ+b=0.

It is reasonable to require that the unique solution be positive. Therefore, positive equi-
libria for system (2) exist naturally. The next theorem is obtained as follows:

Theorem 3.1 Ifthe unique solution exists and is positive for the system of linear equations

AZ + b =0, the positive equilibrium for system (2) exists.

In fact, Cramer’s rule can be used to prove that the unique solution exists and is positive
for the system of linear equations AZ + b = 0.

In this paper, we suppose conditions (H;) and (H) are satisfied for model (2) as follows:
leibi=3 L (eild] 1+vejld; D)

(Hy) . >0(i=1,2,...,n).
18—y (il 1+8j1d37 1)
(Hs) le 21—1(6\2,, +¢jld;; D] S0 (i=1,2...,m).

€
This means that the positive solution exists for model (2).

3.2 Global-stability analysis for new model (2) based on strongly connected
graphs

Two matrices are constructed as follows:

P= (pij)nxn:
with
y L
. dj, i>j,
y X ..
dij, i<,
F= (fij)nxm
with
X L.
£ di/ , 0>},
ij = y o
dj, i<j.
Let
B= (,Bij)nxm
where
eipiyy  leipyl = lefyl,i >,
5 efi, leipil <lefilsi>J,
i = .
epij, lepijl = leyfyl,i <j,

Séﬁj:

lepi| < lefil i <.
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A cross-dispersal matrix can be defined as follows:

= (lﬁt;’|)nxn'

A digraph (G, A) with n vertices for system (2) can be constructed as follows. Each vertex
represents a patch. At each vertex i of G, vertex dynamics are described by the following

system:

X = xi(r; — bixi — eyi),

) (5)
Yi = ¥i(=yi — 8iyi + £ix1).

Let E(G) denote the set of arcs (i,j) leading from initial vertex i to terminal vertex j. We
require that (j, i) € E(G) if and only if dxy #0 or dyx #0.

In this section, a predator—prey model with cross-dispersal is studied. By using the
method of constructing Lyapunov functions based on a graph-theoretical approach for
coupled systems, sufficient conditions that the positive equilibrium of coupling model (2)
is globally asymptotically stable in R?" are derived.

We obtain the main theorem as follows:
Theorem 3.2 Assume the following conditions hold:
1. Diagraph (G,A) is balanced;

2. Cross-dispersal matrix R = (|By|)uxn is irreducible;

3. There exists a non-negative constant A such that
—reipy =efy  (i>)), —hepij=¢efy (i <))

then, whenever a positive equilibrium E* = (X3, 57, %5, Y5, ..., %5, ¥ exists for system (2), it is

unique and globally asymptotically stable in R*".

Proof Let
[ixi, yi) = ri — bixi — ey, g% y1) = —vi — 8iyi + €.

In the following, we have

XY VX %
l’yl Zdz]y}’ g l’yl Zdl] 1
Set the Lyapunov functions as

Vi(t) = ai<xi —xf —x1n x_;) +e[(yi —y;i—yIln &)
X ¥i

i i
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Directly differentiating V; along system (2), we have
Vile) = &ioi = o) [fioi i) =i (7, 97) ] + s 0 = 97) [ ) = (2797 ]
+ Xn:d;ysi(xi — ) Zdy ei(yi - y7) (x5 — %))
i1
= —eibi(xi— %) —edi(yi— )’

n n
+ Zd;ysi(xi -x) () —y}“) + Zdlyfei(yi - y) (% - x/*)
i1 -1

Two cases are discussed as follows:
Casel.O<A<1.
Choosing

&ilpil, i>), elfil, i>),
aij: bij:

eilpyl, i<j, gilfyl, i<
Then, we obtain
lepijl = lefyl (> )),
and
leipysl > lefyl (i <))

Therefore, the cross-dispersal matrix is obtained as follows:

= (1By1) .,
where
EiPij» i>},
/317 = . .
epij, 1=].

In the following, we have

A= (ﬂij)nxn =R= (|ﬁij|)n><n'
Let ¢; denote the cofactor of the ith diagonal element of the matrix (a;),x,. From the

irreducible character of matrix (a;),x., we have c; > 0.

Furthermore, a Lyapunov function is set as follows:

= Xn: c;Vi(t)
-1
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Differentiating V along the solution of system (2), we obtain

V() < chsb che’ =)
n i CiﬂijFi/(t) + i Cibi]'F;(t)
ij=1 bj=1

n
<= cebi(xi-x E cieidi(yi — y7)
i=1

n n
+ Z Cl'dl']‘Fij(t) + Z Ci)\.a[jF;(t),

ij=1 ij=1

where
sgn(py)(xi = x7) = 7),  i>),
i - | (py)( )0;=57) >
sgn(py) (@ —*) i —y7)s i <),
sgn(fi)(xi —x5)(y; —yF), i>),
sgn(fy) (i —x7) = y7), i<].

Furthermore, we obtain that

sgn(p;) = —sgn(p;i), sgn(f;;) = —sgn(f;;).

Because the cross-dispersal matrix R = (|B;])uxn is irreducible, the diagraph (G,A) is
strongly connected. Furthermore, since diagraph (G, A) is balanced and strongly con-

nected, we obtain that

Z ciaF(t)
i=1
S Y (B0 Eo)]

QeQ () €E(CQ)

IS Y ety -5) =) + sen) i) O 37)]

QeQ () €E(CQ) (i)

PR Y [senn) (-7 (- 5) + senle) i -57) (- )]

QeQ (i) eE(CQi=))

=%ZW(Q) > s (- 97) (i = x7) = sgnly) (xi - 27) (07 - 7))

QeQ () eE(CQ)(i>))

+ % DwQ > [senley) (i - 57) (% - %)) - senlpy) (v - 57) (3 - %) ]

QeQ () €E(CQ)(i<))
=0+0

=0,

Page 10 of 21
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Z c,)»a,,F 3}

:EZW@ Y [Fo+Ew)]

QeQ (i) EE(CQ)

= % Yow@Q Y [senl) (- ) (- x7) + senlhi) (- ) (v - ;)]

QeQ (i) €E(CQ)(i>j)
A
+22 wmQ 3 [senfi) (- 9) (=7 + sen(fi) (35 - 37) (i = 47)
QeQ () eE(CQ)(i<))
A
=52 wQ Y [sentfn-5)) (@ - 7) - sen(fi) (= 2) (3 - 7) ]
QeQ () €E(CQ)i>))
A
+2 2 wQ Y [senti) 0y - 9) (s - ) - sen(fy) (5 - 7) (i - 7))
QeQ () EE(CQ)(i<))
=0+0

=0.

In addition, we have

V() <- 2": cigibi(xi —x Z cie:di(yi = y;)

i=1

Therefore, by the LaSalle Invariance Principle [2], E* is unique and globally asymptotically

stable in R?".
Casell. A > 1.

In this case, the cross-dispersal matrix

(lﬂl] )nxn (bL/)nxn

Let ¢; denote the cofactor of the ith diagonal element of the matrix (b;),x,. From the

irreducible character of matrix (b;),x», we have ¢; > 0.

Furthermore, a Lyapunov function is listed as follows:

V(o) =) aVi(e).

i=1

After calculation, we obtain

n
- ciei(xi -« E cieidi(yi — ;)
i=1

+ Z cidbyFy(t) + Z cibiF}(2).

ij=1 ij=1

Page 11 of 21
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Similar to Case I, we obtain

Z Cl‘)\,b,'jFlj(lf) =0, Z Cib[jFi?(t) =0.

ij=1 ij=1
Hence,

n

V() <- Z cieibi(x; — x}k)z =) cieidi(yi —y?)2~

i=1 i=1

Therefore, by the LaSalle Invariance Principle [2], E* is unique and globally asymptotically
stable in R?”.

From Case I and Case II, the proof is completed. d
Consider A = 0 about Theorem 3.2, we have the following corollary:

Corollary 3.1 Assume that the following assumptions hold for system (2):
1. Diagraph (G, A) is balanced,;
2. Cross-dispersal matrix R = (|Bij|)uxn is irreducible;
3. d =0(i>)),d =0 (<))
then, whenever a positive equilibrium E* = (x3,y5,%5,¥5,..., x5, y%) exists, it is unique and

globally asymptotically stable in R*".
If the condition 3 of Theorem 3.2 is substituted for the formula as follows:
—eipy=refy (i>)),  —epy=hrefy (i <)),
then, we have the following corollary:
Corollary 3.2 Assume the following conditions hold:
1. Diagraph (G,A) is balanced;

2. Cross-dispersal matrix R = (|Bij|)uxn is irreducible;

3. There exists a non-negative constant A such that
—eipij = heffy  (i>)), —epj=refy (<))

then, whenever a positive equilibrium E* = (x5,y7, %5, Y5, ..., %5, ¥5) exists, it is unique and
globally asymptotically stable in R*".

Consider A = 0 about Corollary 3.2, we have the following corollary:

Corollary 3.3 Assume that the following assumptions hold for system (2):

1. Diagraph (G, A) is balanced,;

2. Cross-dispersal matrix R = (|Bij|)uxn is irreducible;3. dz.y =0 (i>)), dg}x =0 (i <j);
then, whenever a positive equilibrium E* = (x5,y7, %5, Y5, ..., %5, ¥5) exists, it is unique and
globally asymptotically stable in R*".
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3.3 Global-stability analysis for new model (2) based on strongly connected
components
Let (Ryk, Buk) denote the kth strongly connected component (SCC) of the kth layer of a
network (G,A). V(Ryx) denotes the vertex set of the SCC (R, Bix) and Ny denotes the
number of vertices of the SCC (Ryx, Buk)-
Obviously,

ZZNhk =n.

Then system (2) can be written as follows:
When & = 1, system (2) is restricted on the first layer of (G, A), i.e.

. oy
% = oi(ri = bixi — Vi) + X ey, B Vi

) ©)
Ji=yi(=vi=8yi+ &%) + Yeyie, dy i (i€ V(Rw):

When 7 > 1, system (2) is restricted on the /th layer of (G,A), i.e.
i = (1 = bisi = €9+ Xje Uy, Uy ViR By Y%+ Ljeviy iy 9%
i = 9= = 803+ 816) + Xge Uy vim B 50 @)

+ vy @ %yi (i € VI(R)).

Based on the theory of asymptotically autonomous systems, graph theory and Lyapunov
theory, a global-stability theorem without strongly connected graphs is established in this
section.

The main theorem is obtained as follows:

Theorem 3.3 Assume the following conditions hold:
1. Diagraph (G, A) is balanced,;
2. Cross-dispersal matrix R = (|Bij|)uxn is reducible. (This means diagraph (G, A) is not
strongly connected.);
3. (Ruk, Buk) are strongly connected components (SCC) of diagraph (G, A);

4. There exists a non-negative constant A such that
—reipy =efy  (i>)), —repij=¢efy (<))

then, whenever a positive equilibrium E* = (x3,y5,%5, 55, ..., %5, ¥%) exists for system (2), it is
unique and globally asymptotically stable in R*".

Proof Step 1. Consider the strongly connected component (Ryx, Bix). The next system is
obtained naturally.

. Xy
Xi = xi(ri = bixi — yi) + Yy ryy) B Vi%io

x (8)
Vi =yi(=Vi = 8y + &%) + Yjeviry d?, xy; (i€ V(Rw)).

Page 13 of 21
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A vertex Lyapunov function on the SCC (Ryx, B1x) is constructed as follows:

v = Y i),

ieV(Ry)

where

Vi(¢) :ai<xi—x}" —xf1In x_;) +€i( i—yF =y 1n &>
X yi

Let c}k denote the cofactor of the kth diagonal element of the matrix Lqx. Here, L1y is the
SCC (Rix, Bix)’s Laplacian Matrix. As (Rix, Bix) is strongly connected, we obtain cilk > 0 for
every i € V(Ry).

Let us assume 0 < A < 1. Choosing

1 _ &ilpil, i>),

plk elfyl, i>),
i i =

elpyl, <), elfyl, i<j.
Similar to Theorem 3.2, we obtain

Vlk(t)f_ Z C 8b Z C ezz Vi y,-)z

i€eV(Ryk) i€eV(Ryk)
DA O R S 50
ijeV(Ryk) ijeV(Rk)
2
Z clkeh Z clke,, yi—y *)
ieV(Ryx) i€V (Ryg)
+ Z clkalkF Z cl.lk)»ailij;(t).
ijeV(Ryg) ijeV(Ryx)

Since diagraph (G, A) is balanced, diagraph (R4, B1x) is considered to be balanced natu-
rally. As (al.ljk )Ny <Ny 1S irreducible and diagraph (Ryx, Bix) is balanced, we obtain

1k 1k lky lkp2
> ctalfF) =0, > dfralfFm =0
ijeV(Rix) ijeV(Rik)
Hence,
2
Vie(t) < - Z clksb Z clke, , y;*) .
i€V(Ryg) i€V(Ryk)

If & > 1, the proof is similar. Hence, system (2) is globally asymptotically stable on the SCC
(Ryx, B1x).
Step 2. Consider the strongly connected component (Rox, Bok), we obtain

i = i(ri = bixi = €9i) + Xy, By Vi%i + Ljeviry b i )

Yi= yz’(_yi -8y + £i%i) + ZjeV(le) dg;‘xxjyi + JEV(Roy) d,‘]’ XiYi (i € V(Ra)).
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According to the theory of asymptotically autonomous systems, we have

. Xy
;= xi(r = bixi — €yi) + Y jcviry B Vi %+ D jevirgy) i yyi

(10)
Vi =yi(=vi = 8y + &%) + Y jcviryy) dl, X Vi* D jevirg) di;‘ xy; (i€ V(Ry)).

Similarly, a Lyapunov function can be constructed as follows:

Vat)= Y Vi),

i€ V(Ryr)

where

Vi(?) :gi(x,-—xjf -« In x—i) +ei( ;—yi—yiIn y—i)
X; Yi

Let 02k denote the cofactor of the kth diagonal element of the matrix Lyt. Here, sz is the
SCC (Rox, Bok)'s Laplacian Matrix. As (Rok, Bok) is strongly connected, we obtain c k'S 0 for
every i € V(Ry).

Let us assume A > 1. Choosing

w _ Jeilpyl i>)s B2k eilfil, i>),
/N .. j - ..
elpil, i<j, glfyl, i<j.

Similar to Step 1, we obtain that

Va®) <— Y cFebi(x I N (A

i€V (Ryy) ieV(Ry)

Y Gl Fn+ Y B E
ijeV(Rox) ijeV(Rok)

< - Z C Sb Z CZkezz Yi y?)z
i€V (Ryg) ieV(Ry)
2k 2k 2k 1.2k 2

Y FNEE Y FBEFN).
ijeV(Rok) ijeV(Ryk)

Since diagraph (G, A) is balanced, diagraph (R, Bax) is considered to be balanced natu-
rally. As (b?/‘)NZkX Ny is irreducible and diagraph (R, Byx) is balanced, we obtain

> b Er) =0, > GpE =0.
ijeV(Rox) ijeV(Rox)
Hence,
2
V() < — Z cZkeb Z czke, l y;“) .
i€V(Ry) ieV(Ryx)

If 0 < A <1, the proof is similar. Hence, system (2) is globally asymptotically stable on the
SCC (Rok, Bax).
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Step 3. After repeating the above procedure for any 4k, we obtain that system (2) is glob-
ally asymptotically stable on any SCC (Ryk, Bjk)- A Lyapunov function is listed as follows:

V(e =) Vik(®).
hk

Then, we obtain that

VO <-Y Y drebi(x: %7 - Y Y dredil -3)”

hk ieV(Ryk) hk i€V (Ryk)

Therefore, by the LaSalle Invariance Principle [2], E* is unique and globally asymptotically
stable in R?”. In the following, the proof is completed. g

The next corollaries are obtained naturally.

Corollary 3.4 Assume the following conditions hold for system (2):

1. Conditions 1-3 of Theorem 3.3 are satisfied;

2. dif =0(i>)) dj =0(i <))
then, whenever a positive equilibrium E* = (x5,y7, %5, Y5, ..., %5, ¥5) exists, it is unique and
globally asymptotically stable in R*".

Corollary 3.5 Assume the following conditions hold:
1. Conditions 1-3 of Theorem 3.3 are satisfied;
2. There exists a non-negative constant ) such that

—epij = refyy  (i>)), —epi = regfy (0 <));

then, whenever a positive equilibrium E* = (x3,3,%5, 55, ..., %5, ¥&) exists for system (2), it is
unique and globally asymptotically stable in R*".

Corollary 3.6 Assume the following conditions hold for system (2):

1. Conditions 1-3 of Theorem 3.3 are satisfied;

2.d =0(i>)),dy =0(i<j)
then, whenever a positive equilibrium E* = (x5, y5,%5, 55, ..., %5, y%) exists, it is unique and
globally asymptotically stable in R*".

4 Examples
Example 4.1 An example is presented to illustrate Theorem 3.2. Consider the following
predator—prey system with cross-dispersal:

. n Xy
% = xi(ry — bixi — egyi) + DLy dii yjxis

(11)
Vi = yil=vi = 8y + &) + 31, dzyjcxiyi’ i=1...,8

The parameters are listed as follows.

ry = 1, bl =0.5, e = 05, "= 001, (Sl = 05, &1 = 05,
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ry = 1.01,
r3 = 1.01,
rq = 1.02,
rs = 1.01,
re = 1.01,
r; =1.01,

rg = 1.02,

Assume

(2021)

by =0.5,
b3 =0.5,
by =0.5,
bs =0.5,
be = 0.5,
b; =0.5,

bg =0.5,

2021:507

ey, =0.5,
e3 =0.5,
eq = 0.5,
e5; = 0.5,
eg = 0.5,
e; =0.5,

eg = 05,

y2 = 0.01,
y3 =0.02,
ys = 0.01,
y5 = 0.02,
¥6 = 0.01,
y7 =0.01,

Y8 = 0.01,

8, =0.5,
83 =0.5,
84 = 0.49,
85 =0.5,
8¢ = 0.5,
87 =0.5,

dg = 0.49,

pX _ K _ K s s g% g% gk R
diy = dyy = dos = dgz = dyg = dyy = d3s = dsg = dsg = 0.01,

dy) = dyy = dyy = dyg = diy = dg = dyg = dy; = dg = —0.01.

Otherwise,

d’iy =

j

dl{,’“ =0.

Then, we can obtain that

dl?j‘ =0 (i>)),

Xy
d

=0 (i)

The cross-dispersal matrix is listed as follows:

R= (|ﬁij|),,x,,

0
&aldsy |
0
ealdy
0

0
0
0

Simple computation results in

0
0.005
0
0.005

oS © O

(=)

elld,l 0 elldyl 0
0 ex|dys| 0 0
e3lds)| 0 esldy,|  esldy,
0 ealdyy] 0 0
0 &sldyl 0 0
0 0 0 &ldgl
0 0 0 0
0 0 0 egldg
0005 0 0005 0 0
0 0005 0 0 0
0.005 0  0.005 0005 0
0 0005 0 0 0
0 0005 0 0  0.005
0 0 0 0005 0
0 0 0 0  0.005
0 0 0 0005 0

0 0
0 0
0 0
0 0
esldy| 0
0 esldgl
erldyl 0O
0 esldgy|
0 0
0 0
0 0
0 0
0  0.005
0.005 0
0  0.005
0.005 0

Page 17 of 21

g, =05,
e3=0.5,
£4=0.5,
g5 =0.5,
g6 = 0.5,
g7 =05,

£g = 0.5.

oS © O

0
es|dig|
0
€7 Id% |

0
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Figure 1 Strongly connected graph

The positive equilibrium for system (11) is obtained as follows:
E*=(1,1,1,1,...,1,1).

From the construction of the graph, the relationship between vertices is shown in Fig. 1.
It is obvious that diagraph (G, A) is strong connected and balanced. Using Corollary 3.1,
we obtain that £* = (1,1,1,1,...,1,1) is unique and globally asymptotically stable.

Example 4.2 An example is presented to illustrate Theorem 3.3. Consider the following

predator—prey system with cross-dispersal:

= a7 — bxs — e no Yy e
Xi = xl(rl blxl ezyt) + Zj:l dl‘]’ y;xn (12)

yi = yi(_yi - 55}’;‘ + six,-) + Z;-q:l dg}xx/y,», i= 1, veey 8.
The parameters are listed as follows.

r=1, by =0.5, e =0.5, y1 =0.01, 51 =05, €1 =0.5,

ry = 1.01, b, =0.5, ey =0.5, y2 = 0.01, 82 =0.5, &, =0.5,
r3 = 1.01, b3 =0.5, e3 =0.5, y3 = 0.01, 83 =0.5, &3 =0.5,
re = 1.02, b, =0.5, es =0.5, ys = 0.01, 84 = 0.49, &4 =0.5,
rs = 1.01, bs =0.5, es = 0.5, ys =0.02, 35 =0.5, &5 =0.5,
re = 1.01, be = 0.5, es = 0.5, ¥ = 0.01, 86 = 0.5, g6 =0.5,
r; = 1.01, b;=0.5, e; =0.5, y7 = 0.01, 87 =0.5, &7 =0.5,

rg = 102, bg =0.5, eg = 0.5, Vs = 0.01, 88 =0.49, £g = 0.5.
Assume

X _ X _ g% _ gyx X X X X
d12_d14_d23_d34_d67_d78_d56_d58_0‘01’

dy) = d3 = dy) = dy = diy = deg = dog = dig = d = 001
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Otherwise,

dj =dj =0.

(2021) 2021:507

Then, we can obtain

dF =0 (i>))

dj =0 (i<)).

The cross-dispersal matrix is listed as follows:

R=(1841) ..

0
X
82|d2{
0
X
84|d4j1/ |

0

0
0
0

X
€1 |d31lz|

0

83|dg|

(=)

S © © O

Simple computation results in

0
0.005
0
0.005

S O O

(=}

0.005
0
0.005
0

0 e1ldyl 0
eldyl 0 0
0 es|dy 0
ealdiyl 0 0
&5ldy] 0 0
0 0  eeldy
0 0 0
0 0 es|dgy
0 0005 0 0
0.005 0 0 0
0 0005 0 0
0.005 0 0 0
0.005 0 0  0.005
0 0 0005 0
0 0 0  0.005
0 0 0005 0

S O© O

0

X
€5 |df;'6|

0

Y
57|d’766|

0

0.005

0.005

0
0
0
0
0

0

0 0
0 0
0 0
0 0
0 es|dyg]
e dz’; | 0
0 e7 |d%"§ |
esldgy| 0
0
0
0
0
0.005
0
0.005
0

After a calculation, we obtain the positive equilibrium for system (12) as

E*=(1,1,1,1,...,1,1).

Based on Fig. 2, we know that the diagraph (G, A) is not strongly connected. However, it

has two strongly connected components with two layers. Using Corollary 3.4, we obtain

that the positive equilibrium point E* of system (12) is globally asymptotically stable in

2n
R,

5 Conclusions and outlooks
In this paper, cross-dispersal is considered in the predator—prey model with a patchy envi-

ronment. A new predator—prey model with cross-dispersal among patches is constructed.

A new cross-dispersal matrix is established by the coupling relationship between vertices.

Based on a graph-theoretical approach for coupled systems and constructing Lyapunov

functions, sufficient conditions that the positive equilibrium of the new model is globally

Page 19 of 21
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The first layer. The second layer-

Figure 2 Strongly connected components

stable are derived on a network with strongly connected graphs. Furthermore, based on
the theory of asymptotically autonomous systems and the hierarchical method in graph
theory, a stability theorem for the positive equilibrium is established on a complex net-
work without strongly connected graphs. Two examples are given to illustrate the main
results.

The new predator—prey model with cross-dispersal among patches can be seen as a cou-
pled system with complicated coupling relationship. The complicated coupling relation-
ship considered here is very interesting. To the best of the author’s knowledge, the strongly
connected character and Lemma 2.1 are critical factors in the study for coupled systems
of differential equations on networks. Strongly connected graphs and strongly connected
components are different (see Example 4.1 and Example 4.2), factually. Therefore, Theo-
rem 3.2 and Theorem 3.3 are both useful in reality.

Parameters d;y and d{jx can be selected and controlled by a cross-dispersal matrix, ef-
fectively. If d;y and dfjx (i > j) are chosen such that s,»|d;y | > ei|dfjx|, then dfiy , dff can be
chosen based on ej|d1yf| > sj|dfiy |. Furthermore, conditions H; and H, will be checked to
adjust the parameters d?;y and dg}x.

Further studies on this subject are being carried out by this author in two aspects [19—
23]: one is to study the model with a delay effect; the other is to discuss the model with

time-varying parameters.
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