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Abstract

Through the Lie symmetry analysis method, the axisymmetric, incompressible, and
inviscid fluid is studied. The governing equations that describe the flow are the Euler
equations. Under intensive observation, these equations do not have a certain
solution localized in all directions (r, t, z) due to the presence of the term % which
leads to the singularity cases. The researchers avoid this problem by truncating this
term or solving the equations in the Cartesian plane. However, the Euler equations
have an infinite number of Lie infinitesimals; we utilize the commutative product
between these Lie vectors. The specialization process procures a nonlinear system of
ODEs. Manual calculations have been done to solve this system. The investigated Lie
vectors have been used to generate new solutions for the Euler equations. Some
solutions are selected and plotted as two-dimensional plots.

Keywords: Euler equations; Axisymmetric flow; Lie point symmetries; Analytical
solutions

1 Introduction
Suppose that the Euler equations have the form [1-4]

ow dw  dw V dp

— tW— tU— - — +
ot ar dz r or

v av ov  vw

0,

£+W8 +M8———=0,
r z r
(1)
u du ou dp
—tW—+u—+—=0,
ot 0 dz 0z

That describes the dynamics of incompressible, axisymmetric flow with swirl [3], where
w(r,t,z), u(r, t,z), and v(r, t, z) are the components of the velocity in the cylindrical coor-
dinates (r, ¢, and z), and p(r, t,z) is the pressure. The flow is called axisymmetric flow if
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the velocity component and the pressure are independent of ¢. Navier—Stokes and Euler
equations in the cylindrical coordinates can describe any pipe fluid flow that has more
applications, especially in the medical field. For example, blood flow in stenoses narrow
artery [5-8]. System (1) had been solved using numerical methods in [1, 2, 9]. Manipula-
tion of the results in most applications needs explicit solutions. The Lie symmetry analysis
is one of the most important and powerful methods for obtaining closed-form solutions
[10, 11]. The method proves its dependence in the fluid mechanics, turbulence field, and
turbulent plane jet model [12—18]. Other researchers apply the method to other applica-
tions [19-25]. In (2007), Oberlack et al. [3] deduced five Lie point symmetries for Euler
equations. Here, we use the commutative product to explore new Lie infinitesimals for
system (1), then we use the investigated Lie vectors to reduce system (1) to the system of

ODEs. By solving these ODEs, we explore new analytical solutions for Euler equations.

2 Investigation of Lie infinitesimals for Euler equations

System (1) possesses Lie infinitesimals as follows:

Xy =g +h0)g; + 0 % + (A Oz + )75,

X =fa(6) i +f3(6) s + m; +( -f3 )z +f4(t))%,

Xs = t3; +f5(O)5; + (50 =)z —wips = vas + (2 =[Oz +f6(0) 55,
Xy = r5 + z+f7 t)). +(u +f7(t))— + w— + vdv(2p f7”(t)z+f8(t))%.

2)

There are an infinite number of possibilities for these vectors as the presence of arbi-
trary functions f;(¢), i = 1...8. Using the commutative product between these infinitesi-
mals listed in Table 1 authorizes us to specialize these vectors through the same procedure

as in [10, 26]. Firstly, we generate the commutator table as follows in Table 1, where

ar =~z + fy Sy + ff]
a =z —tf],
as=f7 —f —tf{,
ay =~z + f Ffs + Sl + 28 = 2+ tof)" -
as=f,+fi,
as=f7 +f],
ar = —zfy" +fo —ffy —2fy +2f +ff]
ag =tfy —f3,
as = —fifs +2zfy =2 + +tzf”’ ty)
wr0=3 +Ffy A} ~of +
a11=tf7'+ﬁ;,
apn =ty +f5 + 12,
ary = —tzf" + tfg + fofs —fofy —2fs + 2fs + 2 — 227
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Table 1 Commutator table

[V1,V2] X4 X2 X3 X4
7 7 9 d il 9 i d i 9 9
X1 0 f3$+f3m+01% m+02§+03m+04% 0551’06%1’07%
7 0 /) o) 7 0 d 2 0 d i 4 9
X2 Gy +figitag) O Myt - Tat Bnthaut et
) )
49355 diogp
o) ) o) i ) o) o) o
X3 —(%+02$+03m+ —(—Z'I;S&Jragm— 0 G]]$+G]zm+al3%
5
04@) Z(’Tv_*—ag%)
i i 9 ) i 4 9 9 i 9
Xa 7(0587 +G6(Tu +a7377) 7(7(3872 +f3m+mm+ 7(01]87+0127+013%) 0
)
di0;)

Table 2 Commutator table after optimization

V1,V3] X1 X2 X3 Xa
X, 0 0 X, 0
X3 0 0 -2X>2 4X2
X3 X1 2X> 0 0
Xa 0 -4X, 0 0

The specialization process generates a nonlinear system of ODEs:

2 =F,

—zf" + 3zf) + tzf]" — tfy = 3fa + fo — St +fsf] =0,

7Hf=0, =g+ fy A -2 + 2+ fif] =0,

oy —f3=0, ()
Sfs ey - tf5=0,  ff —ff +32 - 2f=0,

—tzfy" + tfy + fofs —fofs —2fy +2fs +2fs —22f; =0,

ify +fs—f; =0.

Through manual calculations this system has been solved, and the results are

1 1
ﬁ:;, ﬁ:t—g’ fé:f;}:O’

1 In(¢) (5)
f=l fomm  fe-h®,  fi=—j
Substituting from (5) into (2), we obtain
9,10 139 2 1y
Xi=g+vo:—mot Cazt @)
19, (=1\2
Xz—mg"'(,z W’ ©)
_ gD D ? 9 ? 1y
Xy =tg, + 5, +—uy, —Wyo =V +( 2p+t—2)$,
d d ] 9 d Z @)y .0
Xo=ri+(z-@) L +Ww-1)E+wi +ve Zp_ﬁ_%)ﬁ'

We use these vectors (6) to reproduce the commutator table (Table 2).
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3 Reduction of the independent variables in Euler equations
3.1 Using Lie vector X;

To snaffle the similarity variables, we solve the associated Lagrange system

=== 7)

2 1y\°
7 (az+a)

dt dz du dp
T
t

The similarity variables of system (1) are

u(r,t,z) = R(y,x) + %, w(r,t,z) = F(y,x), v(r,t,z) = G(y,x),
z
p(rt,z) = H(y,x) + 2 ®)

where, y = r,x = z — In(¢).

Substituting from (8) into (1), we get the following system with two independent variables:

dF 0R Fo0
—+y—+F=0,
yay yax
FaG RaG FG=0
—y+R—y+FG=0,

ay” "V ox”

)

FSF RE)F 9 BH_O

Byy 8xy yay o
oR 0R O0H
F—+R—+—=0.

ay ox  ox

System (9) has five Lie vectors as follows:

v 0 d V. 0 0
=— =—, =y—+x—,
S 2% 9H 375y T o
(10)
1 0 1 0 d d d d
Viz ooy Vs=F—+G—+2H — +R—.
G oG y20H oF 0G oH R
3.1.1 Using vector V3
This Lie vector will reduce system (9) to
Td@ 9d9 dp 0
NnT—+60—+— =0,
7 dn dn dn
dE
-nT—+0—+ET =0,
n n )
ar T do o
ndn an =0,
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where the new dependent variables have been obtained from solving the characteristic
equation that the V3 was generated.

E(n) = G(y»x)’ T(n) = F(y’x)» B(n) = H(%x),

x (12)
0(n) = R(y, x), n= )

The solutions for system (11) are as follows:

T(n) =c3n + cay/1 + 12,

6(n) = —casinh™' (),

E(n) = F —c3(can® + 321+ 02 + can + casinh ™ (0)y/1 + 02 = cay/1 + 2)

V1+n?

(13)

B(n) = 7(04 sinh™())”

1 1 1
- (C3<5n 1+n2- 5 sinhl(n)) — ¢y sinh™(n) + 50477) +c.

Back substitution to the original variables using similarity variables in (8) and (12) leads

to
2
w(r, t,z) = ng + 64\/1 + (M) ,
r r
u(r,t,z) = —cg4 sinh™ (@), (14)
v(r, t,z2)
B —c3(ca(8)3 + ¢3(8)2/1 + (8)% + ca(8) + ca sinh‘l(zS)\/l +(8)2 - cz\/l +(8)2)
- J1+6)2 ’
prtz) = _71(04 sinh’l(zS))2
—alc 1((S) 1+(8)2— lsinh_l(S) — ¢y sinh71(8) + 1c ) ) +c
s\ el 5 2 2 4 e
where § = m

The solutions have been plotted for different values of time as depicted in Figs. 1-4.
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Figure 1 Velocity component w(r,t,z)atz=2,c3=1,and ¢; =1
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Figure 2 Positive case of velocity component v(r,t,z) at z=2 and ¢4 = -1
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Figure 3 Velocity component u(r,t,z)atz=5,c;=1,and ¢4 =-1
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Figure 4 The pressure p(r,t,2)atz=5¢1=1,c,=1,c3=1,and ¢y =1
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3.1.2 UsingV=Vq1+V,4

This vector produces a system of nonlinear ODEs as follows:

dT -0
— + =0,
ndn

0

nsz——1=o,

dn

(15)
TdT+E d'B—O
n dn ndn— )

2 dE
n*T— +2nTE + 260 =0,
dn
where the new dependent variables are

_ ZG . 2
Ey= TG00 Gy Ry, )= HO +

»? y (16)
0(n) =R(y,x) wheren=y.

By solving system (15), new solutions for Euler equations have been produced:

C.
T() ==,

n

In(n)
9(77) = 1 + C3,

Cq

—n*In(n) + 0.50* - cscan® + coc} (17)

E(n) = - ,
(cam)
2 1 2 1 1
B(n) = —0.5(% + (n(127)) - n(2)7) + 263 n(n) + C—i - 201).
n Cy Cy Cy n

Using the similarity variables in (8) and (16) leads to back substitution to the original

variables:

Cq
W(V, t,Z) ="
r

1
u(r,t,z) = In(r) ve 4t
C4
(rt,2) —r21n(r) + 0.5r2 — c3car + coc5 5 (z - 1n(t))
14 V, ;Z = + )
(car)? 72 (18)
2 1 2 1 1
plrtz)= —O.5<c—‘; + (n(?) _ n(zr) 409 n(r) . c_; —261>
r 4 Cy Cy r

- <7(Z — ln(t))) +2zt72,
r2
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3.1.3 Using Lie vector V=V + V5
Through the same previous procedure system (9) has been reduced to

do
T— +0%+28=0,
dn
dT
n—+71T+n0 =0,
dn

dE
nT— +n0E+ET =0,
dn

dT dp
nT— +E?—nTH —n-—= =0,
n d77+ n ”dn

where the similarity variables are

E(n) = G(y»x)’ e, T(n) = F(% x), -,

Bm)=H(y,x), €,  6(n)=Ryx), =y

(3]

o

System (19) has closed form solutions as follows:

_050p% 0.5In2 0502
—c3e 1 +cze 1 +ce A
T(n) = )
n
0502 05192 0502
I(cze 1 +cze 1 —cge 1)
0(n) = - )
1
) _I? , 2, _I?
2c3 +2c3c4e 1 —2c3c4 —c3e 1 —czel —cze
E(n) ==+ )
n
B(n) = 2c3(c3 — ca)
2

1

Back substitution using the similarity variables in (20) and (8) is as follows:

_ 0502 0512 _ 0502
—c3e 1 +cze 1 +ce A _
w(r,t,z) = eI
r
( 0502 05192 0502 )
I(cze 1 +cze 1 —cge A
u(r,t,z) = — e 4 41
4]
9 _n? Y . -
2¢5 +2c3ce 1 —2c3c4 —C3e 1 —czel —cie ‘1
v(r,t,z) =+ ,
re—(z—ln(t))
2c3(c3 — ca)
plrtz) = ——— e 772,

1

The solutions have been plotted in Figs. 5-8.

(19)

(20)

(21)

(22)
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40
30

20

w(r.tz) -lo—-
_20_-
_30:
_40-

-50 4

[ t=0.5 t=0.1 t=1

Figure 5 Velocity component w(r,t,z)atz=2,¢c;=1,c3=1,and ¢4 =2
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Figure 6 Positive case velocity component v(r,t,z) atz=2,¢; =1,cz3=l,and ca =2/
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Figure 7 Velocity component u(r,t,z)atz=2,¢;=1,c3=1,and ¢c; =2
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Figure 8 The pressure p(r,t,z) atc; =1,c3=1,and ¢4 =2
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3.2 Using Lie vector X = X3 + X,

By solving the subsidiary equation, we explore the similarity variables

u(r,t,z) = R(y,x) + %, w(r, t,z) = F(y,x),

pr,t,z) = H(y,x) + ;2

z—In(¢)

’

t
wherey = —,x =
r r

which reduce system (1) to

G G G G
——+xF—+yF— -R— -FG =0,
ay ox ay ox

oF OF F oR 0
x—+y—-F+—=0,

ox yay ox

oR R R oR 0H
-—+xF—+yF—-R— - — =0,

ay 0x ay ox  Ox

oF oF oF OF _, O0H 0H
——+4XF—+yF—-R—+G + —x+ —y=0.

ay ox ay ox ox ay

This system possesses three Lie vectors as follows:

s S0 e D
=—, =y— + —, - _
LT 9H 27 5% T oR 379y T 9F T Va6

o UsingV=V+V,

Following the same procedure system (24) will be reduced to

dE dE
——+nT— -ET =0,
dn o dn
ar daT B
——— 4nT—— +E*+n— =0,
an Ty tT Ty
do P 2Td0 1-0
ndn dn =\,
ar
2 _nT-1=0
n dn n
with new variables
x
E(’)) = G(yrx)r T(T]) = F(y’x)7 ,3(77) = _H(yrx) + ;7

9(n):R<y,x>—’y—“, n=y.

v(r, t,z) = G(y, %),

(23)

(24)

a

d
-2H— —-R—. (25)

oH oR

(26)

(27)
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By solving system (26), we have

-1
T() = —,
(m) o
0n) =1+ —,
n
(28)
E() = coan*?,

-3¢ 53 3

=2 - +c1.

Bn) = —=n g2 "4l
Using the similarity variables in (23) and (27) authorizes us to back substitution to the

original variables

r

, L =
w(r, t,z) oy
—In(z

u(r,t,z) = -1 632 _Z n() +t7L

CH

2/3 (29)
V(r,t,Z)ZC2(—) )
r
-3¢ (t\*"? 3 —In(¢
2 - = —Zin()+cl+zt’2.
8(7)? t

:t; =~
prtz) = —

The results have been plotted as shown in Figs. 9-12.

t
01 02 03 04 05 06 07 08 09 10
1 " 1 1 1 1 L 1 1 1 1 L 1 L 1 1 1 1
-1 =il
] //-/
-2 v._',x"'
wetz) |/
-3 4 ‘,l"ll
II
{
/
-4 j
|
1/
I|
-5
[—— =01 =0.5 =1
Figure 9 Velocity component w(r,t,z)
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Figure 10 Velocity component v(r,t,2) at c; = 1

u(r.t.z)

r
[— =03 t=0.2

Figure 11 Velocity component u(r,t,z) atz=5and ¢z =-1

4 Conclusions

We deduce an infinite number of Lie infinitesimals, and through commutative product
properties, we minimize these vectors to four Lie vectors. Through some combinations
between these vectors, we explore exact solutions for Euler equations. The results illus-
trate that the velocity components decrease with increasing the spatial or temporal coordi-

nates. The pressure may be appearing as a negative value, and this is reasonable according

to the human pressure in the case of the tapered artery [6].
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Figure 12 The pressure p(r,t,z)atz=1,c; =1,and ca =1
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