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1 Introduction

In the last two decades, fractional calculus has become one of the most e ective tools used
in modeling of dynamical systems, to name a few, quantum, quantum physics, liquids,
mechanics, optimization of biological modelsl].6], where these phenomena are mod-
eled and updated in equations that are closest to actually describing their condition. The
“rst application for fractional calculus was probably what is referred to as a tautochrone
problem that was given by Niels Henrik Abel in 1822]. The great expansion in this “eld
caused the attention and concern of researchers from various sciences, who in turn rushed
to improve and correct some of the de“ciencies and gaps in modeling.

However, there is no generally accepted de“nition of fractional operator, but some pa-
pers suggested mathematical properties that a fractional derivative must have. Hence, we
can “nd many de“nitions each has advantages and disadvantages, see for exarbphg.[
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In 2015, the scientists Caputo and Fabrizio introduced a novel operator without a singular
kernel [9], called Caputo...Fabrizio fractional derivative (CFFD). The advantage of this op-
erator is that it provides an accurate update and description of some typical phenomena
in which the most famous de“nitions often complain, similar to the Caputo, Riemann...
Liouville, Riesz fractional operators, of limitations and de“ciencies in the descriptiofd...
15], since all of these de“nitions have a singular kernel. The interest of the nonsingular
kernel is due to the necessity of describing material heterogeneitics and structures with
distinct scales which local theory fails to describe. For more information, the reader is
kindly requested to read the paperdp..21].

Anyhow, Caputo...Fabrizio derivative has a nice characteristic; it has an equivalent rep-
resentation with singular kernel which allows to study more general materials such as
visco-plastic materials rather than only visco-elastic ones. The reader can refer2d jn
which the equivalence of CFFD with a model of singular kernel is presented. The Bagley...
Torvik equation is one of the most important equations that occupies a leading status in
the study of applied sciences and engineering applications. It was originally formulated
in the eighties of the last century, where both Bagley and Torvik presented a study model
viscoelasticity damped structure in the following equatior2p]:

a17'(§) + a2Dyz(€) + asz(€) = h(§), vy =3/2, (1.1)

along with the constantsa; € R, i = 1,2, 3,kh(§) € C[0,X] which is the space of continu-
ous functions over the interval [0X], and z(¢) is an unknown function to be determined.
Moreover, the Bagley...Torvik equatiod () has been generalized as< (0, 2), and it can
be modeled from a generalized fractional vibration equatio24]. Most previously pre-
pared works are mostly related to Riemann...Liouville and Caputo derivatives.
Furthermore, the coe cients a; may also change parallel with the changes in "uid den-
sity and viscosity. That isg; may be functions with respect to time. Exclusively, we gener-
ally consider the following generalized Bagley...Torvic equation (GBT) within CFFD:

3 1

a1(€)2"(€) + a2(§) " Do 2(5) + aa(§)Z () + aa(§) " Dg 2(5) + as(§)2(5) = h(§),  (1.2)
with initial conditions given by

Z(0)=ao,  Z(0)=ay, (1.3)
whereas the boundary conditions are of the form

z2(0)=Bo,  z(X)=pu, (1.4)
whereas 0< & < X, a,(8),h(§) € C[0,X], a;, B; € R, while z(§) are the solutions to the equa-
tion under initial or boundary conditions that are given in the Hilbert space&/;[0, X] and
‘H3[0, X] which will be de“ned later in Sect.3.

Physically, the fractional 1/2-order and 3/2-order derivatives are common to predict

the frequency-dependent damping material. These derivatives are often used to model
the motion of physical systems, as a study of an immersed plate in a Newtonian "uid was
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associated with the derivative 3/2 and gas in a "uid with the derivative 1/2. For more in-
formation, we refer to [25..30] and the references therein.
The value and importance of the Bagley...Torvic equation attracted the interest of re-
searchers in “nding approximate solutions using a range of iterative methods, among
them, Adomian decomposition method, the generalized Taylor collocation method, ho-
motopy analysis method, Chebyshev wavelet method, multistep methods, and predictor...
corrector method of Adams type 31..33]. In this present paper, we are interested in study-
ing and developing the modi“ed reproducing kernel Hilbert space (MRKHS) under the
in"uence of the CFFD, and making it suitable for solving the GBT under initial or bound-
ary conditions, and that with greater accuracy and a lower time e ort. The beginnings
of the MRKHS method dates back to 1907, when Stanis>aw Zaremba presented research
treating the boundary value problem of the harmonic functions. Thereafter, the process
of developing this method proceeded until it has reached its current form. The MRKHS
method occupies an important position among other numerical methods, as it is a very
e ective tool in many “elds, such as machine learning, statistics, probability theory, eco-
nomics, and the theory of integral operators34..38]. In addition to that, this method is
not limited to treating the well-posed problems, but also allows treating ill-posed prob-
lems.
The aim of this research paper can be summarized in several key points:
+ We undertake adjustments and improvements at the level of the MRKHS method,
under the influence of the novel operator CFFD.

+ We use the CFFD properties to formulate GBT under initial conditions and convert it
into an equivalent system of fractional differential equations. Then we apply the
method given to solve this system. Finally, we get a relationship between the system
solution and our equation.

+ We solve the GBT equation under the boundary conditions using the proposed

method.

+ We prove some theorems related to the RKHS solution and its convergence to the

exact solution.

+ We add mathematical simulations to determine the appropriateness and effectiveness

of the accounts created.

2 Basic de“nitions and concepts

In this part, we present some basic de“nitions and theories for the Caputo...Fabrizio frac-
tional derivative (CFFD) used in our study. It should be noted that rewriting EdL.{) in

the sense of this operator is due to its property of having a nonsingular kernel that enables
it to represent some phenomena that well brief the functions of kernels. This data is not
presented in other de“nitions, which creates di culties in modeling. The use of exponen-
tially based kernel and the equivalence of CFFD with a model of singular kernel give high
precision in realistic representation phenomena, especially for physical problems.

Definition 2.1 ([9]) The nonlocal fractional derivative of order 0< o < 1 of a smooth
function z : [a,00) — N is given as
M) fs z’(t)e"ui(-g&r) dr, O<a<l1
CFD?Z(E) - l.a Ja —

dz(§) —
Z—§, a=1,

(2.1)
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such thata < 0,& > 0, andM () is a normalization function that satis“esV(0) = M(1) = 1.
This operator is called Caputo...Fabrizio fractional derivative and is denoted by (CFFD).

Definition 2.2 ([9]) Let z be a smooth function over [0X] and 0< « < 1. Then the cor-
responding fractional integral of CFFD operator with ordes of a function z is given by

3
Ty = (22:% ; ]'\"4‘2“)4@ o j‘)"M(a) /0 «(x)dr. (2.2)

Proposition 2.3 ([10]) For 0 <« < 1and z € H1[0,X], we can conclude that

(FZ8) (" D§)2(€) = 2(5) .- 2(0), (2.3)
where H1[0,X] is the usual Sobolev space over [0, X].

The following proposition will be used as an important hint for the higher-order deriva-
tions.

Proposition 2.4 ([10]) If« € [0, 1] and n € N, then the CFFD of order n + « is defined as
CFD?*”z(é) = CFD? (D"z(8)).

Remark 2.5 In this present work, we také{(«) = 1 anda = 0, so we can reformulate Def-
inition 2.1as follows:

CF 1y 1 5 / (f..T)
Diz(g)=7—— | Z(r)e 1o dr
1.« 0

1 .
= Z (&) *ei-g,
1.«

where () is the convolution operator.

In addition to that, the CFFD of any constant is zero, that is, for all > 0, we have
CFDgc = 0. Anyhow, we end this section with the equivalent representation of the CFFD
which is

CFya ey~ L S (gh(T)8( .. 7) o))
FDgZ(é%)—(l“a)/o< 2() +e 1 )z(t)dt,

whereg)() = [*e 15" 2 (r) dr.

3 Preliminaries of MRKHS method

In this section, some of the essential facts of reproducing kernel theory are presented to
construct Hilbert spaces associated with the reproducing function of our method. For
more details, please read the paper3d..47]. During this study, AC[O, 7] denotes the ab-
solutely continuous real functions.

Definition 3.1 Let A be anonempty abstract set, and &V be a Hilbert space of functions
v:A — W. Then any functionB: A x A — C that attains both



Hasan et alAdvances in Di erence Equations (2021) 2021:469 Page 5of 21

(i) B(-,&) e W foreach & € A and

(i) (v(-),B(-,&)) =v(§) for eachve W
is called reproducing-kernel function, whereas the property in (ii) is called «the reproduc-
ing propertyZ

This function possesses some important properties such as being of unique representa-
tion, conjugate symmetric, and positive-de“nite.

Definition 3.2 Any Hilbert space)V de“ned on a nonempty abstractA which possesses
a reproducing kernel function is called a reproducing kernel Hilbert space.

Definition 3.3 Form =1, 2,3, the Hilbert space®{,,[0,X] are described by

H,u[0,X] = {2(8)|z : [0,X] — R,2"1g) € AC[0,X] a1
andz" (&) e 12[0,X],m = 1,2,3. '

The inner product and the norm corresponding in,,[0,X] for m = 1,2,3 are given as
follows:

(2, W) 3, = Yoms ZOOWOQ) + [ 2D (EW () dE, 2w € Hu[0,X],

(3.2)
Izlln,, = (z.2)Y2,  z € H,,[0,X].

Theorem 3.4 ([34]) The unique representation of the reproducing-kernel function associ-
ated with the Hilbert space H1[0,X] is given by

vil(o)= [cosh(€ + 7 ..X) +cosh(|E ..z| ..X)]. (3.3)

1
2sinh(X)

Theorem 3.5 ([35]) The unique representation of the reproducing-kernel function associ-
ated with H[0,X] can be written as

V%:{Z}(T): (%T(._‘52+3€(1’+2)), OS t<€! (34)

le(£2+30(6+2), E<t<X.

Theorem 3.6 ([35]) The unique representation of the reproducing-kernel function associ-
ated with H3[0,X] can be written as

V(o) = { 155(120 +75+ 106%1%(3 +1) ... §7(...24 %)), 0<7<§, =5

2o(120 +65 + 1062123 +£) ... §7(...24 €3)), £<r<X.

Definition 3.7 We describe the inner product Hilbert spaceV,,[0,X], m = 1,2, of
‘H,,[0,X] and H,,,[0, X] by

Wol0, X1 = {2(8) = (22(€),22(8)) " |21, 22 € H,[0,X], m = 1, 2),
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as well as the inner product and the norm associated wilty,,[0, X] are built as follows:

<Z1W>Wm :ZL'Z:]_(Zirwi)Wmv Z[,W[EHm[O,X],m:].,Z,

- (3.6)
”Z”Wm = Z[:l(zi12i>5 zZi € Hm[oiX]i m= ln 2

4 Structure of analytical solution

4.1 MRKHS solution of GBT equation along with boundary conditions

In this section, we present a brief description for the notations and preliminary de“ni-

tions of the MRKHS theory. Additionally, we explain how to solve GBT with boundary

conditions (1.2)...1.4) using the MRKHS method. Accordingly, we construct orthonormal

function systems of the space based on the process orthogonalization of Gram...Schmidt.
Consider the GBT equation within CFFD

ai(§)w”(§) + az(?)CFDog w(§) +as(§)w'(§)
+ a4(£)F D w(&) + as(§)w(§) = h(§), (4.1)
o(0) = p1; o(X) = pa.

Now, to apply our technique to GBT equation4.1) on the Hilbert space*,[0,X], we
consider a linear di erential operator de“ned as follows:

L :H3[0,X] — H4[0,X],
L) = ar(€)w” () + az(€)FDE w(&) + as(§)w/ () (4.2)
+ a4(€)FDEw() + as(€)w(E).

Thus, using the simple transform (&) := (w(§) ... ft2 .. 11)€ + 1), the GBT with the bound-
ary condition equation @.1) can be equivalently converted to the form

Lz(8) =h(§), & <[0,X],

(4.3)
20)=0,  z(X)=0.

Theorem 4.1 The differential operator L from H3[0,X] into H1[0,X] is bounded and lin-
ear. Hence, L is continuous.

Proof In order to prove that £ is a bounded operator, it is enough to “ndV > 0 such that

% < M. By the de“nition of the inner product form = 1 in (3.2) on the Hilbert space
3

‘H1[0,X], we have

| 22|13, = (La(€), L2()),,, = [£2(0)])" + /0 |(C2) (&) de.

On the other hand, using the reproducing property of the MRKHS and by the Cauchy...
Schwarz inequality, we can write

(£29©)] = (), (£VI) (€))|
< 1V O, 12 g (4.4)

SM(,‘}HZ(&‘)HH?’, i:O,l.
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Hence,

X
ch(§)||§11 < [M{ZO} + /O M2, d$i|||z(g)||i3
< (M + XMy 2[5, (4.5)
= M2|2©)|5,
whereM = \/m_

Next, for allz,n € H3[0,X], we havel| L(z+n) .. L(2) ||, = 1L 12, < MlInlla,. Letting
n — 0 implies that £ is continuous. O

We construct an orthonormal function system of3[0, X] as follows: Put®,(-) = Vs[l_l}(-)
and\¥;(-) = £*®,(-), whereL* is the adjoint operator ofL and {£}°; is a dense set on [(X].

The orthonormal systenﬂ@,(é)};’fl of the spacet{3[0, X] can be generated from the well-
known Gram...Schmidt orthogonalization process as follows:

Gi(é)zzaikq/il(g)x i:112!"'! (46)
k=1

whereoj > 0 are the orthogonalization coe cients.

Theorem 4.2 For (4.3),if{£;}, is a dense set on [0, X], then the orthogonal function system
{W; (&)}, is complete in H3[0,X].

Proof Note that
Wi(6) = (L ®i(r), VI (1)) = (@4(0), L. VIV (0)) = £ V¥ () € HalO0,X]. 4.7)
Now, for eachz() € 5[0, X], suppose(z(&), ¥;(&)) = 0, thus we have
(2(8), Wil®)) = (2(8), L ®i(8))

= (Lz(8), :(8)) (4.8)
= Lz(5)=0.

Becausdgé;}; is dense in [0, X] andC is continuous, we getCz(&;) = 0. Using the exis-
tence of the inverse operatof - we conclude thatz(£) = 0. So the proof is complete.[]

Theorem 4.3 If (£}, is a dense subset on [0, X] and the analytic solution z(§) of (4.1) is
unique, then the solution z(£) can be represented in the following form:

26)= 33 ouh(&)i(6). (4.9)
i=1 k=1

Proof For eachz(é) € H3[0,X], z(§) can be extended in the Fourier serie¥ >, (z(),
T,(£)),(&) about the orthonormal function system{W;(£)}=, of H3[0,X]. Moreover, the
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seriesy_ .~ (z(€), @i(g)) is uniformly convergent in the Hilbert spacé/V,[0, X]. So, we have

2(8) =Y _((8), Wi(&)) Wil&)

=1

= Z Z Uik<Z(§), qjk(s))ﬁl(%-)

i=1 k=1

=Y oa{La(€), (&) Wil8) (4.10)
=1 k=1

Y oulz(E)Wi(E)

i

=2
=1 k
:;k och(E)Vi(§). .

1
=1

Now, the approximate solution can be obtained by truncating the series h.9) as fol-
lows:

2(8)= D ) ouh(E))Wi(f). (4.11)

=1 k=1

In the following theorem, we prove that the error that results when approximating the
solution in (4.9 by the form (4.11) is decreasing to zero.

Theorem 4.4 Let E, = ||z ...z,|l35, Where z, z,, are respectively the exact and the ap-
proximate solution of (4.1) represented in (4.9 and (4.11), then the error E, decreases

monotonously in the sense of || - |l445, and E,, — 0 as n — oo.
Proof We have

2 _ 2
E2=|z..24013,

00 2

) ouh(E)WiE)

i=n+1l k=1

> AT(E)

i=n+l

H3
2

H3

o0

D oAy

i=n+l

and

El =z ez iy = ) (A= (4,7 + ) (A

i=n...1 i=n
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Note that E2 ;> E2, so we conclude that the erroE, is monotone decreasing in the sense
of || - 12,,, and becaus§ X, (z(&), ¥;(£)) Wi(¢) is convergentE, — 0 asn — oo. Hence,
the proof is complete. O

4.2 MRKHS solution of GBT equation along with initial conditions
Now, we give some notations and preliminary de“nitions of the MRKHS theory. We then
explain how to reformulate the GBT under the initial conditions1.2)...1.3) into an equiv-
alent system of “rst-order fractional di erential equations and how to implement our
method to solve this system, with highlighting the relationship between the solution of
the system and the solution of GBT. Accordingly, we construct an orthonormal function
system of the space based on the Gram...Schmidt orthogonalization process.
Consider the following GBT with initial conditions:

a1(6)a (€) + a2(6) FD2(E) + as(€)or (€)
+ aa(E)F DL lE) + as@)le) = h(E), (4.12)
00)=p1,  '(0)=po.

We can obtain an equivalent form of4.12 by homogenizing the initial conditions using
a transformation given by the following formula(&) :=w(§) ... t2& + ©1)

a1(§)2"(€) + ax(§)" D§ z(§) + as(§)Z (§)
+ag(§) DI (E) + as(§)=(§) = H(E), (4.13)
z(0) =0, Z(0)=0,

whereH(£) = h(g) ... &3(§)ia + 2u2aa(§)(1 ..e%) + as(§)(uak + pa)).
Before starting to describe the approximate RKHS scheme, we “nd it appropriate to

rewrite the equivalent GBT equation4.13 in the form of a system of fractional di erential
equations (SFDE) of “rst order by setting(¢) = z1(¢§) and z1(§) = z2(£). In this sense, the
equivalent SFDE that we design has the form

71 (&) = z2(£),

. (4.14)
a1(8)2y(8) + a2(§) Dg z2(§) = H(§) . a3(£)z(8),
equipped with the initial conditions
z1(0) =0; z2(0) =0. (4.15)

It is obvious that GBT equation 4.13 with its original initial conditions is equivalent
to SFDE @.14) with the new initial conditions (4.15 in the following sense: whenever =
(z1,22)T with z; € H,[0,X] is a solution of SFDE 4.14 associated with initial conditions
(4.15, the solutionz :=z; solves GBT equation4.13. Also, wheneverz € H,[0,X] is a
solution to GBT equation @.13 with original initial conditions, the vector of solutions
Z = (z1,22)T := (z,2')T solves SFDE4.14 equipped with initial conditions (4.15.
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Now, we begin by applying the MRKHS approach to solve the SFDE by de“ning di er-
ential operators as

L1, L2 Ho[0,X] — H4[0,X], (4.16)

whereasLiz1(§) = 24(8) and Laz2(6) = ax(€)2(6) + aa)FDEzale). Put £ = (5 ) e
WOX], Hi(E.Z(6) = za(€), HaE,Z()) = as(@)aa®) + HE), and H(EZ(E) =
(Ha (&, Z(€)), HalE, Z(E)))T

Consequently, the initial value GBT equation can be converted into the form
LZ(g)=H(§,2(8)),
equipped with the initial conditions
Z(0)=0.

Lemma 4.5 The differential operators L1,L; : H2[0,X] — H1[0,X] are linear and
bounded operators. Consequently, the operator L : W5[0,X] — Wi[0,X] is also linear
and bounded.

Proof The proofis divided into two parts; “rst, we prove thail; : H,[0,X] — H1[0,X],j =
1,2, are bounded and linear. The linearity is obvious since both integer order and Caputo...
Fabrizio derivatives are linear.

For boundedness, let € H,[0, X], then

||ﬁ/Z/||§.¢1 (Lizj, Lizj)u f (( z,)(t)) ((ﬁ,zj)/(r))2 dr

Using the reproducing property oﬂ/f}(r), we can writez(¢) = (z(), Vg{zl(-))y2 and
v d
#6)=(:0. VQZ}(->>H2
and
1 d 1
(66 + (6)TDEte) = (2. 0x0) VI e DE V)
Ha

Applying the Schwarz inequality and using the fact that a,, a, are continuous over [0X]
1
and CFD§ ngl is continuous and uniformly bounded, we get

d d
|(£1z)(s)|:|z/(s>|:<z(-),—v§2’(-)> < el ) Lv2] < Tuslielie,
d s dé Ho
d?
(a2 €)= <z() e (')>‘H2§||Z||H2 | = v,
(£20)@)] = <z ) 7 VIO + a7 D v;2’<~>>
Ho
<zl | 35 LY@y DRV <Yl
Ha2
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and similarly,

(L22) (€)| < T22llzlln,,

whereY; € K", Vi,j=1,2.
Hence,

12113, < (Y5 + Y5)Xllzll5, < Mllzl2,,
2 — 2 2
whereM? = (Y, + 13)X.

So,l1Lzl15,, < Mjlzll#,-
Now, for anyZ = (z1,22)7 € W»[0,X], we have

2
1LZlIwy = | Y I1Lizil3,
=1
(4.17)
< [ME1z113,, + MBI 2ol
< M| Z|lw,,
where M = max{Mi,M>}. So, the proof is complete. O

Next, we create an orthonormal function system o¥V,[0,X] as follows: Let®(:) =
Vé{il}() and W;(-) = L*®,(-) for eachi=1,2,..., ang = 1,2, whereL* is the adjoint op-
erator of £ and{£;}; is a countable dense subset of [@]. Moreover, using the properties
of the reproducing kernel, we “nd

Wi(§) = £105(6) = (£ @y(0), VP (D)), = (@5(0). LV (@),
=LV (z) e W0, X].
To build the representative form of the MRKHS solutions of SFDE (14 equipped with
the initial conditions (4.15 in the space/V;[0, X], we use the well-known Gram...Schmidt

process that outputs an orthonormal functior{(@il(g), @iz(s))T}ffl of the spaceV,[0, X]
constructed from {(W;1(&), ¥;2(£))7}2; such that

~ () _ [ CieiohWal®)
&)= ~ = ) , 4.18
© (wiz(s») (Zzzloiiwiz(s)) (418)

whered’,,j = 1,2, are the orthogonalization coe cients.

Theorem 4.6 If (£} is a dense set on [0, X], then the orthogonal function system
(W1 (8), Wi (€))7}, is complete in W5[0, X].
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Proof For eachZ(g) = (jzlg))) € W5[0,X], suppose(Z(§), ¥;(£)) = 0. On the other hand,
we have

(2(€), Wy (8)) = (2(&), L*y(8))

_[(a®)\ [Li®a)

2(8)) "\ L5Dia(£)
= (22(8), L1®(§)) + (z2(§), L5Pia (§)) (4.19)
= (La21(8), @ia(8)) + (L222(8), P (8))

= Laz1(&) + Loz2(8:)
=LZ(&)=0.

Becausdé;} is dense in [0, X] andC is continuous, we getCZ(§;) = 0. Using the exis-
tence of the inverse operatof % we conclude thatZ(¢) = 0. So the proof is completed

Theorem 4.7 If{£,}%°, is a dense subset on [0, X] and the analytic solution Z(&) of SFDE
(4.1 is unique, then the analytic solution Z(€) can be represented in the following form:

(4.20)

2(6) = [Z;f’fl Y ialobHa e, Z(80)) + 02 Holéx, Z(sk»lwll@)}

Y Y ok H(5k, Z(80)) + 02 Ho(Er, Z(Ex)) Wi (E)

Proof For eachZ(&) € W[0,X], Z(§) can be extended in the Fourier seriey =, (Z(§),
W;(£))Wi(¢) about the orthonormal function system{(W1 (&), Wi2(£))7}, as Wa[0,X].
Moreover, the seriestjl(Z(g),@,r(s)) is convergent in norm in the Hilbert space
W5[0,X]. So, we have

Z(E)= (2(&), Ui())Wi(&)

=1

[ (2®)) (Pa@))\ =
pry <(Zz($)> ( i2($)>>\lll,(§)

2E)\ [ Lier it Via6) B.6)
22(8) ) "\ X k1 05 Wia(§) l

oklza(8), Wia (€))Wi(€) + Z Za,k (22(€), Wia &)1 Wi(£) (4.21)

=1 k=1

[y

o {L1z1(E), Pra(E))WilE) + Z Z oA Loza(£), Pia(£)) i(E)

i=1 k=1

>~
[y

i

[o,-%ﬁlzl(sk) + 02 Loza(8) ] Wi(8)

e 200 £ 20

i
pis
X‘
A

O

_ | XE YalokHae, Z(50) + 04 HalEr, Z(ED)] P ()
S Y aloh Ha(Er, Z(Ex)) + 02 Ha(Er, ZEN Wi E) |

Moreover, if we take “nitely many terms in the series representation for the analytic
solution Z(&), we get directly the approximate solution SFDE (14, and it is given as the
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form
_ | X ealoi HaE Z(E) + o HaEr, ZE0) Wi (6)
Z() = | it k= Tik A ~ . (4.22)
> =1 2k=iloaH1(Er Z(6x)) + o Ho(6k, Z(6x)) Wi (&)
Lemma 4.8 The analytical solution of FBT equation (4.13 is given as
2(6)= Y [okHi (6 Z(E0) + 02 o (. Z(E0)) | D €)-
=1 k=1
Proof From Theorem4.6, the proof is direct. O

Theorem 4.9 IfE, = ||Z..Z,|w,,where Z, Z, are the exact and the approximate solutions
of SFDE (4.14), respectively, represented in (4.20 and (4.22), then the error E, is monotonic
decreasing in the sense of || - |lw,, and E,, — 0 as n — oo. Consequently, the behavior error
of the solution of the GBT equation decreases monotonously in the sense of || - |w,.

Proof We have
2 _ 2
E, =Z..Zull,

|22 Sislot e 260 + o e 26N Ta©) ||
Y et YoealonH(Ek, Z(Ex)) + 0 2 Ho(Ek, Z (&) Wi ()

W2
_ Z?:,ﬁlAi?il(S) ’
Z?:on+1Ai\I"i2(é:) W

2

= > AW

i=n+1

DAy

i=n+l

Wa

and

E =NZ o Zn ARy, = Y0 (AP = (A0 7+ ) (AN

i=n...1 i=n

Note thatE2 ;> E2. So, we conclude that the erroE, is monotone decreasing in the sense
of || - 13, and becaus@ "7, (Z(), W;(¢)) Wi(§) is convergent, therE, — 0 asn — oo. So,
the proof is complete. O

5 Numerical experiments

In order to demonstrate the e ectiveness and eligibility of the proposed method for solv-
ing generalized Bagley...Torvik equations under the e ect of CFFD derivative, we provide
some illustrative examples and then solve them using MRKHS. In each example, we com-
pare their results with the exact solution. All numerical computations are carried out using
Mathematica 12.0 software package.
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Table 1 Numerical results for Examgel

& Exact solutior(£) MRKHSZE) Absolute error Relative error

0.0 0.0 0.000000 0.000000000 0.00000000
0.1 0.09 0.090424 0.000423726 0.00470807
0.2 0.16 0.160444 0.000443675 0.00277297
0.3 0.21 0.210464 0.000463918 0.00220913
0.4 0.24 0.240485 0.000484604 0.00201918
0.5 0.25 0.250506 0.000505862 0.00202345
0.6 0.24 0.240528 0.000527807 0.00219920
0.7 0.21 0.210551 0.000550541 0.00262162
0.8 0.16 0.160574 0.000574156 0.00358848
0.9 0.09 0.090599 0.000598737 0.00665263
1.0 0.00 0.000624 0.000624362 0.00000000

Example 5.1 Consider the GBT equation equipped with the following initial conditions
(ICs):

, 3 2 w
Z'(€) + %CFDgz(S) La2E)=5 5+ 18

5 s (5.1)
z(0) =0, Z(0)=1,

which can be rewritten along with homogeneous ICs as follows:

/! 3 2 e‘f
VIE)+ ETDIVE) L AvE) =5 5B LB

5 s (5.2)
v(0) =0, v(0)=0,

where the exact solution iz(¢) =&(1 ..£).
In order to apply the MRKHS method with high e ciency, we make the substitution
z1(8) = v(€) and zp(¢) = v/(£) to convert it into the equivalent system:

z(§) .. z2(§) = 0,

52
Z.

8eé 18
5 75’

2 1 1
4E) + 2D (E) g = o
z1(0) =0, z2(0) = 0.

Now, we apply the proposed method witlx = 70 to get some numerical results as shown
in Table 1. A comparison between the exact and the approximate curves is displayed in
Fig. 1, which shows the accuracy of our method.

Example 5.2 Consider the GBT equation equipped with the following initial conditions:

2/(E)+ FD2(8) +2(8) = £ + 1,

(5.3)
z(0) =1, Z/(0) =1,
which can be rewritten along with homogeneous ICs as follows:
3
V'(§)+ FDINE) + E) =0, 5.4

v(0) =0, v(0)=0,

where the exact solution iz(¢) =& + 1.
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Figure 1 Exact and MRKHS solution curves of Exatfile

Table 2 Numerical results for Examie2

Page 15 of 21

& Exact solution(§) MRKHZ§) Absolute error Relative error
0.0 1.0 1.0 0.0 0.0
0.1 11 1.1 0.0 0.0
0.2 1.2 1.2 0.0 0.0
0.3 1.3 1.3 0.0 0.0
0.4 14 14 0.0 0.0
0.5 15 15 0.0 0.0
0.6 1.6 16 0.0 0.0
0.7 1.7 1.7 0.0 0.0
0.8 1.8 18 0.0 0.0
0.9 1.9 1.9 0.0 0.0
1.0 2.0 2.0 0.0 0.0

Figure 2 Exact and MRKHS solution curves of Exafgle

The SFDE related to this GBT equation assuming(¢) = v(£) andz(&) =v/(§) is

7)(£) ..22(8) =0,
2y(€) + F D2 zy(€) + z1(8) = 0,
2(0)=0,  z(0)=0.

(5.5)

To achieve high accuracy, we found it enough to take= 5 as shown in Table2 and

Fig.2.
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Table 3 Numerical results for Exam#e3

Page 16 of 21

& Exact solutior(£) MRKHSZE) Absolute error Relative error
0.0 0.00 0.000000 0.0000000000 0.0000000
0.1 0.01 0.009990 0.0000104827 0.0010483
0.2 0.04 0.039981 0.0000195138 0.0004879
0.3 0.09 0.089973 0.0000270488 0.0003005
0.4 0.16 0.159967 0.0000333901 0.0002087
0.5 0.25 0.249961 0.0000387662 0.0001551
0.6 0.36 0.359957 0.0000433495 0.0001204
0.7 0.49 0.489953 0.0000472704 0.0000965
0.8 0.64 0.639949 0.0000506276 0.0000791
0.9 0.81 0.809947 0.0000534959 0.0000660
1.0 1.00 0.999944 0.0000559322 0.0000559

Figure 3 Exact and MRKHS solution curves of Exatfle

Example 5.3 Consider the following GBT equation:

Z'(6)+ FDE2(e) + 2(6) =6+ .. 4,

subject to

z(0) =Z/(0) =0,

where the exact solutiorg(¢) = £2.

Applying the methodology described in this paper, witlk = 90, some tabulated and

graphical results are shown in Tabld and Fig.3.

Example 5.4 Consider the GBT equation equipped with the following ICs:

Z'(t)+ Dz . Dz + 47 () +2(8) = .. 2% +1) ... 4%, 2(0)=27(0)=...2,

whose the exact solution ig(§) =2(1 ..£).
The comparison between the exact and the approximate curves for 5 is displayed in

Fig.4, which shows high accuracy of this method.

Example 5.5 Consider the following GBT equation:

Z'(§) + D3?2(8) ..Déz(g) +AZ(E) +2(8) = .45 (5% ... 8 +2),
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Figure 4 Exact and MRKHS solution curves of Exathgle

Figure 5 Exact and MRKHS solution curves of Exatple

subjectto ICs
z(0)=2, Z(0)=...4,

which is equivalent to

1
V'(§) + DI?v(E) .. DZV(E) + 4V (§) +v(§) = e (5 (46 +6) .. & ... ),
subject to the homogeneous ICs
v(0) =0, V/(0) =0,

where the exact solution iz(§) = 2(1 ..&) exp(. §).
By applying the MRKHS method withw =55, a comparison between the exact and the
approximate curves is displayed in Fi§, which shows the accuracy of our method.

Example 5.6 Consider the GBT equation with boundary conditions (BCs) within CFFD
of the form

2'(6) + FDiz(E) +2(€) = (€ + 1P +2eF, 1<a <2,

(5.6)
z(0)=1, z(1) =3.
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Table 4 Comparison of MRKHS solutions for di erent values fufr Examplé.6

& a=2 a=19 a=1.8 a=17 a=1.6 a=15

0.0 1.000 1.00000 1.00000 1.00000 1.00000 1.00000
0.1 1.101 1.10940 1.11688 1.14628 1.14628 1.12147
0.2 1.208 1.22339 1.23804 1.29026 1.29026 1.24713
0.3 1.327 1.34784 1.36904 1.43430 1.43430 1.38237
0.4 1.464 1.48863 1.51528 1.58439 1.58439 1.53232
0.5 1.625 1.65160 1.68204 1.74770 1.74770 1.70187
0.6 1.816 1.84257 1.87446 1.93145 1.93145 1.89569
0.7 2.043 2.06730 2.09761 2.14251 2.14251 2.11825
0.8 2.312 2.33144 2.35642 2.38718 2.38718 2.37381
0.9 2.629 2.64053 2.65566 2.67124 2.67124 2.66644
1.0 3.000 3.00000 3.00000 3.00000 3.00000 3.00000

Table 5 Absolute errors of Exampie7

& Absolute error
0.1 2.936k 109
0.2 6.9784 109
0.3 1.297& 108
0.4 2.074% 108
0.5 2.923% 108
0.6 3.664% 108
0.7 4.049% 108
0.8 3.784% 108
0.9 2.547k 108

In this example, we assume di erent values of the fractional CFFD orders to see the
e ect of this nonsingular kernel derivative to the GBT equations. Hence, a comparison
between the approximate solutions fox € {1,2,1.9,1.8,1.7,1.6, 3.5 shown in Table4.

Example 5.7 Consider the following GBT equation:
Z(6)+ FDEE) +o6) =6 +E7 .. 4 ... B,
subject to the BCs
z(0)=Z/(1) =0,

in which the exact solution isz(£) = £2 .. .
By applying the methodology described in this paper for = 55, some tabulated and
graphical results are shown in Tablé and Fig.6.

6 Conclusion

In this paper, solutions of generalized Bagely...Torvik equations under the fractional
derivative of a nonsingular kernel, the Caputo...Fabrizio derivative, are meaningfully dis-
cussed. These types of di erential equations were solved under appropriate initial or
boundary conditions. In the case of ICs, we prefer to convert the problem into a system
of fractional di erential equations seeking more e ciency and simplicity of the RKHS
technique. Some theories related to the proposed method solutions, convergence, and er-
ror estimation have been proven. Numerical examples have been presented to reveal the



Hasan et alAdvances in Di erence Equations (2021) 2021:469 Page 19 of 21

Figure 6 Exact and MRKHS solution curves of Exatgle

e ects of CFFD on solutions of the GBT equation. These examples showed how the pro-
posed method is e ective in solving GBT equations and showed how close the fractional
solutions are to the solutions of the integer order.
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