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1 Introduction

Distributed-order fractional derivatives indicate fractional derivatives that are inte-
grated over the order of the differentiation within a given range [55]. In recent decades,
distributed-order fractional differential equations (DOFDEs) have been used to model
more phenomena in various fields such as visco-elastic [4, 6], dielectrics [10], diffusions
(11, 24, 26, 28, 40, 42, 49, 52], signal processing [29], biosciences [17, 30], finance [16, 32],
electrochemistry [44], and optimal control [54, 56]. The motivation of DOFDEs is the
generalization of single-order and multi-term fractional differential equations [27].
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In [5], Atanackovi¢ et al. studied the existence and uniqueness of solutions for DOFDEs
of the form

2
D(t) = 1 /o P@SDIf () dg = G(Lf®), >0,
f(i)(O) :fo(i)r i=0,1,

corl
inl.

identification theory and visco-elasticity.

(R) N CY([0, 00)). Such equations arise in distributed derivative models of system

In this research study, we consider general nonlinear DOFDEs in the time domain 2 =

[0, ] as follows:

B
/ Gi(q,§ DIf (1)) dg + Go(t, (), S DYf(2), ..., S DYF (1)) = g(8), (1)
with the initial conditions

R0 =9, k=01,...,max{[e],[8]} - 1. ©)

Here, G1(-) is a linear or nonlinear function,

Ga (6. £ (1), DI (B),....5 DYf(8) = kof () + Z 1,5 DY (8),

i=1

where k; € R;and «, 8, aj(o; < --- <o) for i =0,1,...,r are positive real numbers. Also,
[B] denotes the ceiling function and is the smallest integer greater than or equal to 8.

Note that Eq. (1) is the general form of DOFDEs in the time domain which for the case
Gi(q, $DIf(t)) =T (q)S DIf(£),g(t) = 0,k = 0,j = 1,...,1,leads to the distributed-order frac-
tional relaxation equation [31]. When G(q, gD?f @) = bF(q)gD?f (t) with a constant b,
a1 =2,k=0,j=2,...,7, Eq. (1) is the Bagley—Torvik equation [7, 8]. Also, for the case
fol ai§Dlo(t)dg =y fol bISDIf(t)dg, o1 = 2, ko = @?, k1 =1,k =0, j = 2,...,r, we have the
model that describes the motion of the oscillator [20], where v, a, b are constants; w is the
eigen frequency of the undamped system; g(¢) is the external forcing function; and f(¢),
o (t) are the displacement and the dissipation force.

As the realm of DOFDEs describing the real-life response of physical systems grows, the
demand for numerical solutions to analyze the behavior of these equations becomes more
pronounced in order to overcome the mathematical complexity of analytical solutions.
Therefore, the development of effective and easy-to-use numerical schemes for solving
such equations acquires an increasing interest. While several numerical techniques have
been proposed to solve many different problems (see, for instance, [1-3, 13, 15, 25, 33—
35, 43, 45, 48] and the references therein), there have been few research studies that de-
veloped numerical methods to solve general DOFDEs (see [19, 21, 36, 38, 47, 50, 53]).
The development, however, for efficient numerical methods to solve DOFDE:s is still an
important issue [21].

The aim of this paper is to provide sufficient conditions for the existence and unique-

ness of solutions for Egs. (1) and (2). Also, we are going to approximate solutions for the
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mentioned equations with high precision. To do this, in Sect. 2, we present a review of frac-
tional calculus, an introduction of the second kind Chebyshev wavelets (SKCWs), shifted
fractional-order Jacobi polynomials (SFOJPs), function approximations, and operational
matrices for the Riemann-Liouville fractional integral operator. In Sect. 3, we provide suf-
ficient conditions for the existence and uniqueness of solutions for general DOFDEs. In
Sect. 4, by using operational matrices, mentioned in Sect. 2, we approximate the solu-
tion of Egs. (1) and (2). In Sect. 5, we obtain the error bounds for the approximations. In
Sect. 6, we solve two test problems and some famous distributed-order models, such as the
model that describes the motion of the oscillator, the distributed-order fractional relax-
ation equation, and the Bagley—Torvik equation, to show that our approaches will increase
the accuracy of the methods used for such operational matrices. Finally, a conclusion is

given in Sect. 7.

2 Preliminaries

2.1 Fractional calculus

Definition 2.1 ([41]) The Riemann-Liouville integral of fractional order ¢ > 0 is defined
as follows:

- @ dr = e @), [ -1<i< [,

R[z —
ol 1, (=0,

where * and I'(-) are the convolution product and gamma function, respectively.

Definition 2.2 ([41]) The Caputo derivative of fractional order ¢ > 0 is defined as follows:

cpi(p = | T o ¢ =TI @ dr T -1<i<ra,
' SI@), L=Tdl,

with the following properties:

EDRIF(1) = £ (1),
neE 1

SLEDY (1) =f(0) - Z 3)

SDif () = R0 SDIf (),

SDIRILF() =87 F(e), > p,

$Dl'c=0 for constantc, (4)
I'k+1)

Dtk = ——— 2 ¢k~ k> 5

0t F(k+1—[) —|—L-| ()

Definition 2.3 ([18]) The distributed-order fractional derivative is defined as follows:
Uy

AVIOE / p()SDYF(t) dv,

v1

where vy, v, € R*, and p(v) is distribution of order v € [vy, vs].

Page 3 of 22
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2.2 SKCWs and function approximation

SKCWs are as follows:
k+3 k . i i
oo W Te- il Gy st<st,
12 -
0, otherwise,

wherei=1,2,...,2%,j=0,1,...,M— 1. Here, T7(¢) is the shifted Chebyshev polynomial of
the second kind of degree j > 0, defined on the interval [0, 1] by

j

i—k

T =) ct ™,
k=0

where

(=1)%2%-2k1(2j — k + 2)
Cki= .
T T+ 1)D(2) - 2k +2)

Let w() = vt — £2 be the weight function. A function f(£) € L2 ([0, tr)) can be expanded by

SKCWs as follows:
o0 oo R
FO=>3 fispij(0), 6)
i=1 j=0
where

o 7
iy /0 FOU Do) d.

and w(t) = w(%t — i+ 1). We truncate the infinite series given in Eq. (6), and then we ap-

proximate a function f(¢) in the following form:

2k M-1
FO=fropa®) =YY Fiptig(t) = FT0(0), )
i=1 j=0

where

F = [fl,O: . 'rfl,M—lx .o "fzk,07 .o .,fzk,M_l]T,

W) = (Y1000 cor Viata O eor Yyt oo or Wt g1 ]
are 2KM x 1 vectors.

2.3 SFOJPs and function approximation
SFOJPs of order i are defined on the interval [0, ] by the following formula [22]:
F080 ) Z 1)+ T(i+0+ I?F(z‘ +k+0+ g +1) e

’ F(k+z9+1)F(z+9+19+1)(z—k)!k!tf

k=0

where 6,9 e Rand 0 < A < 1.
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The orthogonality property of jt;kylfe’m(t) is as follows:

/ tf)\laﬂ tf)\leﬂ(t)wt}\oﬁ(t)dt ht}\leﬂ o

where 8,7 and w(; 0 () = )»t’w’”\’l(t} —t*)? are Kronecker delta and weight functions, re-

spectively. Also,
000) _ tfo+19+1 FG+0+ DG+ +1)
it 2i+0+0+1)iTGE+0+0 +1)

By using SFOJPs, a function f(¢) € L? w0 ([0, Z]) can be approximated as follows:
iy

N
FO=fu(®)=) fidi(®) = F" o) (8)

i=0

where

i Ae ) / f(t)¢z(t)wtj:0 ) (¢) dt.

tf i
Also, F and ®(t) are (N + 1) x 1 vectors given by

F = [ﬁ); ~1,...,fN]T,
0, 0, 0, T
o) = [T, T4 @, TE O]
2.4 Operational matrices of the Riemann-Liouville fractional integral operator
Following [23, 51], we can obtain the operational matrix of the Riemann-Liouville frac-

tional integral operator based on SKCWs for ¢ € [0, ) in the following theorem.

Theorem 2.1 Let V() be the vector of SKCWs. Then

Riw(t) ~ 19w (2) = ¥ (¢, q), ©)
where

I7= AP/A7L.
Also,

t 3t 25 IM — 1)t
Aé[w( d )\p( s )\p(g)}
2k+1 AL 2k+1 A 2k+1 A
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is a 2*M x 2*M matrix and

I m nm .. Nokpr-1
p 0 1 n e 772/(M_2
pi_ (Y L 1o 0 1 .. iygs
2kM ) T(q+2) | . . . .
_0 0 o0 1 ]

is the operational matrix of fractional integral operator for the block-pulse functions, where
m=+ D)™ -2 (- 1), [=1,2,...,2"M - 1.
According to our previous work [37], we have the following theorem.
Theorem 2.2 Let O(t) be the vector of SFOJPs. Then
ST () ~ 1110(8) = B(t,q),

where 171 is the operational matrix of the Riemann—Liouville integral operator of frac-
tional order q with entries

ke TG+ + DDk +0+0 +1)(k—j)jT (g +jr +1)

k ) )
. r nr Drgr+1
Itf;q_z<(_1)k] (k+0+ DT k+j+0+9 +1)['(jA + 1)
j=0

I-i
x Y (-1) Tl+0+ )G+ 0+ 1) =)

! ,(2l+9+z§‘+1)l!l“(l+i+9+l9+1)tJ?B(9+1,i+j+l9+l+%))
i=0

Here, B(.,.) is a beta function and k,1=0,1,...,N.

3 Existence and uniqueness of solutions
In the following theorem, by using Schauder’s fixed point theorem [57], we prove the local
existence of solutions for general DOFDEs in a Banach space.

Theorem 3.1 Let G, be Lipschitz with the constant ¢. Suppose that
(Cl) Gy e C(2 x R",R") and g,g1,f,v € C(2,R");
(C2) lg(t) - @ (0] < 25k
(C3) 1Gi(q.§ DIf (1)) - Gi(q,§ Div(®)| <
(C4) I§Df () - 5D v(E)] < &

Also, suppose that Z;zl |:—é | < % Then general DOFDESs have at least one solution on 2.

lkole .
3(B-a)’

Proof Consider D = {(¢,f) : t € Q,|f(¢)| < b}. Suppose that |g(¢)| < lolb |G1(g,§ DIf(2))| <
g, |SD}'f(t)] < n; on D. Choose (ﬁl;g‘)é < %, ;:1|,I:_é|ni < %, and let Tl = {f : f €

C(Q0,R"), ||l < b}, where ||f|| = maxeq, |f ()| and €2 = [0, 77]. It is clear that the set IT,
is convex, closed, and bounded.

Define the operator

B r .
770 g~ - [ Gila§ Dif0)dg- 3 5Dir0, te

K
0 i=1



Eftekhari et al. Advances in Difference Equations (2021) 2021:461 Page 7 of 22

for any f € Iy. Clearly, we have

77 (1)| < |g(t>| S / Gy (.S DIf( ED%F ()] <.

Therefore, || Tf|| < b, and we can deduce T(I1p) C Iy. Furthermore, for any #,t, € Qg

such that ¢, > £;, we have

B
Tf () - Tf (t1) = i(g(lfz) -g(n)) - 1 (Gi(g,§ DIf(2)) - Gi(a.5 Dif(tr))) dq
Ko Ko

o

r
Ki . _
DA B )
-1 0
Since G; is Lipschitz with the constant ¢, we get

|G1(g,5 Df(t2)) — Gi(q,5 DIf(11))| < ¢|SDif (&) =§ Dif(t1)].

Now we can write

|Tf(t2) - Tf(t1)|

B
| N |g(t2) g(t1)| |G1 (q,gD?f(tz)) -G, (q,gD?f(tl))idq

r

Xl

=1

SD""f(tz - §DYf (1)

;(ﬁ

Ig(tz) g(tr)] + ng(tz) -5 DIf ()|

Kilic
+ZK0|O

i=1

D'f () - §Df (1) (10)

Note that if £, — ¢, then the right-hand side of (10) tends to zero. Therefore, T : I1y — I,
is equicontinuous, and consequently, from the Arzela—Ascoli theorem [12], the closure of
T (Ip) is compact.

Let

r

1 1 [P Ki ¢ o
1) = i)~ - [ Gala Div) da -y 5D

o i=1

where v € I1y. We need to show that T is continuous. Clearly, we have

W(t)—Tv(t)\sﬁLg( _a)]+ ycl(q,oD? (1)) - Gy (4.5 DIv(t)) | dg

L |SDif () - §Dv().




Eftekhari et al. Advances in Difference Equations (2021) 2021:461 Page 8 of 22

Suppose that, for any ¢ > 0, there exists § > 0 such that |f(¢) — v(¢)| < §. Assume that as-
sumptions (C1)—(C4) hold, therefore

|TF(6) - Tv(o)| < e,
and the proof is completed. d

Now, by using Tychonoft’s fixed point theorem [57], we are going to discuss a global

existence result for general DOFDEs.

Theorem 3.2 Assume that
(D1) G; € C(R, x R",R") and K € C(R?,R");
(D2) I((q,g DIu(t)) is monotone nondecreasing in u for each t € R;
(D3) |Gi(g,5 Dif)| < K(q,I§DIf1) for (q,5 Dif) € Ry x R”;
(D4) |SDf(t)| < SDIu(t) and |SDYf(¢)| < DY u(t) fori=1,2,...,r
Then the following DOFDE

r

u(t) = —x(t) + i/ I((q,quu(t dq Z —l: (11)
Ko

K K
0 0 =1

has a solution u(t) which exists for every t > 0, where k) < |ko| and |«;| <«[fori=1,2,...,r
Also, then for every x(t) € R, such that |g(t)| < x(t), there exists a solution f(t) for Eq. (1)
which satisfies |f(t)| < u(z).

Proof Let V be a real space of all continuous functions from (0, co) into R”. The topol-
ogy on V being that induced by the family of pseudo-norms {V,(f)}c_,, where V,(f) =
SUPg<s<,, [f (), for f € V. Let {S,}5,-; be a set of neighborhoods, where S, = {f € V' :
V. (f) < 1}. Under this topology, V is a linear space, locally convex and complete.

Now consider

Vo={feV:|[f()| <u@®),t>0}cV,

where u(¢) is a solution of (11). Clearly, in the topology of V, V) is bounded, convex, and
closed.

Consider (11) whose fixed point corresponds to a solution of (1). Evidently, in the topol-
ogy of V, the map T is compact. Hence, in view of the boundedness of 1, the closure of
T(Vp) is compact.

Considering assumptions (D1)—(D4) yields

1 [# ,
OE |g( )| + / 1G1(q, SDIf( ED%F (o)
0| o

1 B
K(q
—|x||g o)+ o|/a (4

/ K(q,5Dlu(t)) dg + Z —’, u(t) = u(t).

Ko

Cna
ODt

e
Ko
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Since u(t) is a solution of (11), using the definition of V; gives | Tf(¢)| < u(t). Thus, T(V,) C
Vo, and from Tychonoft’s fixed point theorem [57], T has a fixed point in V. Therefore,
the proof of this theorem is completed. d

Now we are going to prove the uniqueness of the solution for general DOFDEs.

Theorem 3.3 Let G; € C(R x R",R"), f € C(Q,R"). Assume that there exists 0 < L; < 1
(j=0,1,...,7) such that

|G1(q,§DIf(t)) - Gi(q,§ DIA(D))| < Lolf(£) - fi
SDYif(t) - SDYA®)| < Lilf() - fi(2)].

If (olf=) Y |f—(’)’ |L;) < 1, then the general DOFDE has a unique solution.

ol
Proof Let

B r .
T~ ~g)- - [ GiaSDIA®)dg- Y LDk, ten

i=1

Then we have
1 B
10 -1h0] = - [ 161(@501(0) - 61 0. 5DLA() g

ISDYif(t) - SDYA@))]

<D fio) + > L) - o)
i=1
LO(IB —Ol) ” Ki
< (T + ; . Li) V(t) —fl(t)|

for any ¢t € Q and f, f; € C(2,R"). Therefore,

L( - ) d i
||Tf(t>—Tﬁ<t)||s(L|“+Z :_o

Ko i=1

Li) If = Al

LO ﬁ o Yol L|L; ;) < 1, then T is a contraction map in C(2,R"”). Consequently,

Since (24—~
it hasa umque fixed pomt and therefore the general DOFDE has a unique solution f €
C(Q,R"). O

4 The methods of solution

4.1 Explanation of the SKCWs method

In this section, without loss of generality we suppose that 8 > «,. Now we approximate
ng f(t) by the SKCWs as follows:

EDPF() ~ FTw(p).
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By applying Egs. (3) and (9), one can obtain

s [B1- lfo
f@) ~F'U(B) + Z

j=0

(12)

Now we take the operator § D? of Eq. (12). So, we have

[B1- lf
§DIf (&)~ FTU(t,p-q)+ Yy  =-SDI(Y).
j=0 :

Note that from properties (4) and (5), $D?(#) can be determined.
Also, we take the operator gD‘tx" ,i=1,2,...,r, of Eq. (12). Using the obtained results in
(1) gives

B R [81- lf
/ Gl(q,FT\If(t,ﬁ q) + . CD" v) )dq+ G2<tF T(t, B)

181-1 [B1- lf R
Z il 0_J FTU(, B —ar) + Z L SD(Y),.., FTU(t, B -ay)

[B1- 1
Z 0 CDUlr t/) g(t)

Using the Gauss—Legendre formula and collocating the obtained equation at

t,,,:%, m=12,...,2M,

leads to
N/,B—Ol B+a B-a s~ B+a PB-o
e e SR

rp1-1 (;) (Bra s

Z o T+Tln)(tj))t:t )+G2<tm;FT (tm:ﬂ)

p1-1 ARl ‘ o
+ Z ° 8 FTW (b, B — ) + Z L (D)) F W s B - )

[B1- lf
+ Z CD“’ t’ ) >~ g(ty),

where w,, and 7, are weights and nods of Gauss—Legendre quadrature rule [9], respectively.
By using the “fsolve” command of Maple 2018, we solve the arising system, and then we
determine F. Finally, from Eq. (7), an approximate solution for Egs. (1) and (2) can be
obtained.

Page 10 of 22
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4.2 Explanation of the SFOJPs method
Now similar to Sect. 4.1, by using SFOJPs, we convert Egs. (1) and (2) to a system of equa-
tions as follows:

N//
Zﬁ_awn’Gl IB+a+ﬁ—aTn’:FT6 tm’:ﬂ_ ﬂ+a+ﬂ_afn’
2 2 2 2 2

n'=1
(A1 ﬂ B-a )
—+—rn/ i N
24 B oo (tf>>ttm,)*Gz(‘“”FTq’(tm»m
B g [B1-1

Z 5 t’,,FT (b B — 1) + Z K (EDF () ey, oo BT b, B = tr)
[1-1
Z 0 cDay t/ )Zg(tm/),

where t,,, m' =0,1,...,N, are roots of SFOJPs. Also, w,y and 7, are weights and nods
of Gauss—Legendre quadrature rule [9], respectively. By the “fsolve” command of Maple
2018, we solve the above system, and then the unknown vector F can be determined. Fi-

nally, from Eq. (8), we obtain an approximate solution for Egs. (1) and (2).

5 Error bounds
5.1 Error bounds for the SKCWs method

In this subsection, we present error bounds for the SKCWs method. To do this, we define
b
(u,v), = / u(t)v(t)w(t)dt, Vu,ve LZ)([O, tf)),
0

ol = ( / T 0l dt) " vuer3(0,1),

which are inner product and norm on the space L2 ([0, tr)), respectively.

Now we recall the following theorems from our previous work [47].

Theorem 5.1 Let f(t) € L2([0, tr)) with |f"(t)| < £. The Eq. (7) converges uniformly to f (t)
and the coefficients in (6) explicitly satisfy

- 1
m’j|<4,/2qfﬂ£g072, lZl,]ZO.
l +

Theorem 5.2 Let f(t) € L%([0,t)). Then we have

N
f =Sk ar— 1IIw<4W3<ZZl5(’+1 +ZZlS(IT)4) '

i=0 j=M
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Theorem 5.3 Let D;'f(t) € L2([0, ) and |ng’+2f(t)| < & forl=1,2,...,r. Then we
have

) u 0o 00 1 %
16D = GO gt pra L. <4V2tf”£l<zzl5(]+1 * Z Zi5(j+1)4> ’

i=0 j=M

5.2 Error bounds for the SFOJPs method
Here, we discuss error bounds for the SFOJPs method. To do this, first, we define the

following inner product and norm on the weighted space L*, , ,, ([0, ¢]):
"y

i
(u, V)W(M’»l?) = / ( )V(t)wtj): o ﬁ)(t) dt, Vu,ve L’ (,0,0) ([O’ tf])'
' 0 "y

1
y
||u||w§;,9,l,)=(/0 uz(t)wt;”(t)dt) , VueLW([o,tf]).
iy

Let
Ay = span{ji('\’e’ﬁ)(t), 0<i< N}, (13)

be the fractional-polynomial space of finite dimension.

Theorem 5.4 Let gD’:‘f(t) € C([0,t]), forj = 0,1,...,N. If fy(¢) is the best approximation
to f(t) from Ay, then

r \/tf”*“")*r(l )TN +3+ 1)

(N +Da+1) F4+2N+6+0) ' (14)

— <
IIf lelwgﬁ,m =7

where L > |SDN™f(2)], for t € [0, ).

Proof Since fy(t) is the best approximation to f(¢) from Ay, defined in (13), we have

If —lelng,e,o) <|f- u||wi)\,9,ﬂ), Yu(t) € An.
f i

Considering the generalized Taylors formula u(z) = ZN L (CD’A )(0%) yields

j=0 F(]A+1
N P CD’ LN+

t)—u(t)| = |f(¢ 0" L——. 15
(&)~ u(o)] = |f(0) - Zrm 5 60 (0| < LD (15)

Taking L*, , ,,-norm in both sides of inequality (15) leads to

iy
- R
= C((N+ DA+ 1) 4
£? i
_ - )\/ (HEN+3+9)-1 (tj)’\ _ t)\)e dt. (16)
TN+ DA+1)° Jo
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Let z = t; — t*. Then we obtain
T N3 a0 L}A 2N+2+9 g
k/ NS (g — ) dt=/ (-2 ddz (17)
0

0

Now setting s = t% gives
s

A
/‘tf (t}_z)zmzwzgd _6€2N+3+ﬂ+9 / (1—5)2Ne2e0 0 g
0

_ [ON+3+0 400 I'(1+60)F2N +3 + 1)

o7 [(4+2N+6+0) (18)
By substituting the above relation into (17) and from (16), we can write
If - < L? ! J((2N+3+19+9)x I'(1+0)(2N +3+ 19). (19)
(F((N+ DA +1)) I'4+2N+60+9)
By taking the square root of (19), we obtain inequality (14). |

Theorem 5.5 Let gD’;’\*“’f(t) e C([0,%]). If (gD(tX’f)N(t) is the best approximation to
o DY'f (1) from A, then

I5DEF - 6Dl g

, (20)

L /rjﬂ”“*l’*e P(1+0)T@N +3 +9)
<
TT((N+DA+1) I'4+2N +0 +1)

where L; > |gDEN+1)M°"f(t)|,for 1=1,2,...,randt € [0,t].
Proof Since (§Dj'f),(¢) is the best approximation to § D;'f(¢) from Ay, we have

|6 D¢"f = (5 D) N||W£fx,e,f>> <|[5D¢'f -¢ D?’MHWE;M, Vu(t) € Ax.

Considering the generalized Taylor formula D u(t) = YN £ (S D/***14)(0%) yields

j=0 T(jA+1)
Y ¢ A+
|5 DY'f(0) =G Df'u(®)| = |§DY'f(0) = Y ——— (¢ D}"*'u) (0%)
pn CGr+1)
t(N+1)A
<Lim - (21)

T O T((N+DA+1)

Taking L?, , ,,-norm in both sides of inequality (21) leads to
Yy

2(N+1)r ()»919) dt

Cpety _C o, |2
||0th_0 Dt l/l”wl(;,ﬁ,ﬁ)f( ((N+1)\,+1) /

- £ A f v PN (g t)‘)edt. (22)
TN+ DA+ D) Jo 7

Page 13 of 22
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From (17), (18), and (22), we can write

L? i
< / 2(N+1)A ng,e,ﬂ) dt
TN +DA+1)E o 4

LN M (14 0)D (2N +3+ )
TN+ DA+ 1))’ T@A+2N+60 + )

|5.D¢'f = Di'ul

2
2,0,0
Wi

(23)

Now we take the square root of both sides of (23), and therefore inequality (20) can be
obtained. O

Theorem 5.6 Let$D)'f(2), SDf(¢), SD]"™'f(¢) € C([0, t;]). Suppose that |SDf(1)| < L,
ISDIf(0)] < Ly, IEDUF(8)| < Ly, for 1 = 1,2, ..., 7. In Eq. (1), let G, be Lipschitz with the
constant . Therefore, the error bound of the SFOJPs method for the modified equation is

’

] < B0+ (D00 \/ g+ 6PN +3+9)
Kl = "R (N + DA+ 1) T@+2N+0+0)

,,,,,,,,,,

Proof Since G; is Lipschitz with the constant p, we can write

|En| = /ﬂG( Sp!
N 1@ (o tf)N(t))dq

+ Gz(t’fN(t)’ ((?D‘txlf)N(t)’ e (gD(:rf)N(t)) _g(t)‘

B
/ Gi(q, (§DIf) () da + Ga (&, fu(0), (§DIf) \ (0)s -, (§ DY) (8))

B
_ / G1 (g, DI (1)) dq - Gz(t,f(t),SDi”f(t),.--,CD?’f(t))‘
B
<u / SDIfF(t) - (SDIf) o (8)] dg + k|f (£) = fu(2)|
+i|SDEF@) - (§DFS) ()] + - + 6 |SDFF @) = (§D57f) O]
P C C
<u [ [§otr - (5D,

+i|§DSf - (nglf)N||W;;ﬂ,ﬂ> +- || § DY f = (§DFS) |

w000 dq + K |If =l o0
y i

(2,0,9) «
Yy

By using Theorems 5.4 and 5.5, we obtain

W(B—a) Ly + k(L4 L+ + ,c,)\/t}w*g“’*”F(l +6)L(2N +3 + )

E r0,0) <
I N”Wg[@l’) = (N +Dr+1) C'(4+2N +0 +9)

Let

0= lg}ax {£, L4 L1}

,,,,, r
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Table 1 Absolute errors at the interval [0, 1) with M = 3, for Example 6.1

t SKCWs
k=1,m=6 k=2,m=12

0.1 3.294606e-4 1.549570e-5
0.2 4.790596e-4 2.21922%e-4
0.3 2.300457e-3 1.478095e-5
04 1.480546e-3 2.725903e-4
0.5 1.591482e-2 1.821096e-3
0.6 1.669851e-3 3.456476e-4
0.7 2.919086e-3 4.227610e-5
0.8 1.593268e-3 3.777966e-4
0.9 5.06965%-4 1.134724e-4

Therefore, we get

IEx] _wB-a)+(r+ l)K)P\/tJ(‘ZN+3+0+9MF(1 +OPC2N +3+19)
Nt =""P((N + DA+ 1) T(@d+2N+6+0) : 0

6 lllustrative examples
In this section, we present five problems which are tested by Maple 2018. Also, we obtain
the absolute errors by

If (&)~ fim(®)| and [f(£) - fu(®)

, te[0,t), k,M,N eN.
Note that, in all tables, 7z denotes the numbers of bases.

Example 6.1 Consider the following nonlinear DOFDE:

ST@5-a)c o\, ievi-1)
/0 <W0D:f(t)> dq_T(t)’

f0)=£(0)=f"(0)=0,

with the exact solution f(£) = £3/z.

In the above problem, the distributed-order term is discretized with the seven-point
Gauss—Legendre quadrature rule. The numerical results at the interval [0, 1), obtained
by the SKCWs method, are reported in Table 1 by selecting 7z = 2M = 6,12. Graphs of
the exact and approximate solutions and also absolute errors, obtained by the mentioned
method with k =2, M = 3, are plotted in Fig. 1. This figure and Table 1 illustrate the effi-
ciency and accuracy of the method.

Example 6.2 Consider the DOFDE in the following form [14, 19, 21, 39]:

2 5 3
F6-9) ¢ 4 -t

Df(t)dg = ,

/0 o0 0P/ Wda=—=0

f0)=£(0)=0,

with the exact solution f(¢) = £°.
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(1) —- fz, 5(1) l — Absolote error for SKCWs
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Figure 1 Graphs of the obtained results at the interval [0, 1) by the SKCWs method with k=2, M = 3, for
Example 6.1

Table 2 Absolute errors at the interval [0, 1), for Example 6.2

t  SFOPs(h=3,6=319=3) SKCWs HLBP [39] BPFs [39]
N=8m=9 N=11,m=12 k=1,M=8m=16 k=1,M=10,M=20 M=3,N=8 m=24 N=32,m=32
0.1 9.548407e-6 1.047112e-12  3.937368e-6 2.322781e-6 44538e-7 5.9470e-6
0.2 6.250375e-6 1.531553e-12  2.021002e-5 1.209247e-5 1.3319e-5 1.3073e-5
0.3 1.705950e-7 1.176192e-12  5028661e-5 3.032198e-5 8.6726e-5 19812e-4
04 6.318599e-6 1.094817e-12 9.335682e-5 5.654374e-5 2.638%-4 1.4000e-3
0.5 4719573e-6 1.183008e-12  1479691e-4 8.987633e-5 5.5607e-4 4.7000e-3
0.6 4.864510e-6 7.238237e-13  2.126070e-4 1.293900e-4 9.2704e-4 5.4000e-3
0.7 9.045018e-6 6.241959%-13  2.858959e-4 1.742388e-4 13000e-3 2.7000e-3
0.8 1.511866e-7 9.814239%-13 3.666613e-4 2.236985e-4 1.6000e-3 7.6000e-3
09 1.864086e-5 3.293418e-14  4.539275e-4 2.771667e-4 1.6000e-3 3.1300e-2

In the above problem, we discretize the distributed-order term with the eight-point
Gauss—Legendre quadrature rule. In Table 2, we report the absolute errors at the inter-
val [0, 1) for the SKC'Ws method by selecting 1= N +1=9,12 with A = %, 6 = %, ¥ = 3; for
the SFOJPs method by selecting 71 = 2M = 16, 20; for the hybrid of Legendre polynomi-
als and block-pulse functions (HLBP) method [39] by selecting 771 = NM = 24; and for the
block-pulse functions (BPFs) method [39] by selecting 71 = N = 32. Graphs of the exact
and approximate solutions and also absolute errors, obtained by the SKCWs and SFOJPs
methods with k =1, M =10, N = 11, A = 3, 6 = 3, & = 3, are plotted in Fig. 2. This figure
and Table 2 show the efficiency and accuracy of the new methods in comparison with the
other methods reported in [39].

Example 6.3 Consider the DOFDE in the following form [19-21, 38, 50, 53]:
@)+ () +o(6)=gt),  f(0)=f(0)=0,

1 1
f #<Dio(t)dq -y ] VEDI (1) dq.
0 0

The above equations describe the motion of the oscillator, where y,a, b are constants; w
is the eigen frequency of the undamped system; g(¢) is the external forcing function; f(¢)
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Figure 2 Graphs of the obtained results at the interval [0, 1) by the SKCWSs and SFOJPs methods with k =1,
M=10,N=11,A=13,60 =29 =3, for Example 6.2

Table 3 Absolute errors at the interval [0, 10), for Example 6.3

t SFOJPs (A = % 0=19=0) SKCWs [47] MLWs (v = 1) [36]
N=39,m=40 N=49,m=50 k=2,M=13,m=52 k=3,M=15m=60
1 3.565546e-6 4.583174e-10 1.320582e-7 4.581149e-9
2 1.609513e-6 2.347220e-10 4.245111e-7 1.822323e-8
3 3.562010e-6 1.458788e-10 2.178349%e-5 1.097018e-6
4 5.346519e-7 1.887288e-10 2.208436e-5 1.110414e-6
5 4.216773e-7 5.229296e-10 2.241317e-5 1.121390e-6
6 3.034043e-7 8.984458e-11 2.196957e-5 1.106670e-6
7 8.445049e-7 4.972243e-10 2.118251e-5 1.069842e-6
8 3.841176e-6 3.062962e-10 5.110080e-5 2.290284e-6
9 1.904467e-6 4.402973e-10 5.188183e-5 2.326670e-6

and o (¢) are the displacement and the dissipation force, respectively. In this problem, the
forced vibrations of the distributed-order oscillator subjected to the harmonic excitation
g(t) = go sin(2¢) are studied. The solution of this problem is obtained with gy = 1, Q = 1.20,
w =3,and y = 1. If a = b, the solution is identical to the elastic with w,; = V1+o? = /10,

and the exact solution is

f(t) = ﬁ (sin Qt — a% sin a)elt).

In Table 3, we report the absolute errors at the interval [0, 10) for the SFOJPs method by
selecting 71 = N + 1 = 39,49 with A = %, 0 =9 = 0; for the second kind Chebyshev wavelets
(SKCWs) method [47] by selecting 1 = N(M + 1) = 52; and for the Miintz—Legendre
wavelets (MLWs) method [36] by selecting /1 = N(M + 1) = 60. We emphasize that the re-
sults reported in [36, 47] have been compared with the results reported in [19, 38, 39, 53],
and it was concluded that the methods in [36, 47] are more accurate than the other meth-
ods. Therefore, here, we just compare our method with the methods of [36, 47]. Graphs
of the exact and approximate solutions and also absolute errors, obtained by the SKCWs
and SFOJPs with k=4, M =5, N =49, 1 = %, 6 =9 =0, are plotted in Fig. 3. This figure
and Table 3 show the efficiency and accuracy of the SFOJPs method in comparison with
the methods reported in [36, 47].
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Figure 3 Graphs of the obtained results at the interval [0, 10) by the SKCWs and SFOJPs methods with k =4,
M=5N=49,k=1,6=1=0,for Example 6.3

Table 4 Absolute errors at the interval [0, 10), for Example 6.4

s SFOPs (A =3,0=3,9 =3) MLWs (v =1) [36]
N=3m=4 N=8 m=9 k=4,M=2,Mm=16
2 3.144616e-3 2.097341e-4 3514557e-3
3 2.531630e-3 174613%-4 2.757827e-3
4 2.143702e-3 1.533629¢-4 2.286212e-3
5 1.871068¢-3 1388309e-4 1941673e-3
6 1.667009-3 1.281428e-4 16737153
7 1.507569-3 1.198746e-4 1459252¢-3
8 1379004e-3 11323194 1.284616e-3
9 1.272802e-3 1077350e-4 1.140532e-3

Example 6.4 Consider the following distributed-order fractional relaxation equation [18,
31, 50]:

SDP%(6)+0.1/()=0,  plg)=6q(1-q), 0<g<1,

with the exact solution [31]

E(s) = 2{f(0)) = %

in the Laplace domain, where

n(s)(6s +6) —12s + 12

1
0 = (In(s))?

In the above problem, we discretize the distributed-order term with the three-point
Gauss—Legendre quadrature rule. In Table 4, we report the absolute errors at the inter-
val [0,10) for the SFOJPs method by selecting #1 = N + 1 = 4,9 with A = %, 0= %, ¥ =3;
and for the Miintz—Legendre wavelets (MLWs) method [36] with 7z = 2X-1M = 16, 32. Fig-
ure 4 shows that by using 8 number of SFOJPs the obtained results are better than the
results of [50] that obtained by using 1000 BPFs for solving this problem.
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F(s) — - Fygls) I— Absolute error for SFOJPs

Figure 4 Graphs of the obtained results at the interval [0, 10) by the SFOJPs method with N=8, A = % 0=
¥ =3, for Example 6.4

Nlw

Figure 5 The approximate solution at the interval [0, ;
30) by the SKCWs method with k=5, M = 3, for
Example 6.5 44

\/{0 26 3'0

Example 6.5 Consider the following Bagley—Torvik equation [7, 8], where the damping

term is expressed in terms of distributed-order derivatives [46]:

8 0<t<l,
af"(8) + S DY (1) + of (1) = e pl@)=6q(1-q), 0<g<1,
bl > 7

£(0)=0, f(0) =0.

This equation is called fractional oscillator equation, when the order of damping term is
constant.

In the above problem, the distributed-order term is discretized with the three-point
Gauss—Legendre quadrature rule. The graph of the approximate solution at the interval
[0,30) is plotted in Fig. 5 by using the SKCWs method with k =5, M =3,a =b = ¢ = 1. This
figure has a good agreement with Fig. 8, reported in [46].
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7 Conclusion

In this research paper, based on Schauder’s and Tychonoff’s fixed point theorems, suffi-
cient conditions for the local and global existence of solutions were provided for general
DOFDEs. Also, sufficient conditions were provided for the uniqueness of the solutions.
Furthermore, we proposed new methods to solve DOFDEs of the general form in the time
domain. By using these methods, the mentioned equations were reduced to systems of al-
gebraic equations. We solved these systems by using the “fsolve” command of Maple 2018.
The error bounds of the methods have been discussed. In addition, the presented meth-
ods were implemented for two test problems and some famous distributed-order models,
such as the model that describes the motion of the oscillator, the distributed-order frac-
tional relaxation equation, and the Bagley—Torvik equation. It showed that by applying
the SKCWs and SFOJPs methods, the obtained results are better than the other existing
methods. We deduce that the proposed methods are efficient numerical tools for solving
DOFDEs.
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