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1 Introduction

In the literature of metric fixed point theory, the Banach contraction principle is well
known. Many mathematicians have improved and generalized this theory in various ways,
see [2, 11, 14, 21, 23-25, 27, 30]. Browder [10], by using Banach’s result, proved a strong
convergence theorem of an implicit iterative for nonexpansive mappings in a Hilbert
space. Later on, Halpern [18] applied Browder’s convergence theorem to establish a strong
convergence theorem of an explicit iteration for such mappings in a Hilbert space. In 2008,
Jachymski [22] was the first to prove a generalization of the Banach contraction principle in
a complete metric space endowed with a directed graph by combining two ideas from fixed
point theory and graph theory. Then, in 2012, Aleomraninejad et al. [1] proposed several
iterative procedures in Banach spaces involving a directed graph for G-contraction and
G-nonexpansive mappings. In Hilbert spaces involving a directed graph, similar studies
of Browder and Halpern were provided by Tiammee et al. [40] in 2015. Next, Tripak [41]
in 2016 studied a two-step iteration process, called the Ishikawa iteration process, and
used this scheme to prove weak and strong convergence theorems for estimating com-
mon fixed points in a uniformly convex Banach space involving a directed graph for G-
nonexpansive mappings. Subsequently, numerous research studies have been conducted
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on two- and three-step iteration processes under conditions similar to Tripak [41], see
[32, 36, 38, 42].

Otherwise, inertial extrapolation, which was initially presented by Polyak [29] as an ac-
celeration technique, has recently been applied to solve a variety of convex minimization
problems based on the heavy ball method of the two order time dynamical system. Two
iterative steps are used in inertial form processes, with the second iteration being derived
from the preceding two iterates. These methods are committed to be considered an ef-
fective technique for dealing with a variety of iterative algorithms, especially projection-
based algorithms, see [3, 6, 26, 34, 35, 39, 46]. Within the forward—backward splitting
framework, Beck and Teboulle [9] suggested the so-called fast iterative shrinkage thresh-
olding algorithm (FISTA), which cleverly incorporates the ideas of Polyak [29], Nesterov
[28], and Giler [17]. The FISTA has become a standard algorithm because it can be used
to solve a wide range of practical problems in sparse signal recovery, image processing,
and machine learning.

To approximate a finite family of quasi ¢-nonexpansive mappings in a Banach space,
Anh and Hieu [4, 5] proposed a parallel monotone hybrid method. Recently, Yambangwai
etal. [44] applied the parallel monotone hybrid method to construct an algorithm for solv-
ing common variational inclusion problems in a Hilbert space. Some findings concerning
the parallel approach to solve the fixed point problem and related problems have been
published, see [12, 13, 19, 20, 37].

In this article, we develop a new parallel algorithm based on the Ishikawa iteration pro-
cess with the inertial technique to prove the weak convergence theorem for estimating
common fixed points of a finite family of G-nonexpansive mappings by assuming some
control conditions in Hilbert spaces endowed with a directed graph. Moreover, we com-
pare the proposed method to a well-known method in order to solve the diffusion problem.

2 Preliminaries

In this part, we bring back several conceptual outcomes that will be applicable to our new
technique. The set of a fixed point of M is denoted by Fix(M), that is, Fix(M) = {x :
Mx = x}.

Definition 2.1 A metric space &’ is said to be endowed with a transitive directed graph
G if G = (V(G), E(G)) is a directed graph such that the following hold:
(i) G is transitive, that is, for any u,v,z € V(G),

(u,v),(v,2) € E(G) = (u,2) € E(G);

(ii) the set of vertices V(G) coincides with X’;
(iii) the set of edges E(G) contains the diagonal of X x &, that is, {(x,x) : x € X'} C E(G);
(iv) E(G) contains no parallel edges.

Definition 2.2 Let C be a nonempty subset of a Hilbert space H and G = (V(G), E(G)) be
a directed graph such that V(G) = C. A mapping M on C is said to be G-nonexpansive if
for each u, v € C such that the following hold:

(i) M is edge-preserving, i.e.,

(u,v) €E(G) = (Mu, Mv)eEG),
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(i) M does not increase the weights of edges of G, i.e.,
(w,v) €EG) = [Mu-My| <lx-yl.

Lemma 2.3 ([7]) Let {0,} and {5,} be nonnegative sequences of real numbers satisfying
Ziil 8y <00 and 6,41 < 0, + 8. Then {0,} is a convergent sequence.

Lemma 2.4 ([8, Opial]) Let Q2 be a nonempty set of H and { x,} be a sequence in H. Suppose
that the following assertions hold.:

(i) Forevery p € 2, the sequence {|| x, — p||} converges.

(i) Every weak sequential cluster point of {x,} belongs to Q.
Then {x,} weakly converges to a point in Q2.

Definition 2.5 ([36]) Let G = (V(G),E(G)) be a directed graph and A € V(G). For v €
V(G), we say that

(i) A is dominated by v if (v,a) € E(G) for all a € A.

(ii) A dominates v if for each a € A, (a,v) € E(G).

Lemma 2.6 ([33]) Let C be a nonempty, closed, and convex subset of a Hilbert space H
and G = (V(G),E(G)) be a directed graph such that V(G) = C. Let M : C — C be a G-
nonexpansive mapping and {u,} be a sequence in C such that u, — u for some u € C. If
there exists a subsequence {u,, } of {u,} such that (u,,,u) € E(G) for all k e N and {u, —
Muy,} — v for some v € H, then (I - M)u =v.

3 Main results

In this part, we construct a novel parallel scheme to find a common fixed point of a finite
family of G-nonexpansive mappings based on the inertial Ishikawa iteration process. For
alli=1,2,...,N, the following assumptions are maintained.

Assumption 1 # is a real Hilbert space endowed with a transitive directed graph G such
that E(G) is convex.

Assumption 2 T':H — H is a G-nonexpansive mapping such that IF := ﬂf\il Fix(T?) # 0.

Assumption 3 {a!},{B:} C [0,1] satisfies the condition such that liminf,_, .’ > 0 and
0 < liminf, B, <limsup,_, ., B, < 1, and {8,} C [0,?) for some & > 0.

Next the algorithm is presented.
With Algorithm (), we are now ready for the main convergence theorem.

Theorem 3.1 Assume that Assumptions 1-3 are true and that the following criteria are
met:
(i) {wy} is dominated by p and {w,} dominates p for all p € T;
(ii) Ifthere exists a subsequence {wy, } of {w,} such that w, — € H, then
(o 1) € E(G);
(i) Doy Oullxn — Xntll < 00.
Then the sequence {x,} developed by Algorithm (x) weakly converges to an element in F.
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Algorithm (%)
Initialization: Select arbitrary elements xo, x1 € H and set n:= 1.
Iterative steps: Construct {x,} by using the following steps:

Step 1. Define

W = Xn + n(Xn = Xn-1)-
Step 2. Compute, forall i = 1,2,...,N,
Vo= (1= B,)on+ B, T,
and
¢l = (1 —oz;)wn +a Tyl
Step 3. Compute
Ansl = argmax{”g’,’; —a),,” ti= 1,2,...,N}.

Replace n with 7 + 1 and then repeat Step 1.

Proof Let p € F. From condition (i), we gain (w,, p), (0, ,) € E(G). Then (T w,, p) € E(G)
because T' is edge-preserving for all i = 1,2,...,N. By the definition of ¥/ and E(G) is
convex, we have (!, p) € E(G) foralli=1,2,...,N.Foralli=1,2,...,N, since the mapping

T' is G-nonexpansive, we have

|6 =2l =1 =)@ =)+, (T, - )
< (1 -a)lwn=pl +a, | T, - p||
< (1-ap)lw.—pll + o] v, - o]
= (1=ay) lww = pll + 0, [ (1= B,) (@ = p) + B (T'wn = p) |
< (1-a)lon = pll + o, {(1=B,) lwn = pll + B, T'wn = o]}
< llon - o

< xn =PIl + OullXn = X l-

This implies that || x,.i1 — 2l < |0 — oIl + Oull Xn — Xu-1l]. From Lemma 2.3 and condition
(iii), we derive that lim, . || x, — p|| exists. In particular, {x,} is bounded and also {w,},
{¢}},and {¢/} foralli = 1,2,...,N. By some properties in H, we obtain, foralli = 1,2,...,N,
lgi=p|" < (1-a})llon = pl* + o T} - o
; i 2
< (1-ap)llws = pl* + o, |y - o
< (1-ap)llw. - ol

+ ol {(1= B low—pI? + B T'wu— p|* - BL(1 - BL) | T'0n — @}
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< llwn = pII* =B, (1= B}) | T'wn = s (3.1)
2 i pi i i 2
< 11X = PI? + 205 (Xn = X1, @ = p) = B, (1 = By) | T — w0 |
It follows that there are i, € {1,2,...,N} and W; > 0 such that
. . . . 2 -
a;nﬂ;n(l - ﬂ;,n) ” T"w, - wy ” < xn- p”2 =1 X1 = ;0”2 + W1dull xn = xn-all-
From Assumption 3 and condition (iii), and using lim,_,« || x» — p|| exists, we obtain

lim | T w, — w, | =0. (3.2)

n—00

Since (¥, p) and (p,w,) are in E(G) and by the transitivity property of G, we gain
(Yin, w,) € E(G). Applying (3.2) to the definitions of x,,; and ¥, the following result
is obtained:
X1 = wnll = o, | T — |
< |79 = T, + [T70, - 0]
= [y - onll + [T 0n - o

52{|Ti”a),,—a),,|| — 0 asun— oo.
Again, by the definition of x,.1, we deduce, foralli=1,2,...,N,

lim | ¢} - || = 0. (3.3)

n—00

From inequality (3.1), we have, forall i = 1,2,...,N,
0B (1 B | T'wn 0> < llow— I~ |1~ |]> < Wall 2!~ ]

for some W, > 0. This combined with equation (3.3) and Assumption 3 leads to, for all
i=12,...,N,

lim || Tiw, — w, || =0. (3.4)
n—0o0

Next, let o be a weak sequential cluster point of {w,}. Applying Lemma 2.6 to equation
(3.4) with condition (ii), we deduce that p € FF. Finally, since lim,_ o 9|l xn — Xn-1ll = 0
and using Opial’s lemma (Lemma 2.4), we can conclude that {,} weakly converges to an
element in F. a

Additionally, we provide the following theorem for a family of G-nonexpansive map-
pings in a Hilbert space.

Theorem 3.2 Assume thaty o, Oull Xn — Xn-1ll < 00 and Assumption 3 is true. Let T' be a
family of nonexpansive mappings on a real Hilbert space H for all i =1,2,...,N such that
F # ). Then the sequence {x,} developed by Algorithm (x) weakly converges to an element
inF.

Proof This proof is analogous to the proof of Theorem 3.1. O
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4 Differential problems
Let us consider the following simple and well-known periodic one-dimensional diffusion

problem with Dirichlet boundary conditions and initial data:

ur = By +f(x,t), O<x<l£>0,
u(x,0) = up(x), O<x<l, (4.1)

M(O, t) = J/l(t)r u(l’ t) = Vz(t)’ t> 0’

where f is constant, u(x, £) represents the temperature at point (x, £), and f(x, £), y1(£), y2(£)
are sufficiently smooth functions. In what follows, we use the notations u} and (i,,)! to
represent the numerical approximations of u(x;, £”) and u,,(x;, £") and t” = nAt, where At
denotes the temporal mesh size. A set of schemes in solving problem (4.1) is based on the
following well-known Crank—Nikolson type of scheme [43, 45]:

u:ﬁ—l B u:q _ é n+l n n+1/2 . _
L = () )]+ P22, N -1, (4.2)
At 2
with the initial data
u=u’(x;), i=1,...,N, (4.3)

and the Dirichlet boundary conditions
urlﬁl =1 (tn+1), MKIH — ]/2(tn+1). (4'4‘)

The matrix form of the second-order finite difference scheme (FDS) in solving diffusion

problem (4.1) can be written as
Au™! =G, (4.5)

where G = Bu” + f"+112,

l+n -3
n 0
-3 1+T) -3
A= )
-2 l+n -3
i -2 1+
1-n 3
2 1-m 3
B: ‘. )
n n
2 l-n 3
n
L x L=
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Table 1 The specific name of WJ and SOR in solving linear system (4.5)

Linear system  Iterative method Specific name
Aul‘HrT =G Du(ﬂ+'\,$+'\) — (D— wA)u(nJrT,S) + wG" W)
O-wul™1 ) = (D - wl) - AU + ©G”  SOR

M k] (0., n+1/2 n+1/27]

) v+ Aty
k n+1/2
Us Atfs
u’ = . , fn+1/2 _ . ,
k n+1/2
Un_ A,

k n.,n+1/2 n+1/2

| Un-1 | 272 T AYNT

n = BAL/(Ax?), y/* 2 =yt 1?), i = 1,2, and [ = fi(¢"*12),i = 2,...,N — 1. From equa-
tion (4.5), matrix A is square and symmetric positive definite. Traditionally iterative meth-
ods have been presented in solving the solution of linear systems (4.5). The well-known
weight Jacobi (WJ) and successive over relaxation (SOR) methods [16, 43] are chosen to
exemplify here (see Table 1).

And w is the weight parameter, D is the diagonal part of the matrix A, and L is the lower
triangular part of the matrix D — A, respectively. For the implementation of WJ and SOR,
the availability of the selection rule for weight parameter » and the optimal parameter w,
needs the values of the smallest and largest eigenvalues of matrix A. The calculations of
their eigenvalue can be found in [15, 31]. Since the stability of W] and SOR methods in
solving linear system (4.5) generates from the discretization of the considered problem
(4.1), the step sizes of time play an important role in the stability needed. The discussion
on the stability of W] and SOR in solving linear system (4.5) can be found in [16, 43].

Let us consider the linear system
Aun+1 — Gn’ (46)

where A : RN-2 — RN-2 s a linear and positive operator. Then linear system (4.6) has
a unique solution. To find the solution of linear system (4.6), we manipulate this linear

system into the form of a fixed point equation:
Tw" ! =u™, Vi=1,2,...,M. (4.7)

Suppose that the solution of linear system (4.6) is the common solution of equation (4.7).
We can apply our new inertial parallel algorithm to solve the common solution of equation
(4.7) by using the G-nonexpansive mapping T°, Vi = 1,2,..., M. The generated sequence

{u9}, s € N is created iteratively by using two initial data u™?, u? € R¥-2 and

t(n,s+1) — u(n,s+1) + l?n (u(n,s+1) _ u(n,s))’

vEn,sH) _ (1 _ ﬂ:’l)t(n,sﬂ) " ’32 Tit(n,s+1),
. o (4.8)
w£n+1,s+1) _ (1 _ a;)t(n,ﬁl) + O‘;lq Tlvgn,s+1)’

(n+1,5+1) ms+l) t(n,s+1)

u = argmax”wg , n>2,
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Table 2 The different way of rearranging linear systems (4.5) into the form x = T(x)

Linear system  Fixed point mapping Tx
Aumt! =@G" WU = (/- wD ' Au" + wD™' G"

TSORY™! — (|- w(D - wl) ' AU" + (D - wl) ' G"

Table 3 Implemented weight parameter and optimal weight parameter of operator S

The different types Implement weight Optimal weight
of operator S parameter @ parameter @,
- Amin©)
s¥I 0<w<2min{3EaE, 208Gy oy = L (A) + Arnan)
GSOR O<w<?2 wo = 2d

d+A/Amin(AAmax(A)

“w_»

where the second superscript “s” denotes the number of iterations s = 1,2, ... ,§,, and {afq},

{B} are appropriate real sequences in [0, 1]. The following stopping criterion is used:

n+l,§n+1 _ n+l,§n

”ll u <E€,

[e¢]

where “§n" denotes the number of the last iteration at time ¢ and after that set w”! =
LS g2 = g(n+15e40),
There are many different ways of rearranging equation (4.6) in the form of fixed point
equation (4.7). For example, the well-known weight Jacobi (W7J), successive over relaxation
(SOR), and Gauss—Seidel (GS, the SOR with w = 1) methods [16, 43, 45] present linear
system (4.6) into the form of fixed point equation as u**! = TW w1, u**! = T5Ry"*1, and
w'! = TSSu™*!, respectively (see Table 2).

From the fact that | Tx - Ty| = ||Sx=Sy|| < [IS|lIx - y]l < lx - y| forall x,y € R, where
S:R” - R™, Tx = Sx + ¢ such that x,c € R” and ||S|| < 1. This shows that T is a G-
nonexpansive mapping. In controlling the operators 7% and T5°R in the form of T'x =

Six + ¢, i € {W],SOR},

SY =1 -wD A, Y = wD™b,

SSOR T — w(D-wL) A, SOR = (D - wL) b

are G-nonexpansive mappings, their weight parameter must be properly modified. The
implementation of weight parameter w for the operator S of W] and SOR methods is de-
fined as its norm is less than one (||S’|| < 1). Moreover, the optimal weight parameter w, in
getting the smallest norm for each type of operator S is indicated. It can be observed from
Table 3 that these parameters result from the maximum and minimum values of matrix A.

Next, the proposed algorithm (4.8) in getting the solution of linear system (4.5) gener-
ated from a one-dimensional diffusion problem with Dirichlet boundary conditions and
initial data (4.1) is compared with the well-known W7J, GS, and SOR methods. For simplic-
ity, the proposed algorithm (4.8) with M = 2 is studied. Two G-nonexpansive mappings T*
and T’ are chosen from the three operators TV, TSOR "and TSS. And we call it the pro-

posed algorithm with T'-77.
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Let us consider the simple one-dimensional diffusion problems:

Uy = Bty + 0.4B (4% — 1) cos(dmx), 0<x<1,0<t<t,

u(x,0) = cos(4mrx)/10, u(0,t) = e*#*/10, u(1,t) = e /10, (4.9)

u(x, t) = e cos(4mrx)/10.

The results of W], GS, SOR and the proposed algorithm with M = 2 are demonstrated and
discussed in the following cases:

Case L.
CaseIl.
Case III.

W] method
GS method
SOR method

Case IV. The proposed algorithm with 7%/ 765
Case V. The proposed algorithm with 7%/ —T5OR
Case VI. The proposed algorithm with 765—T5OR,
Since we focus on the convergence of the proposed algorithm, the stability analysis in
choosing the step sizes of time is not discussed in detail. The step size of time for the
proposed algorithm is based on the smallest step size chosen from W] and SOR methods
in solving linear system (4.5) generated from the discretization of consideration problem
(4.1). All computations are performed by using the uniform grid of 101 nodes, which cor-
responds to the solution of linear systems (4.5) with 99 x 99 sizes respectively. The weight
parameter w of the proposed algorithm is set as its optimum weight parameter (w,) de-
fined in Table 3. We used o/, = B, = 0.9, B = 25, At = Ax*/10 (step size of time), € = 1071,
and
min{ L 75,0035} if ut) ) & 1 <n<K,

n2 Hu(n,s+1)_u(n,s

0.035 otherwise,

where K is the number of iterations that we want to stop.

For testing purposes only, all computations are performed for 0 < ¢ < 0.01 (when ¢ >
0.05, u(x,t) — 0). The exact error is measured by using |[[u™ — ul|,. Figure 1 shows the
approximate solution at ¢ = 0.01 and the approximate error per step of time for W], GS,
SOR, and the proposed algorithm to problem (4.9) with 8 = 25.

oo 29, S 10 010y
g 2% & o
003t £ X £ R}'R g sesa‘wevs os,
?{ X( ?{ }( ’+ 3’6«:\9@0 o
002 7{ X |
/ 1 |

°
2
e,
o
~e—,
\e\l‘-e\;
o

Approximate error

o
2

——-Gs

o
9
N

Exact solution and represent u(x,t) where t =0.01
5 .
=Y
8 o

o
°
2

u(xt) with THRTW }{ & y‘
u(x.t) with TO¥rGS % 4
u(x.0) with TSORSEEHF v

o

02 03 04 05 06 07 08 09 1
x €[0,1]

+
o

Exact Snl§mn 7{ & ?{ “ wI
u(x.t) with 1 ¥ & 4 10

77777 u(x,t) with }( X ?4 SOR
u(x.t) with SQR + k{ + WL

TGS_1GS
SOR_SOR

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

t

Figure 1 Approximate solutions and approximate error of GS, WJ, SOR, and all cases of the proposed
algorithms to problem (4.1) with B =25 and t = 0.01
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40 F Al 4
GS
——SOR

351 — - —pWIW 7
g _____ TGS_1GS
2 = SOR -SOR -
5 30 8T
8
= o5l | I
5 25
1]
o L
g 20 | E—
=z

o
T
L

o

5
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
t

Figure 2 The evolution of iterations number for GS, WJ, SOR, and the proposed algorithm to problem (4.1)
with B =25and t € (0, 1]

Number of iterations.
Number of iterations.
Number of iterations.

5 5 5
0 0001 0002 0.003 0.004 0.005 0.005 0.007 0.008 0.009 001 0 0001 0.002 0,003 0004 0.005 0.006 0.007 0.008 0.008 0.01 0 0001 0.002 0.003 0004 0.005 0.006 0.007 0.008 0.008 0.01
t t t

Figure 3 The evolution of iterations number for GS, WJ, SOR compared with the proposed algorithm using
six cases of parameter @, for problem (4.1) with B =25and t € (0, 1]

It can be seen from Fig. 1 that all numerical solution matches the analytical solution
reasonably well. Figure 2 shows the trend of the iterations number for WJ, GS, SOR, and
the proposed algorithms in solving linear system (4.5) generated from the discretization
of the considered problem.

Figure 2 shows that the iteration number of the proposed algorithm with T%—-TGS,
TYI-TSOR and TSS—TSOR is significantly decreased compared with the well-known GS,
WJ, and SOR methods. And the proposed algorithm with T65—TSOR gives the smallest
number of iterations on every step of the time. However, even if using a small amount
of iteration per step of time shows excellent performance of the proposed method, the
stability condition of the proposed algorithm needs to be considered carefully as chosen
for the results of the stability analysis with time. Moreover, the proposed algorithm (4.8)
with the effect of parameter ¥, is shown in Fig. 3. The proposed algorithm (4.8) with the

following parameter 9,:

0, if us+) 40 & 1 <n <K,
Dy = 53— ifu®*) u") & n>K,

n2 I u(ms+1) _y(ns) Il2

0.2 otherwise,

where
Casel. 6,=0

Page 10 0of 13
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Table 4 The maximum, minimum, and average number of iterations per time step for the proposed

algorithm
Proposed method Proposed method with operator T with their iteration number
with parameter ¥, W] 7GS TSOR
Max Min Aver Max Min Aver Max Min Aver
Cases I-IV 14 14 14.0000 12 Il 11.5475 12 11 11.5475
CaseV 14 12 13.9970 12 10 11.5355 12 10 11.5355
Case VI 13 12 12.8849 10 10 10.0000 10 10 10.0000
Casell. 6, = niz
Caselll. 0, = zi,,
_ 1+4/ 14482
CaselV. 0, = tt” :,where ti=1land t,,1 = %
n+
— _n_
CaseV. 6,=1- ]
Case VL.

ns+1) _y(ns

0.035 otherwise,

min{m,0.0SS} ifu?t fu) & 1 <n<K,

where K is the number of iterations that we want to stop. Figure 3(a) shows the iteration
number per step of time of the proposed algorithm where parameter 9, is chosen as in
Cases I-1V. Figures 3(b) and 3(c) show the iteration number per step of time of the pro-
posed algorithm where parameter ¥, is chosen as in Cases V and VI respectively.

The maximum, minimum, and average number of iterations per time step for the pro-
posed algorithms using six cases of parameter ¥, in solving problem (4.1) with g = 25 and
t € (0,1] in Fig. 3 are also shown in Table 4.

From Table 4 and the graph of the evolution iterations number in Fig. 3, we see that the
proposed algorithm applying the parameter i, as in Case VI gives the smallest number of
iterations on every step of the time.

5 Conclusion

In summary, we present a new parallel algorithm that solves the common fixed point prob-
lem for a finite family of G-nonexpansive mappings by combining the Ishikawa iteration
process with the inertial technique. In a Hilbert space endowed with a directed graph,
our main theorem guarantees that this algorithm weakly converges to an element of the
problem’s solution set under certain conditions. Additionally, the algorithm is then ap-
plied to the problem of diffusion. In comparison to other well-known methods, such as
WJ, GS, and SOR, numerical experiments show that the algorithm improves the number
of iterations.
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