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Abstract

In this work, we consider a quasilinear system of viscoelastic equations with
degenerate damping and general source terms. According to some suitable
hypothesis, we study the blow-up of solutions. This is the general case of the recent
results of Boulaaras' works (Bull. Malays. Math. Sci. Soc. 43:725-755, 2020) and (Appl.
Anal. 99:1724-1748, 2020).
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1 Introduction

In this paper, we consider the following problem:

e |ty — M(| Vuel|2) A + fothl(t—s)Au(s) ds — Aug + (Jul* + v |us " uy
=filw,v), xt)ex(0,T7),

Ve " = M(IVVIR) AV + [§ ho(t — ) Av(s) ds — Avi + (VI7 + [u]®) v, v,
=fo(u,v), (x,t) € x(0,T),

ulx,t) =vix,t) =0, (x,1)e€dQx(0,T),

(1.1)

u(x, 0) = uo(x), u:(x,0) = u1(x), x€,

v(x, 0) = vo(x), ve(x,0) =v1(x), x€€,

where k,1,6,0>0;j,s>1for N=1,2,and 0 <j,s < % for N >3;andn>0for N =1,2
andO<n < ﬁ for N > 3, ;(-) : R* — R* (i = 1,2) are positive relaxation functions which
will be specified later. (|(-)|* + |(-)|*)|(-):|*"*(-); and —A(-); are the degenerate damping
term and the dispersion term, respectively, and M(c) is a nonnegative locally Lipschitz

function for y,o > 0 like M(0) = o1 + ap07. Especially, we select a3 = o = 1, and

fiw,v) = ay|u + v (u +v) + by |ul? .| vP*?,

(1.2)
fow,v) = ay|u + v]*P D (u +v) + by [v|P v.|ulP*2.
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Physically, the relationship between the stress and strain history in the beam inspired by
Boltzmann theory is called viscoelastic damping term, where the kernel of the term of
memory is the function % (for further details, see the references [3, 5-9, 12, 17, 20]). If
n > 0, this type of problem has been studied by many authors. For more depth, here are
some papers that focused on the study of this damping (for example, see ([10, 11, 13, 16,
19, 25, 27, 28]). The effect of the degenerate damping terms often appears in many appli-
cations and practical problems and turns a lot of systems into different problems worth
studying. Recently, the stability, the asymptotic behavior, and blowing up of evolution sys-
tems with time degenerate damping have been studied by many authors, see [1, 2, 18]. The
most important is the source term with nonlinear functions f; and f; satisfying appropri-
ate conditions. In physics they appear in several issues and theories. Many researchers
also touched on this type of problem in several different issues, where the global existence
of solutions, stability, and blow-up of solutions were studied. For more information, the
reader is referred to [1, 11, 15, 18, 22—-24, 26].

Most recently, if y = 0, ;3 = 1 our problem (1.1) was studied in [14]. Under some re-
strictions on the initial datum, standard conditions on relaxation functions, the authors
established the global existence and proved the general decay of solutions. Based on all
of the above results, we believe that the combination of these terms of damping (memory
term, degenerate damping, dispersion, and the source terms) constitutes a new problem
worthy of study and research, different from the above that we will try to shed light on.
Our paper is divided into several sections: in the next section we lay down the hypotheses,

concepts, and lemmas we need. In the last section we prove our main result.
2 Preliminaries

We prove the blow-up result under the following suitable assumptions.
(A1) h; : R, — R, are differentiable and decreasing functions such that

hi(t)>0, 1- /Ooo hi(s)ds=1;>0, i=1,2. (2.1)
(A2) There exist constants &1, &, > 0 such that
Ki(t) < &), t>0,i=1,2. (2.2)
Lemma 2.1 There exists a function F(u,v) such that

F(u,v) =

2(/ol+ 2) (/1 0,) + vo(as, )]

_ 2(p+2) p+2
= alu+v +2b1|uv >0,
2 +2)[ tlu+v| 1luv| ]_

where
oF oF
@ :,fl(ur V); 5 :_fZ(urV)’

we take a; = by = 1 for convenience.
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Lemma 2.2 [22] There exist two positive constants ¢y and ¢, such that

Co

30y (PO W0 P) < ) < L (e g ), (2.3)
o+

2(p +2)

Theorem 2.3 Assume that (2.1) and (2.2) hold. Let

4—n .
-l<p< ot n=>3; (2.4)
p>-1, n=1,2.

Then, for any initial data
(u()r ui, Vo, Vl) € H;
problem (1.1) has a unique solution for some T > 0

u,v e C([0, T H* () N Hy (),
u, € C([0, T]; Hy (Q)) N /()

v, € C([0, TT; Hy(Q)) N L),
where
H = Hy(Q) x L*(R) x Hy () x L*(RQ).
Now, we define the energy functional.

Lemma 2.4 Assume that (2.1),(2.2), and (2.4) hold, let (u,v) be a solution of (1.1), then E(t)

is nonincreasing, that is,

1 2 q 1
E(t) = m[llurllﬁz +llvellyia] + E[IIVMAI% +1Vvel3]

2 1 2 1
[IVull 37D + Vv ]

T2+
1 t t
+ 5[(1 —/(; hl(s)ds) IIVMH% + <1 —/0 hs(s) ds) ||VV||§:|
+ l[(hloVu)(t) + (hzOVV)(t)] - / F(u,v)dx (2.5)
2 Q
satisfies
E'@t) < %[(h’IOVu)(t) + (hyoVv)](6) - %[hl(t)HVuH% +ha()IVVI3]

k A j+1 6 1
—/(Iul + V') eV dx—/(lVl + [u]®) v [ dx
Q Q

<0. (2.6)

Page3of 13
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Proof By multiplying (1.1), (1.1), by u;, v; and integrating over 2, we get

d . 1 . 1
dt{ L t||z+§+ s+ 5 ||Vut||§+§||w||§
2(y+ 2(y+
T [IIVullz(y Vo]
1 ¢ , 1 t )
+=(-1 [ m@)ds)IVull;+ = -1 | ha(s)ds )IIVvI;
2 0 2 0
1 1
+ =(h10Vu)(£) + = (hy0VV)(t) —/ F(u,v) dx}
2 2 Q
= —/ (Il + |v|l)|ut|"+1dx—/(|v|9 + [u]) v [ s
Q Q
1 / 1 2 1 / 1 2
+ E(hlow) - Ehl(t)||W||2 + 5(hzow) - Ehz(t)nwnz, (2.7)
we obtain (2.5) and (2.6). O
3 Blow-up

In this section, we prove the blow-up result of solution of problem (1.1).

First, we define the functional

1 1
H(#) = -E(¢) = —m[llutlln+2 +lvelyis] - E[IIVutH% +1Vveli3]

071 )[nv ull37 4 w7

_ %[(1_/Othl(s)ds)llw||§+ <1_/0th2(s)ds>||VV||§:|

— %[(hloVu)(t) + (l’lgOVV)(t)]

2(p+2,

[lee + vISE3) + 2luvl]. (3.1)

* 2(p1+ 2)
Theorem 3.1 Assume that (2.1)—(2.2) and (2.4) hold, and suppose that E(0) < 0 and
2(p +2) >max{k+j+ LI+j+1L0+s+L0+s+1;2(y + 1)}. (3.2)
Then the solution of problem (1.1) blows up in finite time.
Proof From (2.5), we have
E(t) <E(0) <O. (3.3)
Therefore

H'(¢) = —E'(t) z/(|u|k+|v|1)|ut|j+ldx+/(|v|9 +u]®) v dx. (3.4)
Q Q
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Hence

H(0)> / (¥ + 1vI") e > 0,

¢ (3.5)
H()> f (M + 1ul?) v, de > 0.

Q

By (3.1) and (2.3), we have

2(p+2) p+2

0 < H(0) < H(t) < 2 +2) (”u + V||2(p+2) + 2||MV||p+2)

C1 2(p+2) 2(p+2)
= 2 +2) (||M||2(p+2) + ||V||2(p+2))' (3.6)

We set
() = HY + & / [slue| e + Vv v, ] dx
n+1lJq
+ 8/ [Vu;Vu + Vv, Vv]dx, (3.7)
Q

where ¢ > 0 is to be assigned later, and we assume that

. 1 1 1+2y 2p+3-—(k+))
O<a<ming(1- - ) ) ; )
20+2) n+2) 4y +1) 2j(p +2)

2p+3-(l+)) 2p+3-(0+s) 2p+3—(0+53) 1
2p+2) | 2(p+2) | 2(p+2) }<’

(3.8)

By multiplying (1.1), (1.1), by u, v and with a derivative of (3.7), we get

&

K(e) = =) HH O + - (e 255 + 1vel73) + (I Varell3 + Vv, 113)

+£/QVM/O g(t—s)Vu(s)dsdx+e/QVv/o h(t - s)Vv(s) dsdx

Ut J2
k ) ji—1 0 1
—8/(|M| + v )|u¢|’ ut.udx—E/(M + |u|g)|vt|5 Vevdx
Q Q

J3 Ja

2 1 2 1
—e(IVull2 + 19VI2) —e(IVall 3"V + [ Vv)37 )

2(p+2 2
e[l +vise + 2lluvlhis]. (3.9)

J5

We have

i

8/0th1(t—s)ds/QVu.(Vu(s)—Vu(t)) dxds+8/0th1(s)ds||Vu||§

v

t
>2 / I (s) dsl| Va2 = & (hioV ). (3.10)
2 Jo 2
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t t
b= s/ hz(t—s)ds/ Vv.(Vv(s)—Vv(t)) dxds+£/ hz(s)dSIIVVllg
0 Q 0
e [* , €
> —/ hy(s) ds|| V|5 — = (h20VY). (3.11)
2 Jo 2

From (3.9), we find

&
K(0) 2 (1= H B 0) + g (Il + Ivell3) + e(1Vaull3 + 19 e)

1 [t 1 [t
—s|:(1—§/0 hl(s)ds)||Vu||§+<1—§/0 h2(s)ds>||w||§}

& &
~ 5 (10Vu) — = (10Vv) - eIVl + 1 wvp”*Y)

~J3=Ju+Js. (3.12)

At this point, we use Young’s inequality for § > 0

sex« s PXP 1 1
+ ) a;ﬁ>or_+_:11 (3.13)
o p

XY <
o

we get, for 81,82 > 0,

g i~
- - : -
|l | < S Jul*t + =8, T,
j+1 +1

s—1 S%Jrl s+1
|V|Vt| Vt|<s+—1|V| +

_(stl
s+—182( Dy, 11, (3.14)
Hence, we have
7(j+l)

8j+1 . io .
Js <ot | (ul* + vl dx o+ 22— [ (1l + ) e dx,
j+1lJa j+1 Jo

~(sth)

$6
(V7 + [ul®) V" dx + £ =2 (V17 + [ul) v ! d.
Q s+1 Q

(3.15)
s+1

Ja<e 2
s+1

Therefore, using (3.5) and by setting &3, 8; so that

_(jL_l) —(st)
j& _kH () 8, * 7 kH™(2)

’

j+1 2 s+1 2

’

substituting in (3.12), we get

/ —a T/ € 7
K'() 2 [(1 - o) - ex JHH(6) + m(nutngii +velll3)

_e|:(1—%/Othl(s)ds)||Vu||§+ (1—%/()th2(s)ds>||Vv||%

& &
+e(I Va3 + 1V vell3) - E(hlovu) - E(hzon)

| E—

—8C1(K)H°"'(t)/9(|u|k+|V|l)|u|/+1dx
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6yl H(0) / (W1 + () v} dx
Q

—e(IvVal 37 + 1vwl3" ) + 75, (3.16)
where
2] j+1 1 % s+l 1
C = —- _, C = _ 3.17
1(0) (K(j+ 1)> j+1 2(k) (K(S+1)> s+1 ( )
we have

k ! i+1 k+j+1 i i+1
[t vyt = a3 [
Q Q
0 1 0 1 1
f(|v| + |z,t|9)|v|er dx = ||v||91jil+f lul®|v|** dx. (3.18)
Q Q

By Young'’s inequality, we find for 83,84 >0

l (l+1+1 ! 1 j"’ 1 (l+;+ Leiel
/ /el dx < o Wi + 77 1% Nl
Q
(g+s+1) 1 (g+s+1 (3'19)
Q 1 S+ 1
| |M|Q|V|s+1dx§—g+s+154 e DA et
Hence
l+j+1 A
k 1 k+j+1 [H~ (t) l+j+1
H (1) f o ) s < 0+ i
(/ + 1 Ha}( ) Hﬁl ” ||l+j+1
l+] i1 3 I+j+17
QHas(t) Q+S+1 1
H"‘S(t)/ (V17 + |]) [V dxe < HES(8) w1551 + tree I a2
S+ 1 Has t _ Q+S+l
DO, gz (3.20)
o+s+1 ¢
Since (2.4) holds, we obtain by using (3.6) and (3.8)
k+}+l 2aj(p+2)+k+j+l 2aj(p+2) k+j+1
Hﬂt/( k+}+1 = Cl( 2(p+2 + ||V||2(p+2) ” ||k+j+1)’
k+jl 2j(p+2)+k+j+1 2ij(pr2) |, k+jl
H“f(t)nvnki;L e (VI ™ a5 oy Vi),
6 2as(p+2)+0+5+1 2s(p+2) | 16
HE @) 1v151301 < ea (Il "+ Nl sy VI,
2as(p+2)+0+5+1 2as(p+2)
H ) ull i < ca(lullyiiy ™ 4 vl lull§ i3t (3.21)
for some positive constants c;,i = 1,...,4. By using (3.8) and the algebraic inequality

1
B§5(3+1)§<1+E>(B+b), VB>0,0<¢c<1,b>0, (3.22)

Page 7 of 13



Boulaaras et al. Advances in Difference Equations

we have Vi >0

(2021) 2021:446

laello ey < d(lulsey) + H0)) < d(llull5br) + HD),
WIS < d(vlisle) + H©)) < d(IvIisb) + H(z),
5y ™ < d(Ivllyls) + H0)) < d(Ivliyls) + H()),
el < d(luliatry) + HO)) < d(llullybry) +H(s)),

whered =1 + H Also, since

X+Y) <C(X"+Y"), X,Y>0,y>0,

we conclude

20(j(p+2 k+]+1 2(p+2) 2(p+2)
(R Pyesiag (177 P (||V||2(p+2) + | 2(p+2))’
2aj(p+2) k+j+1 2(p+2) 2(p+2)
leello e Vil < es(lllsia + IVI5or),
2 2) 2(p+2) 2(p+2)
I ||22‘;£";+ g < c7(||v||2$12)+|| e,
2as(p+2 9+s+1 2(p+2) 2(p+2)
l ||2(p+2) lorsr1 = (”V||2(p+2) 2(p+2))

Substituting (3.23) and (3.25) in (3.21), we get
i k+j+1 2(p+2) 2(p+2)
HY (@) ullg iy < eIVl + el sors + H()),

i k+j+1 2 2
HY @) Il < e (VIR

2(p+2)
k+j+l 2psr) T Ul +H(2)),

)
) 2(p+2) )
2(p+2 2(p+2
HE @) w5 < en (I3 + lulsis) + H(e),
)
) )-

HE (@) [al§ 250 < era(IVIEDE

2(p+2)
O+s+1 2p+2) T (1] + H(z)

2(p+2)

Hence, by fixed 83,84 > 0, we get

H (1) / (¥ + w1 " e
Q
(l+/+1) l+/+1

<M, 1+ +(]+1)5
l+]+1

l+j+1
H() f (V7 + 1) v dx
Q

(g+s+1 _(ots+l
08, ° (s+1)3, 2p+2) 2p+2)
§M2(1+ ,Q+S+1 + Q+S+1 (||V||2(p+2)+ ||I/t||2(p+2)

for some constants My, M5 > 0.
Now, for 0 < a < 1, from (3.1)

2(p+2

2
Js = e lu+visiy + 2lluvlhi]

p+2

2(p+2) 2
= eal|lu+vi500) + 2wyl

2 2
) vz +

2(p+2)
)

+H(®)),

+H())

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

Page 8 of 13
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2e(p +2)(1-a)
M.

+e(p+2)A-a)(IViell3 + Vv, 112)

+8(p+2)(1—u)<1— / tg(S)dS) IV ull?
0
(-]

2 2
(Netellys + Ivellyis)

+e(p+2)1-a)|1- | hs) ds) IVvl3

+e(p+2)(1 - a)((hloVu) + (hzOVV))

e(p+2)(1-a)

+ —_—
+1

+82(p +2)(1 — a)H(z).

2 1 2 1
IVl 37D + Vv )37 )

Substituting in (3.16), and by using (2.3), we get

K@) = {1 -a) - exc JHOH'(£) + e{(p + 2)(1 —a) + 1} (I Ve |13 + [ Ve ll3)

» 28([2‘;2+)(21—a) . nil}(”utngj%||vt||ZI§)
+¢& (p+2)(1—a)<1—/(; hﬂs)ds)—(l—%/o hl(s)ds>}||Vu||§
+& (p+2)(1—a)<1—/0th2(s)ds> - (1— %/othz(s)ds>}||Vv||§

+ei(p+2)(1-a)- % }(hmVu + hy0Vv)

(p+2)(1—a)_1
y+1

+ &

2 1 2 1
}(nwnz”* L v )

+e{coa — (MsCi (k) + MaCa(i)) F(Ilully ) + 1VInany)

+e{2(p +2)1 - a) - (M3Ci(k) + MaCy(x)) JH(),

where
(Bt (k)
Mg::M1(1+183, RRARLE >>0.
I+j+1 I+j+1
Q+§+1) _ g+2+1)
M4 = Mz(l + Q84 + (s+ 1)84 ) > 0.
o+s+1 o+s+1

At this stage, we take a > 0 small enough so that
p+2)Q-a)>1+y,
we have

Mi=pE+2)(1-a)-1>0

)»zzz(p+2)(1—a)—%>0

(3.28)

(3.29)

Page9of 13
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Ag 1= w 10
y+1
and we assume that
o o0 Pp+2)(1-a)-1  2)
max{/o hy(s) ds,/(; hz(s)ds} < (w20 —a)- %) =il (3.30)

gives
¢ 1
Ay = {((p+2)(1—a)—1)—/0 hl(s)ds((p+2)(1—a)—§)} >0,
t 1
hs = [((p+2)(1—a)—1)—/ hg(S)dS((p+2)(1—6l)— 5)} >0,
0

then we choose « so large that

Ae = aco — (M3C1(K) + M4C2(/<)) >0,
A7 =2(p +2)(1 - a) — (M5Ci(k) + MsCs(k)) > 0.

Finally, we fix «, a4, and we appoint ¢ small enough so that
rAg=(1—-a)—¢ck>0.
Thus, for some B > 0, estimate (3.29) becomes

2 2 2 2 2 2
K'(8) = B{H®) + el s + Ivellyss + IV uelly + 1Vvells + [Vull; + 1VVI5

1Vl VIR + 0V i) + (o V) + lul3000) + Nl 222)).

2(p+2) 2(p+2)
(3.31)
By (2.3), for some B; > 0, we obtain
K@) = Bu{HE) + w15 + Vel + 1 Vatel3 + 1Vell3 + 1Vl
VYR + [Vl 27+ V27 4 (hoVa) + (o V)
2(p+2 2
+llu+vISDTD + 2 v} (3.32)
and
K@) = K(0)>0, t>0. (3.33)
Next, using Holder’s and Young’s inequalities, we have
1
T-a 0 M
/(ulutl”u: +VvelTve)dx| < C[Ilullzl(;iz) + [laell)5
Q
0 i
VIl + Vel 35 ] (3.34)

=1.

where L +1
n %
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We take u = (n +2)(1 — @) to get

o n+2
o a1 -Ap+2

Subsequently, by using (3.8), (3.6), and (3.22), we obtain

n+2

T < (1wl + H),

llue ”2(p+2 2(p+2)
# 2(+2)
I-a)(n+2)- +
LT < a2 v E), vezo.
Therefore,
1
I-a
/(“|ut|"ut+V|Vt|th)dx
Q
2 2(p+2 2
< cis{Il3E2) + IVISET + Nuelllis + vell s + H(). (3.35)
Similarly, we have
1
I-a i
CLIVUIE® + IV I7 + IV + 19157 ],

/ (VuVu; + VvVvy) dx
Q
where L + é =1.
"
We take 6 = 2(y + 1)(1 — @) to get

wo 2(y +1)
l-a 2(01-a)y+1)-

»

1
I-«
2 1) 2 1)
< cu{IVul” + vy

/ (VuVu; + VvV, dx
Q

+ Va5 + 11V ez} (3.36)

Hence, by (3.35) and (3.36),

]Cﬁ(t) = (Hl‘" + Lf(u|ut|’7ut +v|vt|"vt) dx
n+1Jg

1
j

sf (VuVu + Vv, V) dx)
Q

1
= 2
+ [ Vull = Ivvly™

/ (u|ut|”ut + v|vt|"vt) dx
Q

<c (H(t) +

+||Vutll Vel )

n+ n+2 y+1 y+1 2
< c(BLQ) + el s + Nvel 255 + 1Vally ™+ IVVIE ™ + Va3

FIVVI3 + (10Vi) + (haoVv) + ullstry) + 1VI50s)

n+2 n+ y+1 y+1 2
c(H(E) + lluellyia + lvel +2 + [ Vully ™ +IVvly ™ + I Vaelly

Page 11 0f 13



Boulaaras et al. Advances in Difference Equations (2021) 2021:446 Page 12 0f 13

+IVvell3 + IVl + VI3 + (ioVi) + (ha0Vv)

+ el + V13- (3.37)

From (3.31) and (3.37), it gives
K'() = 1T (8), (3.38)

where A > 0, this depends only on 8 and c.
By integration of (3.38), we obtain

Hence, K(¢) blows up in time

T < T* = l-«
=7 haKe1-e(0)
Then the proof is completed. d

4 Conclusion

In this paper, we are interested in the blow-up for a quasilinear system of viscoelastic
equations with degenerate damping and general source terms according to some suitable
hypothesis. This work is a general case of the recent results of Boulaaras’ works in [11, 21]
using the energy method. Next we will prove the result of local existence of this studied

problem based on the recent result in [4].
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