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Abstract
The main target of this paper is to study a problem of recovering a spherically
symmetric domain with fractional derivative from observed data of nonlocal type.
This problem can be established as a new boundary value problem where a Cauchy
condition is replaced with a prescribed time average of the solution. In this work, we
set some of the results above existence and regularity of the mild solutions of the
proposed problem in some suitable space. Next, we also show the ill-posedness of
our problem in the sense of Hadamard. The regularized solution is given by the
fractional Tikhonov method and convergence rate between the regularized solution
and the exact solution under a priori parameter choice rule and under a posteriori
parameter choice rule.
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1 Introduction
In recent decades, the study of noninteger diffusion equations has received great attention
from mathematicians around the world. These models have many applications in various
types of research fields, for example, thermal diffusion in fractal domains [1] and protein
dynamics [2], finance [3], systems biology [4], physics [5] and medicine [6], and besides,
there are also some references as follows [7–11], and [12]. In this work, we consider the
following problem:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Dβ
t u(r, t) = ∂2u

∂r2 + 2
r

∂u
∂r + G(r, t), 0 ≤ r ≤ R, 0 ≤ t ≤ T ,

u(R, t) = u(0, t) = 0, 0 ≤ t ≤ T ,

limr→0 u(r, t) bounded, 0 ≤ t ≤ T ,

ξ1u(r, T) + ξ2
∫ T

0 u(r, t) dt = f (r).

(1.1)

© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

https://doi.org/10.1186/s13662-021-03603-6
https://crossmark.crossref.org/dialog/?doi=10.1186/s13662-021-03603-6&domain=pdf
https://orcid.org/0000-0002-6770-6951
mailto:rsaadati@eml.cc


Long et al. Advances in Difference Equations        (2021) 2021:445 Page 2 of 23

Here Caputo fractional derivative Dβ
t is defined as follows:

Dβ
t u(r, t) =

1
�(1 – β)

∫ t

0

us(r, s)
(t – s)β

ds, 0 < β < 1, (1.2)

and the source function G(r, t) ∈ L∞([0, R]; r2), the final data f (r) ∈ L2([0, R], r2) are given.
Note that when the fractional order β is equal to 1, the fractional derivative Dβ

t u(r, t) is
equal to the first-order derivative du

dt (see in [13]), and thus problem (1.1) reproduces the
classical diffusion problem. In practice, the input data (f , G) is noisy by the observed data
f ε , Gε which satisfy

∥
∥f ε – f

∥
∥

L2([0.R];r2) +
∥
∥Gε – G

∥
∥

L∞(0,T ;L2([0,R];r2)) ≤ ε. (1.3)

Our problem is called inverse problem and its solution is not stable. This property is called
ill-posed in the sense of Hadamard. In other words, easier to understand, if ε is small, it
will lead to large errors for the corresponding solution if using an unapproximate model
for observed data f ε , Gε . The question mentioned in this paper is: Find an approximation
method for the solution of the problem with noisy input data f ε , Gε .

Before discussing the main results, we would like to outline a few previous papers that
mentioned problem (1.1).

• If β = 1, ξ2 = 0, ξ1 = 1, and G = 0, then the last condition in (1.1) becomes the final
condition

u(r, T) = f (r). (1.4)

In such a case, problem (1.1) is called backward problem. Then the authors [14] used a
modified Tikhonov regularization method for solving problem. In [15], the authors
used a spectral method for regularizing the problem.

• If β = 1, ξ2 = 0, ξ1 = 1, and G(r, t) = ϕ(t)f (r), WeiCheng et al. [16] applied a spectral
method to approximate the backward problem and obtained Hölder type estimate
with a suitable choice of regularization parameter.

• If β �= 1 and ξ2 = 0, ξ1 = 1 and G(r, t) = 0, then the authors [17] proposed the
quasi-boundary regularization method to solve problem (1.1). They showed
convergence estimates between the regularization solution and the exact solution
presented under the a priori and a posteriori regularization parameter choice rules.

• If β �= 1 and ξ2 = 0, ξ1 = 1 and G(r, t) = f (r), Yang et al. [18] investigated problem (1.1)
and provided the estimate of Hölder type.

Let us mention some interesting papers with many various methods for the case G(r, t) �=
0, for example, the truncation method [19], iterated fractional Tikhonov regularization
method [20], and the references therein. Besides, regarding other regularization methods
and applications, readers can view the following references: [21–28].

Our novel point in this paper is to replace the final condition (1.4) with the nonlocal con-
dition ξ1u(r, T) + ξ2

∫ T
0 u(r, t) dt = f (r) as introduced in the last condition of our problem.

This condition is proposed in the paper by Dokuchaev [29]. Very recently, Tuan and co-
authors used this condition to solve some nonlocal problem, for example [30–32], and [33].
Motivated by this above reason, in this paper, we apply the fractional Tikhonov method to
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solve problem (1.1). To the best of authors’ knowledge, there are not any results concern-
ing problem (1.1). Our paper investigates problem (1.1), and the main results of this work
are as follows:

• We give the stability and the regularity of the mild solution.
• We show the ill-posedness and the conditional stability of solution in L2([0, R]; r2).
• We propose a regularized method and prove the convergence rate under a priori

parameter choice rule and a posteriori parameter choice rule.
Let us say that in an analytical sense, our problem seems to be more complicated than the
models studied before.

This paper is organized as follows. Section 2 gives some preliminaries that are needed
throughout the paper. In Sect. 3, we show the sought solution of problem (1.1), and an
example describes the ill-posedness of the problem. In Sect. 4, we study the fractional
Tikhonov method to solve problem (1.1) and show the convergence rate under a priori
parameter choice rule and a posteriori parameter choice rule. Finally, we add the conclu-
sion for this paper.

2 Preliminaries
In this paper, we denote by L2([0, R]; r2) the Hilbert space of Lebesgue measurable func-
tions u(r, t) with weight r2 on [0, R]

〈u, v〉 =
∫ R

0
r2u(r)v(r) dr, (2.1)

with the scalar product ‖u‖L2([0,R],r2) = (
∫ R

0 r2|u(r)|2 dr) 1
2 , and the L∞(0, T ; Y ) consists of all

measurable functions u : [0, T] → Y with

‖u‖L∞(0,T ;Y ) := ess sup
0≤t≤T

∥
∥u(t)

∥
∥

Y , (2.2)

where Y is a real Banach space with the norm ‖ · ‖Y . We define the space

Hs([0, R]; r2) =

{

ν ∈ L2([0, R], r2) :
+∞∑

j=1

(
j2)2s∣∣〈ν,ψj〉

∣
∣2 < +∞

}

, (2.3)

then Hs([0, R]; r2) is a Hilbert space with the norm

‖ν‖Hs([0,R];r2) =

( +∞∑

j=1

(
j2)2s∣∣〈ν,ψj〉

∣
∣2

) 1
2

. (2.4)

For any constant α > 0 and β ∈R, the Mittag-Leffler function is defined as follows:

Eα,β (z) =
∞∑

k=0

zk

�(αk + β)
, z ∈C, (2.5)

where α > 0 and β ∈R are arbitrary constants.
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Lemma 2.1 ([18]) Assuming that 0 < β0 < β1 < 1, then there exist constants D1 and D2

depending only on β , β1 such that for all β ∈ [β0,β1] there hold

D1

�(1 – β)
1

1 – z
≤ Eβ ,1(z) ≤ D2

�(1 – β)
1

1 – z
, z ≥ 0. (2.6)

Lemma 2.2 ([19]) For λj ≥ λ1 > 0, λj is the eigenvalues satisfying λ1 < λ2 < · · · < λj →
∞ as j → ∞, then there exist constants D3 and D4 depending only on β , T , λ1 such
that

D3R2

j2π2 ≤ Eβ ,β

(

–
(

jπ
R

)2

Tβ

)

≤ D4R2

j2π2 . (2.7)

Proof This proof can be found in [20]. �

Lemma 2.3 Let G ∈ L∞(0, T ; L2([0, T], r2)), then the exists a positive constant D5 such
that

+∞∑

j=1

∣
∣
∣
∣

∫ t

0
(t – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(t – s)β
)

〈
G(·, s),ψj

〉
ds

∣
∣
∣
∣

2

≤ D5‖G‖2
L∞(0,T ;L2([0,T],r2)). (2.8)

Proof This lemma provision can be found in [20]. �

Lemma 2.4 For any j ≥ 1, we have the following estimate:

E
j2 ≤ ξ1Eβ ,1

(

–
(

jπ
R

)2

Tβ

)

+ ξ2

∫ T

0
Eβ ,1

(

–
(

jπ
R

)2

tβ

)

dt ≤ E
j2 , (2.9)

in which E = ( D3R2

π2 + ξ2D3R2

π2
T

R2
π2 +Tβ

), E = ( ξ1D4R2

π2 + ξ2D4R2

π2
T1–β

1–β
).

Proof From Lemma 2.2, we need to show that

ξ2

∫ T

0
Eβ ,1

(

–
(

jπ
R

)2

tβ

)

dt ≤ ξ2D4

∫ T

0

1
1 + ( jπ

R )2tβ
dt ≤ ξ2D4R2

j2π2
T1–β

1 – β
. (2.10)

This leads to

ξ1Eβ ,1

(

–
(

jπ
R

)2

Tβ

)

+ ξ2

∫ T

0
Eβ ,1

(

–
(

jπ
R

)2

tβ

)

dt ≤ E
j2 . (2.11)

Next, due to the fact, we also get

ξ2

∫ T

0
Eβ ,1

(

–
(

jπ
R

)2

tβ

)

dt ≥ ξ2D3R2

j2π2

∫ T

0

dt
R2

π2 + Tβ
=

ξ2D3R2

j2π2
T

R2

π2 + Tβ
, (2.12)
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which implies that

ξ1Eβ ,1

(

–
(

jπ
R

)2

Tβ

)

+ ξ2

∫ T

0
Eβ ,1

(

–
(

jπ
R

)2

tβ

)

dt ≥ E
j2 . (2.13)

�

In this section, we need the solution of the direct problem of (1.1)

⎧
⎪⎪⎨

⎪⎪⎩

Dβ
t u(r, t) = ∂2u

∂r2 + 1
r

∂u
∂r + G(r, t), 0 ≤ r ≤ R, 0 ≤ t ≤ T ,

u(r, 0) = �(r), 0 ≤ r ≤ R,

limr→0 u(r, t) bounded, u(R, t) = 0, 0 ≤ t ≤ T .

(2.14)

From [20], by using the Fourier expansion, we know that

uj(t) = Eβ ,1

(

–
(

jπ
R

)2

tβ

)

〈�,ψj〉

+
∫ t

0
(t – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(t – s)β
)

〈
G(·, s),ψj

〉
ds, (2.15)

where ψj(r) =
√

2jπ√
R3 j0( jπr

R ), and j0(y) denotes the 0th order spherical Bessel functions of the
first kind. Besides, we know that {ψj(r)}∞j=1 from an orthonormal basis in L2([0, T], r2).

3 The mild solution of problem (1.1)
Theorem 3.1 Let f ∈ L2([0, R]; r2) and G ∈ L∞(0, T ; L2([0, R]; r)). Let us further assume
that

+∞∑

j=1

〈f ,ψj〉 – ξ1
∫ T

0 (T – s)β–1Eβ ,β(–( jπ
R )2(T – s)β )〈G(·, s),ψj〉ds

ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt
< ∞. (3.1)

Then problem (1.1) has a unique solution u given as follows:

u(r, t)

=
+∞∑

j=1

Eβ ,1(–( jπ
R )2tβ )〈f ,ψj〉

(ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt)
ψj(r)

–
+∞∑

j=1

ξ1Eβ ,1(–( jπ
R )2tβ )

∫ T
0 (T – s)β–1Eβ ,β(–( jπ

R )2(T – s)β)〈G(·, s),ψj〉ds

(ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt)
ψj(r)

–
+∞∑

j=1

ξ2Eβ ,1(–( jπ
R )2tβ )

∫ T
0 (

∫ t
0 (t – s)β–1Eβ ,β(–( jπ

R )2(t – s)β )〈G(·, s),ψj〉) dt

(ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt)
ψj(r)

+
+∞∑

j=1

∫ t

0
(t – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(t – s)β
)

〈
G(·, s),ψj

〉
ds)ψj(r). (3.2)

Then we get the following regularity:

∥
∥u(·, t)

∥
∥

L2([0,R];r2) ≤ 2M‖f ‖L2([0,R];r2) + 2M‖G‖L∞(0,T ;L2([0,R];r2)). (3.3)



Long et al. Advances in Difference Equations        (2021) 2021:445 Page 6 of 23

Here M, M are defined later. Let f ∈ Hs([0, R]; r2) and G ∈ L2(0, T ;H([0, R]; r2)) ∩
L∞(0, T ;Hs–γ ([0, R]; r2)) for s > γ + 1, then u ∈ Lp(0, T ;Hs([0, R]; r2)) and the regularity
result holds

∥
∥u(·, t)

∥
∥

Lp(0,T ;Hs([0,R];r2)) � ‖f ‖Hs([0,R];r2) + ‖G‖L∞(0,T ;Hs–γ ([0,R];r2))

+ ‖G‖L2(0,T ;Hs–1–γ ([0,R];r2)). (3.4)

Proof From (2.15) and using the nonlocal condition in problem (1.1), we obtain that

ξ1uj(T) = ξ1〈�,ψj〉Eβ ,1

(

–
(

jπ
R

)2

Tβ

)

+ ξ1

∫ T

0
(T – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(T – s)β
)

〈
G(·, s),ψj

〉
ds. (3.5)

By integrating both sides from 0 to T for equation (2.15), we immediately have the follow-
ing equality:

ξ2

∫ T

0
uj(t) dt = ξ2〈�,ψj〉

∫ T

0
Eβ ,1

(

–
(

jπ
R

)2

tβ

)

dt

+ ξ2

∫ T

0

(∫ t

0
(t – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(t – s)β
)

〈
G(·, s),ψj

〉
)

dt. (3.6)

From two observations (3.5) and (3.6), we get the following equality:

ξ1uj(T) + ξ2

∫ T

0
uj(t) dt

= 〈�,ψj〉
(

ξ1Eβ ,1

(

–
(

jπ
R

)2

Tβ

)

+ ξ2

∫ T

0
Eβ ,1

(

–
(

jπ
R

)2

tβ

))

+ ξ1

∫ T

0
(T – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(T – s)β
)

〈
G(·, s),ψj

〉
ds

+ ξ2

∫ T

0

(∫ t

0
(t – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(t – s)β
)

〈
G(·, s),ψj

〉
)

dt. (3.7)

Our next aim is to express the formula of the function � in terms of two input data f and G.
In view of the nonlocal condition as in the last condition of problem (1.1)

ξ1uj(T) + ξ2

∫ T

0
uj(t) dt = f (r),

we find the following identity for the Fourier coefficient of the function �:

〈�,ψj〉 =
〈f ,ψj〉

ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt

–
ξ1

∫ T
0 (T – s)β–1Eβ ,β (–( jπ

R )2(T – s)β )〈G(·, s),ψj〉ds

ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt

–
ξ2

∫ T
0 (

∫ t
0 (t – s)β–1Eβ ,β (–( jπ

R )2(t – s)β )〈G(·, s),ψj〉ds) dt

ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt
. (3.8)
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Therefore, by taking Fourier series for the term uj(t), the formula of the mild solution to
problem (1.1) can be given by

u(r, t) =
+∞∑

j=1

Eβ ,1(–( jπ
R )2tβ )〈f ,ψj〉

ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt
ψj(r)

︸ ︷︷ ︸
:=A1(r,t)

–
+∞∑

j=1

ξ1Eβ ,1(–( jπ
R )2tβ )

∫ T
0 (T – s)β–1Eβ ,β(–( jπ

R )2(T – s)β )〈G(·, s),ψj〉ds

ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt
ψj(r)

︸ ︷︷ ︸
:=A2(r,t)

–
+∞∑

j=1

ξ2Eβ ,1(–( jπ
R )2tβ )

∫ T
0 (

∫ t
0 (t – s)β–1Eβ ,β(–( jπ

R )2(t – s)β )〈G(·, s),ψj〉) dt

ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt
ψj(r)

︸ ︷︷ ︸
:=A3(r,t)

+
+∞∑

j=1

∫ t

0
(t – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(t – s)β
)

〈
G(·, s),ψj

〉
ds)ψj(r)

︸ ︷︷ ︸
:=A4(r,t)

. (3.9)

Using the inequality (a + b + c + d)2 ≤ 4(a2 + b2 + c2 + d2), for a, b, c, d ≥ 0, we have

‖u‖2
L2([0,R];r2) ≤ 4

∥
∥A1(·, t)

∥
∥2

L2([0,R];r2) + 4
∥
∥A2(·, t)

∥
∥2

L2([0,R];r2)

+ 4
∥
∥A3(·, t)

∥
∥2

L2([0,R];r2) + 4
∥
∥A4(·, t)

∥
∥2

L2([0,R];r2). (3.10)

Now, we give the regularity result of a mild solution. First of all, from Lemma 2.4, it gives

sup
j≥1

∣
∣
∣
∣

Eβ ,1(–( jπ
R )2tβ )

ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt

∣
∣
∣
∣

2

≤ j4

E2

(
D2

�(1 – β)
1

1 + ( jπ
R )2tβ

)2

≤
(

D2

E�(1 – β)

)2∣∣
∣
∣

1
( π

R )2tβ

∣
∣
∣
∣

2

≤
(

D2

E�(1 – β)

)2( R2

π2tβ

)2

. (3.11)

From now on, in short, we denoteM2(β , E, R,π , t, D2) = ( D2
E�(1–β) )2( R2

π2tβ )2. Next, let us eval-
uate for ‖Ai(·, t)‖2

L2([0,T];r2), i = 1, 4, one by one.
Step 1: Estimate of ‖A1(·, t)‖2

L2([0,T];r2). By using the estimation for (3.11), we have

∥
∥A1(·, t)

∥
∥2

L2([0,R];r2) ≤
+∞∑

j=1

[ Eβ ,1(–( jπ
R )2tβ )〈f ,ψj〉

ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt

]2

≤M2
+∞∑

j=1

∣
∣〈f ,ψ〉∣∣2 ≤M2‖f ‖2

L2([0,T];r2). (3.12)
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Step 2: Applying Lemma 2.3 and the estimation of (3.11), ‖A2(·, t)‖2
L2([0,T];r2) can be

bounded as follows:

∥
∥A2(·, t)

∥
∥2

L2([0,R];r2)

≤
+∞∑

j=1

[
ξ1Eβ ,1(–( jπ

R )2tβ )
∫ T

0 (T – s)β–1Eβ ,β(–( jπ
R )2(T – s)β )〈G(·, s),ψj〉ds

ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt

]2

≤M2
+∞∑

j=1

[∫ T

0
(T – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(T – s)β
)

〈
G(·, s),ψj

〉
ds

]2

≤M2ξ 2
1 D2

5‖G‖2
L2([0,R];r2). (3.13)

Step 3: Similarly, the estimate of ‖A3(·, t)‖2
L2([0,T];r2) is given by

∥
∥A3(·, t)

∥
∥2

L2([0,R];r2)

≤
+∞∑

j=1

∣
∣
∣
∣
ξ2Eβ ,1(–( jπ

R )2tβ )
∫ T

0 (
∫ t

0 (t – s)β–1Eβ ,β (–( jπ
R )2(t – s)β )〈G(·, s),ψj〉ds) dt

ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt

∣
∣
∣
∣

2

≤M2D2
5ξ

2
2 T2‖G‖2

L2([0,R];r2). (3.14)

Step 4: By using Lemma 2.3, the estimate of ‖A4(·, t)‖2
L2([0,T];r2) is given by

∥
∥A4(·, t)

∥
∥2

L2([0,R];r2) ≤
+∞∑

j=1

[∫ t

0
(t – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(t – s)β
)

〈
G(·, s),ψj

〉
ds

]2

≤ D2
5‖G‖2

L2([0,R];r2). (3.15)

Combining (3.12), (3.13), (3.14), and (3.15), we have the estimate

‖u‖2
L2([0,R];r2) ≤ 4M2‖f ‖2

L2([0,R];r2) + 4
(
M2ξ 2

1 D2
5 + M2ξ 2

2 T2D2
5
)‖G‖2

L2([0,R];r2). (3.16)

Part B: Similar to part A, let us divide this part into the following steps.
Step 1: Estimate for ‖A1(·, t)‖Hs([0,R];r2), we have

∥
∥A1(·, t)

∥
∥2
Hs([0,R];r2) =

+∞∑

j=1

(
j2)2s

[ Eβ ,1(–( jπ
R )2tβ )〈f ,ψj〉

ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt

]2

≤
+∞∑

j=1

(
j2)2s D2

4R4

j4π4 t–2β j4

E2

∣
∣〈f ,ψj〉

∣
∣2

≤ (
E2)–1 D2

4R4

π4 t–2β

+∞∑

j=1

(
j2)2s∣∣〈f ,ψj〉

∣
∣2. (3.17)

Denoting F2
1 = (E2)–1 D2

4R4

π4 , taking the square root on both sides, we have

∥
∥A(·, t)

∥
∥
Hs([0,R];r2) ≤F1t–β‖f ‖Hs([0,R];r2). (3.18)
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Step 2: Estimate for ‖A2(·, t)‖Hs([0,R];r2), for any 0 < γ < 1, we receive

Eβ ,β

(

–
(

jπ
R

)2

(T – s)β
)

≤ D6

1 + ( jπ
R )2(T – s)β

≤ D6

(
π

R

)–2γ (
j2)–γ (T – s)–βγ . (3.19)

Denoting F2 = D6( π
R )–2γ . Therefore, we can find that

∥
∥A2(·, t)

∥
∥2
Hs([0,R];r2)

≤
+∞∑

j=1

(
j2)2s

[
ξ1Eβ ,1(–( jπ

R )2tβ )
∫ T

0 (T – s)β–1Eβ ,β (–( jπ
R )2(T – s)β )〈G(·, s),ψj〉ds

ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt

]2

≤ ξ 2
1

+∞∑

j=1

(
j2)2s D2

4R4

j4π4 t–2β j4

E2

(∫ T

0
(T – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(T – s)β
)

〈
G(·, s),ψj

〉
ds

)2

≤ ξ 2
1F2

1F2
2 t–2β

+∞∑

j=1

(
j2)2s–2γ

(∫ T

0
(T – s)β–1–βγ

〈
G(·, s),ψj

〉
ds

)2

. (3.20)

Using the Hölder inequality, we get the following estimate:

(∫ T

0
(T – s)β–1–βγ

〈
G(·, s),ψj

〉
ds

)2

≤
(∫ T

0
(T – s)β–1–βγ ds

)(∫ T

0
(T – s)β–1–βγ

∣
∣
〈
G(·, s),ψj

〉∣
∣2 ds

)

≤
(

Tβ–βγ

β – βγ

)(∫ T

0
(T – s)β–1–βγ

∣
∣
〈
G(·, s),ψj

〉∣
∣2 ds

)

. (3.21)

From (3.20) and (3.21), one has the following bound for the second term A2(·, t):

∥
∥A2(·, t)

∥
∥2
Hs([0,R];r2)

≤ ξ 2
1F2

1F2
2

(
Tβ–βγ

β – βγ

)2

t–2β

(∫ T

0
(T – s)β–1–βγ

+∞∑

j=1

(
j2)2s–2γ ∣

∣
〈
G(·, s),ψj

〉∣
∣2 ds

)

≤ ξ 2
1F2

1F2
2

(
Tβ–βγ

β – βγ

)2

t–2β‖G‖2
L∞(0,T ;Hs–γ )([0,R];r2). (3.22)

From (3.22), we conclude that

∥
∥A2(·, t)

∥
∥
Hs([0,R];r2) ≤ ξ1F1F2

(
Tβ–βγ

β – βγ

)

t–β‖G‖L∞(0,T ;Hs–γ ([0,R];r2)). (3.23)
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Step 3: Estimate for ‖A3(·, t)‖Hs([0,R];r2), by using (3.19), we receive

∥
∥A3(·, t)

∥
∥2
Hs([0,R];r2)

≤ ξ 2
2F2

1

+∞∑

j=1

(
j2)2s–2t–2β

(∫ T

0

(∫ t

0
(t – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(t – s)β
)

〈
G(·, s),ψj

〉
)

dt
)2

.

(3.24)

By applying the Hölder inequality and denoting 0 < γ < min{1, 1
2β

}, we find the following
bound:

∣
∣
∣
∣

∫ T

0

(∫ t

0
(t – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(t – s)β
)

〈
G(·, s),ψj

〉
)

dt
∣
∣
∣
∣

≤ D6
(
j2)–γ

∫ T

0

(∫ t

0
(t – s)–2γβ ds

)1/2(∫ t

0

∣
∣
〈
G(·, s),ψj

〉∣
∣2 ds

)1/2

dt

≤ TD6
(
j2)–γ

(
T1–2γβ

1 – 2γβ

) 1
2
∫ T

0

(∫ t

0

∣
∣
〈
G(·, s),ψj

〉∣
∣2 ds

)1/2

dt

≤ TD6

(
T1–2γβ

1 – 2γβ

) 1
2
(∫ T

0

(
j2)–γ ∣

∣
〈
G(·, s),ψj

〉∣
∣2 ds

)1/2

. (3.25)

From (3.24), with F2
3 = ξ 2

2F2
1 TD2

6( T1–2γβ

1–2γβ
), by two above observations, we deduce that

∥
∥A3(·, t)

∥
∥2
Hs([0,R];r2) ≤F2

3 t–2β

+∞∑

j=1

(∫ T

0

(
j2)2s–2–2γ ∣

∣
〈
G(·, s),ψj

〉∣
∣2 ds

)

≤F2
3 t–2β‖G‖2

L2(0,T ;Hs–1–γ ([0,R];r2)). (3.26)

Step 4: Estimate for ‖A4(·, t)‖Hs([0,R];r2), using (3.19) and by applying the Hölder inequal-
ity, ‖A4(·, t)‖Hs([0,R];r2) can be bounded as follows:

∥
∥A4(·, t)

∥
∥2
Hs([0,R];r2)

≤
+∞∑

j=1

(∫ t

0
(t – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(t – s)β
)

〈
G(·, s),ψj

〉
ds

)2

≤F2
2

+∞∑

j=1

(
j2)2s–2γ

(∫ t

0
(t – s)β–1–βγ

〈
G(·, s),ψj

〉
ds

)2

≤F2
2

+∞∑

j=1

(
j2)2s–2γ

(∫ t

0
(t – s)β–1–βγ ds

)

×
(∫ t

0
(t – s)β–1–βγ

∣
∣
〈
G(·, s),ψj

〉∣
∣2 ds

)

≤F2
2

(
Tβ–βγ

β – βγ

)(∫ t

0
(t – s)β–1–βγ

+∞∑

j=1

(
j2)2s–2γ ∣

∣
〈
G(·, s),ψj

〉∣
∣2 ds

)

≤F2
2

(
Tβ–βγ

β – βγ

)2

‖G‖2
L∞(0,T ;Hs–γ ([0,R];r2)). (3.27)
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Combining four steps as above, we conclude that

∥
∥u(·, t)

∥
∥
Hs([0,R];r2)

≤F1t–β‖f ‖Hs([0,R];r2) + ξ1F1F2
Tβ–βγ

β – βγ
t–β‖G‖L∞(0,T ;Hs–γ ([0,R];r2))

+ F3t–β‖G‖L2(0,T ;Hs–1–γ ([0,R];r2)) + F2

(
Tβ–βγ

β – βγ

)

‖G‖L∞(0,T ;Hs–γ ([0,R];r2)). (3.28)

From (3.28), by choosing 1 < p < 1
β

, then the integral
∫ T

0 t–βp dt is convergent, we have a
comment as follows:

‖u‖Lp(0,T ;Hs([0,R];r2)) =
(∫ T

0

∥
∥u(·, t)

∥
∥p
Hs([0,R];r2) dt

) 1
p

≤
(∫ T

0
t–βp dt

) 1
p
F1‖f ‖Hs([0,R];r2)

+
(∫ T

0
t–βp dt

) 1
p
ξ1F1F2

Tβ–βγ

β – βγ
‖G‖L∞(0,T ;Hs–γ ([0,R];r2))

+
(∫ T

0
t–βp dt

) 1
p
F3‖G‖L2(0,T ;Hs–1–γ ([0,R];r2))

+
(∫ T

0
dt

) 1
p
F2

(
Tβ–βγ

β – βγ

)

‖G‖L∞(0,T ;Hs–γ ([0,R];r2)), (3.29)

this implies that

‖u‖Lp(0,T ;Hs([0,R];r2)) � ‖f ‖Hs([0,R];r2) + ‖G‖L∞(0,T ;Hs–γ ([0,R];r2))

+ ‖G‖L2(0,T ;Hs–1–γ ([0,R];r2)). (3.30)
�

4 Ill-posedness and conditional stability of problem (1.1)
4.1 The ill-posedness of problem (1.1)
Theorem 4.1 The inverse problem (1.1) is ill-posed in the case t = 0.

Proof A linear operator K : L2([0, R]; r2) → L2([0, R]; r2) is as follows:

K�(r) =
+∞∑

j=1

[

ξ1Eβ ,1

(

–
(

jπ
R

)2

Tβ

)

+ ξ2

∫ T

0
Eβ ,1

(

–
(

jπ
R

)2

tβ

)

dt
]

〈�,ψj〉ψj(r)

=
∫

�

p(r,ν)�(ν) dν, (4.1)

where

p(r,ν) =
+∞∑

j=1

[

ξ1Eβ ,1

(

–
(

jπ
R

)2

Tβ

)

+ ξ2

∫ T

0
Eβ ,1

(

–
(

jπ
R

)2

tβ

)

dt
]

ψk(r)ψk(ν).
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It is obvious that �(r, z) = �(z, r), we know K is a self-adjoint operator. Next, we are going
to prove its compactness and consider the finite rank operators as follows:

KN�(r) =
N∑

j=1

[

ξ1Eβ ,1

(

–
(

jπ
R

)2

Tβ

)

+ ξ2

∫ T

0
Eβ ,1

(

–
(

jπ
R

)2

tβ

)

dt
]

〈�,ψj〉ψj(r). (4.2)

From (4.2), using the inequality (a + b)2 ≤ 2(a2 + b2), a, b ≥ 0, we have

‖KN� – K�‖2
L2([0,R];r2) ≤

+∞∑

j=N+1

E2

j4

∣
∣〈�,ψj〉

∣
∣2 ≤ E2

N4 ‖�‖2
L2([0,R];r2). (4.3)

Therefore, ‖KN� – K�‖L2([0,R];r2) in the sense of operator norm in L(L2([0, R]; r2); L2([0, R];
r2)) as N → ∞. Also, K is a compact operator. Next, the SVDs for the linear self-adjoint
compact operator K is K� = f , and by Kirsch [34], we conclude that the problem is ill-
posed. Next, we continue to give an example for ill-posedness. In here, we assume f ∈
L2([0, R]; r2) and G ∈ L∞(0, T ; L2([0, R]; r2)) and f = G = 0. In here, we choose

fk(r) =
ψk(r)

k
, Gk(r, s) = (T – s)2Eβ ,1

(

–
(

kπ

R

)2

(T – s)β
)

ψk(r), 0 < s < T . (4.4)

Let us choose input final data f = 0, we know that an error in the L2([0, R]; r2) norm be-
tween two input final data is as follows:

‖fk – f ‖L2([0,R];r2) =
∥
∥
∥
∥
ψk(·)

k

∥
∥
∥
∥

L2([0,R];r2)
=

1
k

,

this yields lim
k→∞

‖fk – f ‖L2([0,R];r2) = lim
k→∞

1
k

= 0. (4.5)

On the other hand, because of β ∈ (0, 1), one has

‖Gk – G‖L∞(0,T ;L2([0,R];r2) ≤
∥
∥
∥
∥

(
T2D4

1 + ( kπ
R )2Tβ

)∥
∥
∥
∥

L∞(0,T ;L2([0,R];r2)

≤
(

R2

π2

)
(
T2D4

) 1
k2 → 0 as k → ∞. (4.6)

Combining (4.5) and (4.6) yields that

‖fk – f ‖L2([0,R];r2) + ‖Gk – G‖L∞(0,T ;L2[0,R];r2) → 0, if k → ∞. (4.7)

Setting uk(r, 0) is the solution of (1.1), we obtain

uk(r, 0) =
fk(r) –

∫ T
0 (T – s)β–1Eβ ,β (–( kπ

R )2(T – s)β)Gk(r, s) ds

ξ1Eβ ,1(–( kπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( kπ

R )2tβ ) dt
. (4.8)
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Using the inequality |a – b| > |a| – |b|, we know that

∣
∣uk(·, 0)

∣
∣ ≥

∣
∣
∣
∣

fk

ξ1Eβ ,1(–( kπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( kπ

R )2tβ ) dt

∣
∣
∣
∣

–
∣
∣
∣
∣

∫ T
0 (T – s)β–1Eβ ,β (–( kπ

R )2(T – s)β)Gk(·, s) ds

ξ1Eβ ,1(–( kπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( kπ

R )2tβ ) dt

∣
∣
∣
∣. (4.9)

From (4.9), we get

∣
∣uk(·, 0)

∣
∣ +

∣
∣
∣
∣

∫ T
0 (T – s)β–1Eβ ,β(–( kπ

R )2(T – s)β )Gk(·, s) ds

ξ1Eβ ,1(–( kπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( kπ

R )2tβ ) dt

∣
∣
∣
∣

≥
∣
∣
∣
∣

fk

ξ1Eβ ,1(–( kπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( kπ

R )2tβ ) dt

∣
∣
∣
∣. (4.10)

Applying the inequality (a + b)2 ≤ 2(a2 + b2), ∀a, b ≥ 0 and Hölder’s inequality, we get

∣
∣
∣
∣

fk

ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt

∣
∣
∣
∣

2

≤ 2
∣
∣uk(·, 0)

∣
∣2 + 2T

∫ T

0

∣
∣
∣
∣

(T – s)β–1Eβ ,β (–( kπ
R )2(T – s)β )Gk(·, s)

ξ1Eβ ,1(–( kπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( kπ

R )2tβ ) dt

∣
∣
∣
∣

2

ds. (4.11)

Combining (4.4), (4.5), and (4.6), we obtain

k2

E2 ≤ 2
∥
∥uk(·, 0)

∥
∥2

L2([0,R];r2)

+
2Tk4

E2

∫ T

0

∣
∣
∣
∣(T – s)β+1Eβ ,β

(

–
(

kπ

R

)2

(T – s)β
)

Eβ ,1

(

–
(

kπ

R

)2

(T – s)β
)∣

∣
∣
∣

2

ds.

(4.12)

From the aforementioned inequality, we get the following estimate:

k2

E2 ≤ 2
∥
∥uk(·, 0)

∥
∥2

L2([0,R];r2) +
2TR8D4

4

π8E2
1
k4

∫ T

0

∣
∣(T – s)1–β

∣
∣2 ds. (4.13)

Hence, we come up with the estimate

k2

E2 ≤ 2
∥
∥uk(·, 0)

∥
∥2

L2([0,R];r2) +
1
k4

2TR8D4
4

π8E2

∫ T

0
(T – s)2 ds, (4.14)

which allows us to give that

k2

E2 ≤ 2
∥
∥uk(·, 0)

∥
∥2

L2([0,R];r2) +
1
k4

2T4R8D4
4

π8E2 . (4.15)

Using the inequality
√

a2 + b2 ≤ a + b, ∀a, b ≥ 0, one has

k
E

≤ √
2
∥
∥uk(·, 0)

∥
∥2

L2([0,R];r2) +
1
k2

√

2T4R8D4
4

π8E2 . (4.16)
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Therefore, we have that

∥
∥uk(·, 0)

∥
∥

L2([0,R];r2) ≥ k√
2E

–
1
k2

√

2T4R8D4
4

π8E2 → ∞, if k → ∞. (4.17)

Thus, problem (4.8) is, in general, ill-posed in the Hadamard sense in the L2([0, R]; r2)-
norm. �

4.2 The conditional stability of the solution for problem (1.1)
Theorem 4.2 Let us assume that C is a positive constant such that u(·, 0) ∈ Hs([0, R]; r2)
for some s > 0 satisfying the following a priori bound condition:

∥
∥u(·, 0)

∥
∥
Hs([0,R];r2) ≤ C. (4.18)

Then we have

∥
∥u(·, 0)

∥
∥

L2([0,R];r2) ≤ S(s, f , G)C 1
s+1 , (4.19)

where

S(s, f , G) =
(
2‖f ‖2

L2([0,R];r2) + 2D2
5‖G‖2

L∞(0,T ;L2([0,T];r2))
) s

2(s+1) . (4.20)

Proof By using Parseval’s equality, we obtain that

∥
∥u(·, 0)

∥
∥2

L2([0,R];r2)

=
+∞∑

j=1

|〈f ,ψj〉 – ξ1
∫ T

0 (T – s)β–1Eβ ,β (–( jπ
R )2(T – s)β )〈G(·, s),ψj〉ds|2

|ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt|2

≤
∞∑

j=1

( |〈f ,ψj〉 – ξ1
∫ T

0 (T – s)β–1Eβ ,β (–( jπ
R )2(T – s)β )〈G(·, s),ψj〉ds|2

|ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt|2s+2

) 1
s+1

×
∞∑

j=1

(

2
∣
∣〈f ,ψj〉

∣
∣2 + 2ξ 2

1

∣
∣
∣
∣

∫ T

0
(T – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(T – s)β
)

〈
G(·, s),ψj

〉
ds

∣
∣
∣
∣

2) s
s+1

≤Q
1

s+1
1 ×Q

s
s+1
2 . (4.21)

The term Q1 can be estimated by using Lemma 2.4 as follows:

Q1 =
+∞∑

j=1

( |〈f ,ψj〉 – ξ1
∫ T

0 (T – s)β–1Eβ ,β(–( jπ
R )2(T – s)β)〈G(·, s),ψj〉ds|2

|ξ1Eβ ,1(–( jπ
R )2Tβ ) + ξ2

∫ T
0 Eβ ,1(–( jπ

R )2tβ ) dt|2s+2

)

≤
+∞∑

j=1

(j2)2s

E2s

∣
∣uj(·, 0)

∣
∣2 =

1
E2s

∥
∥u(·, 0)

∥
∥2
Hs([0,R];r2). (4.22)
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The term Q2 can be bounded as follows:

Q2
2 ≤ 2

+∞∑

j=1

∣
∣〈f ,ψj〉

∣
∣2 + 2ξ 2

1

+∞∑

j=1

∣
∣
∣
∣

∫ T

0
(T – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(T – s)β
)

〈
G(·, s),ψj

〉
ds

∣
∣
∣
∣

2

≤ 2‖f ‖2
L2([0,R];r2) + 2D2

5‖G‖2
L∞(0,T ;L2([0,T];r2)). (4.23)

Combining (4.21)–(4.23), we complete the proof. �

5 The fractional Tikhonov method and convergence rate
5.1 The fractional Tikhonov method
In this section, we apply the fractional Tikhonov method given by Morigi [35]. From now
on, we denote

�
ξ1,ξ2
β ,j (π , R, T) = ξ1Eβ ,1

(

–
(

jπ
R

)2

Tβ

)

+ ξ2

∫ T

0
Eβ ,1

(

–
(

jπ
R

)2

tβ

)

dt,

we propose the following regularized solution with exact data (f , G):

Pα,δ(r) =
+∞∑

j=1

∣
∣�

ξ1,ξ2
β ,j (π , R, T)

∣
∣–1

[ |�ξ1,ξ2
β ,j (π , R, T)|2

|�ξ1,ξ2
β ,j (π , R, T)|2 + α

]δ

〈�,ψj〉ψj(r), (5.1)

in which

�(r) =
+∞∑

j=1

〈f ,ψj〉ψj(r)

– ξ1

+∞∑

j=1

∫ T

0
(T – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(T – s)β
)

〈
G(·, s),ψj

〉
dsψj(r). (5.2)

However, if the measured data {f , G} are noised by {fε , Gε}, then we get

Pε
α,δ(r) =

+∞∑

j=1

∣
∣�

ξ1,ξ2
β ,j (π , R, T)

∣
∣–1

[ |�ξ1,ξ2
β ,j (π , R, T)|2

|�ξ1,ξ2
β ,j (π , R, T)|2 + α

]δ 〈
�ε ,ψj

〉
ψj(r), (5.3)

in which

�ε(r) =
+∞∑

j=1

〈
f ε ,ψj

〉
ψj(r)

– ξ1

∫ T

0
(T – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(T – s)β
)

〈
Gε(·, s),ψj

〉
dsψj(r), (5.4)

where δ ∈ ( 1
2 ; 1] and α > 0. Noting that when δ = 1, the fractional Tikhonov method be-

comes a standard Tikhonov regularization.
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Lemma 5.1 Let δ ∈ ( 1
2 ; 1], we have

sup
j>0

∣
∣�

ξ1,ξ2
β ,j (π , R, T)

∣
∣–1

[ |�ξ1,ξ2
β ,j (π , R, T)|2

|�ξ1,ξ2
β ,j (π , R, T)|2 + α

]δ

≤Z
1
2
δ α– 1

2 , (5.5)

with Z depending on δ.

Proof The proof of lemma can be found in [36]. �

5.2 An a priori parameter choice rule
Let us consider the operator

Qβ (π , R, T)(t)ν :=
+∞∑

j=1

∣
∣�

ξ1,ξ2
β ,j (π , R, T)

∣
∣–1

[ |�ξ1,ξ2
β ,j (π , R, T)|2

|�ξ1,ξ2
β ,j (π , R, T)|2 + α

]δ

〈ν,ψj〉ψj(r), (5.6)

for ν ∈ L2([0, R]; r2) and 0 ≤ t ≤ T .
By applying the fractional Tikhonov method, we can see that

uα,δ(r, 0)

=
+∞∑

j=1

∣
∣�

ξ1,ξ2
β ,j (π , R, T)

∣
∣–1

[ |�ξ1,ξ2
β ,j (π , R, T)|2

|�ξ1,ξ2
β ,j (π , R, T)|2 + α

]δ

×
[

〈f ,ψj〉 – ξ1

∫ T

0
(T – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(T – s)β
)

〈
G(·, s),ψj

〉
ds

]

ψj(r). (5.7)

By choosing the regularization parameter α, the following theorem gives that the choice
α is valid by using suitable assumptions. In order to give error estimate, let us assume that
‖�‖Hs([0,R];r2) ≤ C for any s > 0, where C is a positive constant. Before going to the main
theorem, we have auxiliary lemmas as follows.

Lemma 5.2 For some positive constant, we get

ας2–2k

N 2 + ας2 ≤
⎧
⎨

⎩

kk (1–k)1–k

N 2k αk , if 0 < k < 1,
1

N 2s2k–2 α, if k ≥ 1.
(5.8)

Proof This lemma is proven similarly [36]. �

Theorem 5.3 Let f ∈ L2([0, R]; r2) and G ∈ L∞([0, T]; L2([0, R]; r2)), inside � performed as
in the digital formula (5.2), and if we choose the parameter regularization

α =

⎧
⎨

⎩

( ε
C ) 2

s+1 , if 0 < s < 1,

( ε
C ), if s ≥ 1,

then it gives:
• If 0 < s < 1, then we have

∥
∥uε

α,δ(·, 0) – u(·, 0)
∥
∥

L2([0,R];r2) is of order ε
s

s+1 . (5.9)
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• If s ≥ 1, then we have

∥
∥uε

α,δ(·, 0) – u(·, 0)
∥
∥

L2([0,R];r2) is of order ε
1
2 . (5.10)

Proof From the triangle inequality, we have

∥
∥uε

α,δ(·, 0) – u(·, 0)
∥
∥

L2([0,R];r2) ≤ ∥
∥uε

α,δ(·, 0) – uα,δ(·, 0)
∥
∥

L2([0,R];r2)

+
∥
∥uα,δ(·, 0) – u(·, 0)

∥
∥

L2([0,R];r2). (5.11)

First of all, we have the estimate ‖uε
α,δ(·, 0) – uα,δ(·, 0)‖L2([0,R];r2). Now, using the inequality

(a + b)2 ≤ 2(a2 + b2) gives

∥
∥uε

α,δ(·, 0) – uα,δ(·, 0)
∥
∥2

L2([0,R];r2)

≤ 2
+∞∑

j=1

∣
∣�

ξ1,ξ2
β ,j (π , R, T)

∣
∣–2

[ |�ξ1,ξ2
β ,j (π , R, T)|2

|�ξ1,ξ2
β ,j (π , R, T)|2 + α

]2δ

×
(

∣
∣
〈
f – f ε ,ψj

〉∣
∣2

+ ξ 2
1

∣
∣
∣
∣

∫ T

0
(T – s)β–1Eβ ,β

(

–
(

jπ
R

)2

(T – s)β
)

〈
G(·, s) – Gε(·, s),ψj

〉
ds

∣
∣
∣
∣

2)

. (5.12)

From (5.12), applying Lemma 2.3 and the estimate of (1.3), it is easy to see that

∥
∥uε

α,δ(·, 0) – uα,δ(·, 0)
∥
∥2

L2([0,R];r2) ≤ 2Zδα
–1(∥∥f – f ε

∥
∥2

L2([0,R];r2)

+ ξ 2
1 D2

5
∥
∥Gε – G

∥
∥2

L∞(0,T ;L2([0,R];r2))

)
. (5.13)

Hence, we conclude that

∥
∥uε

α,δ(·, 0) – uα,δ(·, 0)
∥
∥

L2([0,R];r2) ≤ 2Z
1
2
δ α– 1

2 ε
[
1 + ξ 2

1 D2
5
] 1

2 . (5.14)

Moreover, with 〈�, ψj〉 defined in (5.2), we also get

∥
∥uα,δ(·, 0) – u(·, 0)

∥
∥2

L2([0,R];r2)

≤
+∞∑

j=1

|2∣∣�ξ1,ξ2
β ,j (π , R, T)

∣
∣–2

[

1 –
|�ξ1,ξ2

β ,j (π , R, T)|2
|�ξ1,ξ2

β ,j (π , R, T)|2 + α

]2δ∣
∣〈�,ψj〉

∣
∣2. (5.15)

From the definition of ‖�(·)‖Hs([0,R];r2) ≤ C , for any s > 0, δ ∈ ( 1
2 , 1], we obtain

∥
∥uα,δ(·, 0) – u(·, 0)

∥
∥2

L2([0,R];r2) ≤
+∞∑

j=1

[
α(j2)–2s

|�ξ1,ξ2
β ,j (π , R, T)|2 + α

]
(j2)2s|〈�,ψj〉|2

|�ξ1,ξ2
β ,j (π , R, T)|2

≤ sup
j≥1

[
α(j2)–2s

|�ξ1,ξ2
β ,j (π , R, T)|2 + α

]

C2

≤ sup
j≥1

[
α(j2)2–2s

E2 + αj4

]

C2. (5.16)
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Applying Lemma 5.2 and Lemma 2.4, where we used |�ξ1,ξ2
β ,j (π , R, T)|2 ≥ E2

j4 , we get

sup
j≥1

[
α(j2)–2s

|�ξ1,ξ2
β ,j (π , R, T)|2 + α

]

≤ sup
j≥1

[
α(j2)2–2s

E2 + αj4

]

≤
⎧
⎨

⎩

ss(1–s)1–s

E2s αs, if 0 < s < 1,
1

E2 α, if s ≥ 1.
(5.17)

Combining (5.15), (5.16), and (5.17), we obtain

∥
∥uα,δ(·, 0) – u(·, 0)

∥
∥2

L2([0,R];r2) ≤
⎧
⎨

⎩

ss(1–s)1–s

E2s C2αs, if 0 < s < 1,
1

E2 C2α, if s ≥ 1.
(5.18)

From (5.14) and (5.18), combining the inequality
√

a2 + b2 ≤ a + b, ∀a, b ≥ 0, we deduce
that

∥
∥uε

α,δ(·, 0) – u(·, 0)
∥
∥

L2([0,R];r2) ≤ 2Z
1
2
δ α– 1

2 ε
(
1 + ξ 2

1 D2
5
) 1

2

+

⎧
⎨

⎩

( ss(1–s)1–s

E2s ) 1
2 Cα

s
2 , if 0 < s < 1,

1
ECα

1
2 , if s ≥ 1.

(5.19)

Choose the regularization parameter α as

α =

⎧
⎨

⎩

( ε
C ) 2

s+1 , if 0 < s < 1,

( ε
C ), if s ≥ 1,

(5.20)

then we have:
• If 0 < s < 1, then we have the following estimate:

∥
∥uε

α,δ(·, 0) – u(·, 0)
∥
∥

L2([0,R];r2) is of order ε
s

s+1 . (5.21)

• If s ≥ 1, then we have the following estimate:

∥
∥uε

α,δ(·, 0) – u(·, 0)
∥
∥

L2([0,R];r2) is of order ε
1
2 . (5.22)

The proof is completed. �

5.3 An a posteriori parameter choice rule
In this subsection, considering the choice of the a posteriori regularization parameter in
Morozov’s discrepancy principle, [37] we choose the regularization parameter α such that

∥
∥KPε

α,δ – �ε
∥
∥

L2([0,R];r2) = ζ ε, (5.23)

where ‖�ε‖L2([0,R];r2) ≥ ζ ε, ζ > 1 depends on ε.
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Lemma 5.4 For some positive constants k, α, N , ς , we get

ας–k+1

N 2 + ας2 ≤
⎧
⎨

⎩

2–1(k+1)
k+1

2
N k+1 α

k+1
2 , if 0 < k < 1,

1
N 2ς1–k α, if k ≥ 1.

(5.24)

Proof This lemma is proven similarly [36]. �

Lemma 5.5 From (5.23), if we can find that ζ is satisfied, then we have the estimate of α

as follows:

α–1 ≤

⎧
⎪⎨

⎪⎩

( V3(E,E,s)

(ζ–
√

2(1+ξ2
1 D2

5)
1
2 )

) 2
s+1 (C

ε
) 2

s+1 , if 0 < s < 1,

V4(E,E)

(ζ–
√

2(1+ξ2
1 D2

5)
1
2 )

(C
ε

), if s ≥ 1.
(5.25)

Proof From (5.23), it gives

ζ ε =
∥
∥KPε

α,δ – �ε
∥
∥

L2([0,R];r2) ≤
∥
∥
∥
∥
∥

+∞∑

j=1

α

|�ξ1,ξ2
β ,j (π , R, T)|2 + α

〈
�ε ,ψj

〉
ψj

∥
∥
∥
∥
∥

L2([0,R];r2)

≤ ∥
∥�ε – �

∥
∥

L2([0,R];r2)
︸ ︷︷ ︸

:X1

+

∥
∥
∥
∥
∥

+∞∑

j=1

α

|�ξ1,ξ2
β ,j (π , R, T)|2 + α

〈�,ψj〉ψj

∥
∥
∥
∥
∥

L2([0,R];r2)
︸ ︷︷ ︸

:=X2

. (5.26)

We have the estimate ζ ε through two steps as follows, one by one.
Step 1: Estimate of X1, to do this, we recall �, �ε from expressions (5.2) and (5.4), and

we have

X 2
1 ≤ 2

∥
∥f ε – f

∥
∥2

L2([0,R];r2) + 2ξ 2
1 D2

5
∥
∥Gε – G

∥
∥2

L∞(0,T ;L2([0,T];r2))

≤ 2ε2(1 + ξ 2
1 D2

5
)
. (5.27)

Step 2: Estimate of X2, using again the a priori bound condition of �, we obtain

X2 =
∥
∥
∥
∥

α|�ξ1,ξ2
β ,j (π , R, T)|(j2)–s

|�ξ1,ξ2
β ,j (π , R, T)|2 + α

(j2)s〈�,ψj〉ψj

|�ξ1,ξ2
β ,j (π , R, T)|

∥
∥
∥
∥

L2([0,R];r2)

≤ sup
j≥1

(
α(j2)–s|�ξ1,ξ2

β ,j (π , R, T)|
|�ξ1,ξ2

β ,j (π , R, T)|2 + α

)

C. (5.28)

From (5.28), using Lemma 2.4 and Lemma 5.4 implies that

α(j2)–s E
j2

E2

j4 + α
≤ E

α(j2)–s–1

E2 + αj4 ≤

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

E (s+1)s+1

2Es+1
︸ ︷︷ ︸
:=V1(E,E,s)

α
s+1

2 , if 0 < s < 1,

E
E2

︸︷︷︸
V2(E,E)

α, if s ≥ 1.
(5.29)
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From the analytics assessment on the side, we get

ε
(
ζ –

√
2
(
1 + ξ 2

1 D2
5
) 1

2
) ≤

⎧
⎨

⎩

V3(E, E, s)Cα
s+1

2 , if 0 < s < 1,

V4(E, E)Cα, if s ≥ 1.
(5.30)

This yields

α–1 ≤

⎧
⎪⎨

⎪⎩

( V3(E,E,s)

(ζ–
√

2(1+ξ2
1 D2

5)
1
2 )

) 2
s+1 (C

ε
) 2

s+1 , if 0 < s < 1,

V4(E,E)

(ζ–
√

2(1+ξ2
1 D2

5)
1
2 )

(C
ε

), if s ≥ 1.
(5.31)

�

Theorem 5.6 Assume that (1.3) holds, recalling the α in Lemma 5.5, then we have the
following estimate:

∥
∥uε

α,δ(·, 0) – u(·, 0)
∥
∥

L2([0,R];r2)

≤ E– s
s+1 (1 + ζ )

s
s+1 ε

s
s+1 C 1

s+1

+

⎧
⎪⎪⎨

⎪⎪⎩

2Z
1
2
δ (1 + ξ 2

1 D2
5) 1

2 ( V3(E,E,s)

(ζ–
√

2(1+ξ2
1 D2

5)
1
2 )

) 1
s+1 C 1

s+1 ε
s

s+1 , if 0 < s < 1,

2Z
1
2
δ (1 + ξ 2

1 D2
5) 1

2 ( V4(E,E)

(ζ–
√

2(1+ξ2
1 D2

5)
1
2 )

) 1
2 C 1

2 ε
1
2 , if s ≥ 1.

(5.32)

Proof From the triangle inequality, we get

∥
∥uε

α,δ(·, 0) – u(·, 0)
∥
∥

L2([0,R];r2)

≤ ∥
∥uε

α,δ(·, 0) – uα,δ(·, 0)
∥
∥

L2([0,R];r2) +
∥
∥uα,δ(·, 0) – u(·, 0)

∥
∥

L2([0,R];r2). (5.33)

From (5.14), we obtain

∥
∥uε

α,δ(·, 0) – uα,δ(·, 0)
∥
∥

L2([0,R];r2) ≤ 2Z
1
2
δ α– 1

2 ε
(
1 + ξ 2

1 D2
5
) 1

2 . (5.34)

Substituting (5.31) into above equation, one has

∥
∥uε

α,δ(·, 0) – uα,δ(·, 0)
∥
∥

L2([0,R];r2)

≤

⎧
⎪⎪⎨

⎪⎪⎩

2Z
1
2
δ (1 + ξ 2

1 D2
5) 1

2 ( V3(E,E,s)

(ζ–
√

2(1+ξ2
1 D2

5)
1
2 )

) 1
s+1 C 1

s+1 ε
s

s+1 , if 0 < s < 1,

2Z
1
2
δ (1 + ξ 2

1 D2
5) 1

2 ( V4(E,E)

(ζ–
√

2(1+ξ2
1 D2

5)
1
2 )

) 1
2 C 1

2 ε
1
2 , if s ≥ 1.

(5.35)

Next, we give the estimate ‖uα,δ(·, 0) – u(·, 0)‖L2([0,R];r2) as follows:

∥
∥uα,δ(·, 0) – u(·, 0)

∥
∥

L2([0,R];r2)

≤
∥
∥
∥
∥
∥

+∞∑

j=1

∣
∣�

ξ1,ξ2
β ,j (π , R, T)

∣
∣–1 α〈�,ψj〉ψj

|�ξ1,ξ2
β ,j (π , R, T)|2 + α

∥
∥
∥
∥
∥

L2([0,R];r2)

. (5.36)
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From (5.36), applying the Hölder inequality, we get

∥
∥uα,δ(·, 0) – u(·, 0)

∥
∥

L2([0,R];r2)

≤
∥
∥
∥
∥
∥

+∞∑

j=1

∣
∣�

ξ1,ξ2
β ,j (π , R, T)

∣
∣–1 α〈�,ψj〉ψj

|�ξ1,ξ2
β ,j (π , R, T)|2 + α

∥
∥
∥
∥
∥

s
s+1

L2([0,R];r2)
︸ ︷︷ ︸

:=I1

×
∥
∥
∥
∥
∥

+∞∑

j=1

α

|�ξ1,ξ2
β ,j (π , R, T)|2 + α

〈�,ψj〉ψj

|�ξ1,ξ2
β ,j (π , R, T)|

∥
∥
∥
∥
∥

1
s+1

L2([0,R];r2)
︸ ︷︷ ︸

:=I2

. (5.37)

Because of ‖�‖Hs([0,R];r2) ≤ C , we obtain

I2 ≤
∥
∥
∥
∥
∥

+∞∑

j=1

(
j2)–s (j2)s〈�,ψj〉ψj

|�ξ1,ξ2
β ,j (π , R, T)|

∥
∥
∥
∥
∥

1
s+1

≤ sup
j≥1

(
j2)– s

s+1 C 1
s+1 . (5.38)

Next, using Lemma 2.4, I1 can be bounded as follows:

I1 ≤ sup
j≥1

∣
∣�

ξ1,ξ2
β ,j (π , R, T)

∣
∣– s

s+1

∥
∥
∥
∥
∥

+∞∑

j=1

α〈�,ψj〉ψj

|�ξ1,ξ2
β ,j (π , R, T)|2 + α

∥
∥
∥
∥
∥

s
s+1

L2([0,R];r2)

≤ sup
j≥1

(
j2) s

s+1 E– s
s+1

(
∥
∥� – �ε

∥
∥

L2([0,R];r2)

+

∥
∥
∥
∥
∥

+∞∑

j=1

α

|�ξ1,ξ2
β ,j (π , R, T)|2 + α

〈
�ε ,ψj

〉
ψj(·)

∥
∥
∥
∥
∥

L2([0,R];r2)

) s
s+1

≤ sup
j≥1

(
j2) s

s+1 E– s
s+1 (ε + ζ ε)

s
s+1 . (5.39)

Combining (5.37) to (5.39), we conclude that

∥
∥uα,δ(·, 0) – u(·, 0)

∥
∥

L2([0,R];r2) ≤ E– s
s+1 (1 + ζ )

s
s+1 ε

s
s+1 C 1

s+1 . (5.40)

From (5.33) and (5.40), we know that

∥
∥uε

α,δ(·, 0) – u(·, 0)
∥
∥

L2([0,R];r2)

≤ E– s
s+1 (1 + ζ )

s
s+1 ε

s
s+1 C 1

s+1

+

⎧
⎪⎪⎨

⎪⎪⎩

2Z
1
2
δ (1 + ξ 2

1 D2
5) 1

2 ( V3(E,E,s)

(ζ–
√

2(1+ξ2
1 D2

5)
1
2 )

) 1
s+1 C 1

s+1 ε
s

s+1 , if 0 < s < 1,

2Z
1
2
δ (1 + ξ 2

1 D2
5) 1

2 ( V4(E,E)

(ζ–
√

2(1+ξ2
1 D2

5)
1
2 )

) 1
2 C 1

2 ε
1
2 , if s ≥ 1.

(5.41)

This ends the proof of this theorem. �
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6 Conclusion
In this paper, we focus on the spherically symmetric backward time-fractional diffusion
equation with the nonlocal integral condition. By using some properties of the Mittag-
Leffler function, we show two results as follows. First of all, we show the properties of the
well-posedness and regularity of the mild solution to this problem. Next, we present that
our problem is ill-posed. In addition, we construct a regularized solution and present the
convergence rate between the regularized and exact solutions by the fractional Tikhonov
method under a priori parameter choice rule and under a posteriori parameter choice rule.
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