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1 Introduction

In recent decades, the study of noninteger diffusion equations has received great attention
from mathematicians around the world. These models have many applications in various
types of research fields, for example, thermal diffusion in fractal domains [1] and protein
dynamics [2], finance [3], systems biology [4], physics [5] and medicine [6], and besides,
there are also some references as follows [7—11], and [12]. In this work, we consider the

following problem:

Dlu(rt)= L4 + 204 L G(r,r), 0<r<RO<t<T,

79
u(R,t) = u(0,t) =0, 0<t<T,
(R,2) = u(0,2) (L1)
lim,_, ¢ u(r, t) bounded, 0<t<T,

Euulr, T) + & [ ulr,t)dt =f(r).
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Here Caputo fractional derivative Df is defined as follows:

u,(r, s)

Du(r,l‘)—r,(1 ,3)/ =5 ds, 0<B<1, (1.2)

and the source function G(r, t) € L>°([0, R]; r?), the final data f(r) € L>([0, R], r?) are given.
Note that when the fractional order 8 is equal to 1, the fractional derivative D'3 u(r,t) is
equal to the first-order derivative % % (see in [13]), and thus problem (1.1) reproduces the
classical diffusion problem. In practice, the input data (f, G) is noisy by the observed data
f?, G° which satisfy

HfE _f”LZ([o.R];rZ) + H G- G||L°°(0,T;L2([O,R];r2)) Se (1.3)

Our problem is called inverse problem and its solution is not stable. This property is called
ill-posed in the sense of Hadamard. In other words, easier to understand, if € is small, it
will lead to large errors for the corresponding solution if using an unapproximate model
for observed data f¢, G°. The question mentioned in this paper is: Find an approximation
method for the solution of the problem with noisy input data f*, G°.

Before discussing the main results, we would like to outline a few previous papers that
mentioned problem (1.1).

e IfB=1,&=0,& =1,and G = 0, then the last condition in (1.1) becomes the final

condition

u(r, T) =f(r). (1.4)

In such a case, problem (1.1) is called backward problem. Then the authors [14] used a
modified Tikhonov regularization method for solving problem. In [15], the authors
used a spectral method for regularizing the problem.

e Iff=1,&=0,& =1,and G(r,t) = p(t)f (r), WeiCheng et al. [16] applied a spectral
method to approximate the backward problem and obtained Holder type estimate
with a suitable choice of regularization parameter.

« If f#1and & =0, & =1 and G(r,£) = 0, then the authors [17] proposed the
quasi-boundary regularization method to solve problem (1.1). They showed
convergence estimates between the regularization solution and the exact solution
presented under the a priori and a posteriori regularization parameter choice rules.

« IfB#1and & =0,& =1and G(r,t) =f(r), Yang et al. [18] investigated problem (1.1)
and provided the estimate of Holder type.

Let us mention some interesting papers with many various methods for the case G(r, £) #
0, for example, the truncation method [19], iterated fractional Tikhonov regularization
method [20], and the references therein. Besides, regarding other regularization methods
and applications, readers can view the following references: [21-28].

Our novel point in this paper is to replace the final condition (1.4) with the nonlocal con-
dition & u(r, T) + & fOT u(r,t)dt = f(r) as introduced in the last condition of our problem.
This condition is proposed in the paper by Dokuchaev [29]. Very recently, Tuan and co-
authors used this condition to solve some nonlocal problem, for example [30-32], and [33].
Motivated by this above reason, in this paper, we apply the fractional Tikhonov method to
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solve problem (1.1). To the best of authors’ knowledge, there are not any results concern-
ing problem (1.1). Our paper investigates problem (1.1), and the main results of this work
are as follows:

+ We give the stability and the regularity of the mild solution.

+ We show the ill-posedness and the conditional stability of solution in L%([0, R]; r?).

+ We propose a regularized method and prove the convergence rate under a priori

parameter choice rule and a posteriori parameter choice rule.
Let us say that in an analytical sense, our problem seems to be more complicated than the
models studied before.

This paper is organized as follows. Section 2 gives some preliminaries that are needed
throughout the paper. In Sect. 3, we show the sought solution of problem (1.1), and an
example describes the ill-posedness of the problem. In Sect. 4, we study the fractional
Tikhonov method to solve problem (1.1) and show the convergence rate under a priori
parameter choice rule and a posteriori parameter choice rule. Finally, we add the conclu-

sion for this paper.
2 Preliminaries

In this paper, we denote by L2([0, R];7?) the Hilbert space of Lebesgue measurable func-
tions u(r, t) with weight r? on [0, R]

R
(u,v) :/0 ru(r)v(r) dr, (2.1)

with the scalar product ||ul;2(o,z),2) = (foR 2u(r)|? dr)?, and the L*(0, T; Y) consists of all

measurable functions u : [0, T] — Y with

”u”LOC(O,T;Y) (= €8s Sup ||lxl(t)| Y’ (22)
0<t<T
where Y is a real Banach space with the norm || - ||y. We define the space
+00
#:([0,R];?) = [v e LX([0,R],7) Y ()| v, v [* < +o0 1, (2.3)
j=1

then H*([0, R]; r?) is a Hilbert space with the norm

V175 qo,1r2) = <Z(i2)zs| (v, %) |2> - (2.4)
j=1

For any constant « > 0 and 8 € R, the Mittag-Leffler function is defined as follows:

o k

zZ
E,p(2) = kXO: TakTh °C o} (2.5)

where o > 0 and B € R are arbitrary constants.
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Lemma 2.1 ([18]) Assuming that 0 < By < By < 1, then there exist constants Dy and D,
depending only on B, B such that for all B € [Bo, B1] there hold

, z>0. (2.6)

Lemma 2.2 ([19]) For A; > Ay > 0, A; is the eigenvalues satisfying A1 < Ay < -+ < X; —

00 as j — 00, then there exist constants D; and D, depending only on B, T, A such

that
DsR? jr\? DyR>
<Eqsl (=) T8) < . 2.7
Pt = ’3"*( (R) = fn? 27
Proof This proof can be found in [20]. d

Lemma 2.3 Let G € L>(0, T;L*([0, T1, %)), then the exists a positive constant Ds such

that
¢ N
/0 (t-s)ﬁ-lEﬁ,ﬁ(—<%) (f—s)ﬂ><G(',S)»1/fj>dS

< Ds|Gll}

2

j=1

0,T;22([0,T],r2))" (2.8)

Proof This lemma provision can be found in [20]. O

Lemma 2.4 For any j > 1, we have the following estimate:

E 7\ r 7\ E
Eean(()7) e ((E)Jush e

. . D3R? DsR* T T DyR? DyR? T1-F
in which E = (P25~ + 2238 1) F = (2248 4 22 1),
—2+Tﬁ

e

Proof From Lemma 2.2, we need to show that

T N\ 2 T N p2 Tl
j P — 1 EsDyR* T
Egi|-|—= ) t" )dt <&D . dt < . 2.10
52/0 ﬂ,l( (R) ) <& 4/0 1+ (B - Pn? 1-p (2.10)
This leads to

. 2 T . 2 E
&1Eg,1 (—(%) Tﬂ) +§2/0 Ega <—<%) tﬂ) dtfj—z. (2.11)

Next, due to the fact, we also get

T i\ 2 DsR2 (T dt DsR2 T
52/ Eﬂ,l(—<%> t’3> dr > 522 3 / _5Ds (2.12)
0 0

jAm? %+Tﬂ jr? 5—2+Tﬂ,
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which implies that

. 2 T . 2 E
§1Ep,1 <—(%) Tﬁ) + 52/0 Eg1 <—<%) tﬁ) dt > ]:2 (2.13)

In this section, we need the solution of the direct problem of (1.1)

Dfu(r,t)=%+%g—”;+G(r,t), 0<r<RO0=<t=<T,
u(r,0) = £(r), 0<r<R, (2.14)
lim,_, o u(r, t) bounded, u(R,t)=0, 0< T.

From [20], by using the Fourier expansion, we know that

. 2
ui(t) = Eg (— (’%) tﬂ) (0,9

t . 2
¥ /0 (t—5)PEpp <-(’%) (t-s)ﬁ)(G(-,s),¢,>ds, (2.15)

where ¥;(r) = % jo(’%r), and jo(y) denotes the Oth order spherical Bessel functions of the
first kind. Besides, we know that {;(r)}7%; from an orthonormal basis in L%([0, T, 7?).

3 The mild solution of problem (1.1)
Theorem 3.1 Let f € L*([0,R];7?) and G € L>(0, T; L%([0,R]; 7). Let us further assume
that

i o 0) =& [y (T = 5)P Eg s (~(B)X(T = )P )(G(-,5), ) ds .

jT T jm (31)
i1 E1Eg 1 (—()2TP) + & [, Epr(—(%)2%tP)dt
Then problem (1.1) has a unique solution u given as follows:
u(r,t)
— Eﬁ,l(_(%)ztﬁ)(ﬁ Yj)
= : , ¥;(r)
,Zl EEpa(—(EVTH) + & [ Epr((E2eP) )
) 2"’ §Ea (R P) Jy (T =) By CRT =9 )GC. 9 dhds
p= (E1Ep(—(Z02TP) + & ;] Ep(~(2)2¢8) d) '
B f £2Ep1 (1) fy o (6 = 9" Ep g (R = 9")(GC,9), ) )
S (& Ep (~(5)2TP) + & [ Epi(~(2)2eP) dt) '
+00 t . 2
£y /o (t—s)P"1Egp <— <’%) (t- s)ﬂ>(G(-,s), ;) ds) ¥ (r). (3.2)
j=1

Then we get the following regularity:

(-, 0) ||L2([O'R];,z) <2MIfll2or12) + 2MIGl 1o 0,7:22(0,81:2))- (3.3)

Page 5 of 23
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Here M, M are defined later. Let f € H*([0,R];r*) and G € L*(0, T; H([0,R];7*)) N
L>®(0, T; H57 ([0, R]; 72)) for s > v + 1, then u € LF(0, T; H*([0,R]; r2)) and the regularity
result holds

|| M(', t) ||LP(O,T;7{S([0,R];I”2)) 5 Hf”'HS([O,R];rZ) + ”G”LOO(O,T}HkV([O:R];VZ))

+ Gl 20, 7745-1-7 ((0.R1:r2)- (3.4)

Proof From (2.15) and using the nonlocal condition in problem (1.1), we obtain that

. 2
£1i(T) = £1(6, 7)) Ep (— (’%) Tﬂ)

T jn 2
+$1/0 (T—s)ﬁ’lEﬁ,ﬂ (—(E> (T—s)‘s)(G(-,s),w,)ds. (3.5)

By integrating both sides from 0 to T for equation (2.15), we immediately have the follow-
ing equality:

T T . 2
S2/0 Mj(t)dt:éZ(E"/’/)_/o Em(—(%) tﬂ> dt
T t i 2
+ ‘52/0 (/0 (t—s)PEg <— (%) (¢ —S)ﬁ><G(~,s), 1/,],)) dt. (3.6

From two observations (3.5) and (3.6), we get the following equality:

T
Eu(T) + & fo w(¢) dt

. 2 T . 2
st (5) ) oe [ (-(5) )
0

T j7T 2
+g1/0 (T—s)ﬂlfﬁ,ﬁ(—(5> (T—s)ﬂ>(G(-,s),w,)ds

T t . 2
+& /0 (/0 (t—5)fEgp (‘ (%) (t- s)ﬁ>(G(.,s), W;‘)) dt. (3.7)

Our next aim is to express the formula of the function £ in terms of two input data f and G.
In view of the nonlocal condition as in the last condition of problem (1.1)

T
ELu(T) + & /0 w(6)dt = £(7)

we find the following identity for the Fourier coefficient of the function £:
E1Ep1 (—(B)2TP) + & [ Ep1(~(5)2tP)dt
& Jo (T = )PV Eg g (~(Z)X(T - 5)P)(G(5), ) dis
£1Ep 1 (—~(Z)2TP) + & [ Epa(~(Z)2tP) dt
&y Yo =9PEp s (<R (= 5)P)(G(9), v) ds) dt
E1Ep (~(52TP) + & [ Epa(—(5)2tP) it

(6, v) =

(3.8)

Page 6 of 23
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Therefore, by taking Fourier series for the term #;(¢), the formula of the mild solution to
problem (1.1) can be given by

+00

_(m)248 )
i) - Ep(~(Z20)(f, v;)

, . V;(r)
T 5B (R TP) + & foTEﬁ,l(—(%)zfﬂ)df lr

=A1(rt)

Zleﬂl( (Z)248) [(T = )P Eg g (~(Z)X(T - 5)P)(G(-,5), W) dis

i T - (1)
51E,3,1(—(%)2Tﬂ) +& [, Eﬂ,l(—(%)ztﬂ)dt
=Ay(r,t)
2 EEg1(—( ”f)ztﬁ fo fo (t—s)P1Eg 4(— ( 2 (¢ - s)P)G(-,s), %))dt%(r)
j=1 flEﬁ,l( (lg )ZTﬂ) +& fO Eﬂ,l( (%)2t‘3)dt
=A3(rt)
+ f /Ot(t - s)ﬁ—lE;;,fs (_ (%)2(t - s)ﬂ)<G(.,5), w/) ds)yi(r). (3.9)
j=1
= Ay (r0)

Using the inequality (a + b + ¢ + d)* < 4(a® + b® + 2 + d?), for a,b,c,d > 0, we have

”””iz([o,k]ﬂ <4 A t)HLZ([OR]ﬂ +4] Ax(, t)”LZ ((0.R]:r2)

+ 4”-’43(" f) HLZ([O,R];rZ) + 4”'A‘L(" ) ||L2([0,R];r2)‘ (3.10)
Now, we give the regularity result of a mild solution. First of all, from Lemma 2.4, it gives

Ep(—(3)tP)

i E1Ep1(~(52TP) + & ) Eg1(~(5)2tP) dt
< i( D; 1 )2 < ( D, )2 1P
TE\TQ-B) 1+ () ~\EFA-p)) [(5)*F

D, 2/ R2\?
= (El“(l—ﬁ)> <n2tﬂ> ‘ (3.11)

From now on, in short, we denote M?(8,E,R, 7, t,D,) = (Er - 5))2(—) . Next, let us eval-
uate for ||A;(-, t)||L2 0.T]2)’ =1,4, one by one.

Step 1: Estimate of || A1 (-, t) ||L2([O,T];r2). By using the estimation for (3.11), we have

+00

Eg1 (-2 ) ’
A agomen = [ - . , }
A0l ,Zl 51 (~(FPT?) + & [ Ega(-(5)%P)dt

<MY < M1 o, 10- (3.12)

Jj=1

Page 7 of 23
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Step 2: Applying Lemma 2.3 and the estimation of (3.11), ||.A3(:, t)||L2 (0,712 €N be
bounded as follows:
2
”A2("t) HLZ ([0,R];2)
Z[&Eﬁl( (”)Ztﬂ)fo (T — )P Eg s (—~(Z)UT — 5)P)(G(-,5), ;) d. }

a E1Ep1(~(2)2TF) + & Jy Esn (~(5)2e8) dt
100 - AT i 2 2

< M? Z[/ (T —s)P"Egp <_(E> (T—s)ﬁ)(G(~,s), ¢j>ds]
j=1r =0

< M SlzD ”G”LZ [OR 7'2) (3.13)

Step 3: Similarly, the estimate of ||.A3(-, £)||? L2(0712) is given by

|| A3(.’ t) HIZ,Z([O,R];r2

<§ &Ep1(— % tﬁ)fo fo (t—s)P'Egp(— (ln) (t - $)P)G(-,5), ;) ds) dt |*
T3 E1Ep1(~(Z)2TP) + & [ Ep1(~(5)2tP)dt

—2
= M2D5€22 TZHG”iZ([O’R];rZ)' (314')
Step 4: By using Lemma 2.3, the estimate of ||.A4(-, t)||L2 (0.717) is given by
) 00 i 2 2
| AaC2) HLZ([O,R] 2 Z[/ _g)f- 155,3( <f) (t-s)ﬁ>(G(.,s), wj)ds}
j=1
ol
5||G||L2 ([0,R);r ) (315)

Combining (3.12), (3.13), (3.14), and (3.15), we have the estimate
—2 —2
el 7 o2y < AMPIF 2o pyp) + 4(MPE1D5 + MPETD5) Gl o 22 (3:16)

Part B: Similar to part A, let us divide this part into the following steps.
Step 1: Estimate for || A1 (-, )|l 3s((0,r);2), We have

Ep () ) ’
A oy = 20 0°) [ . ’ }
43O eomn ;(’ EEp (~(R2TP) + & [ Epa(—(5)2tF) dt
+00 sD R _ ]
S1’21:(/2)2 ]47-[4 ” wa/‘
< (@) 2R e vl @.17)

Denoting F7 = (E*)~ 1D4R , taking the square root on both sides, we have

”A("t)”HS([o,R];ﬂ) = flfﬁ”f”w([O,R];rz)' (3.18)

Page 8 of 23
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Step 2: Estimate for [ A (-, )|l 3s((o,r);2), for any 0 < y < 1, we receive

E (_(E)z(T_S)ﬂ> < L
PPUNR T 14 (BT - s)

,2)/
< B6<%) () (T -9)Fr. (3.19)
Denoting F; = 56(%)‘27’. Therefore, we can find that

[HC]
< f(ﬂ)zs[mﬁ'l(*%ztﬁ) Jo (T =Y By (R V(T = 9")(G(,9), ) dST
- §1Ep1(~(Z2TP) + & [ Ega(~(2)2eP) dt

. 2 2
ST ([ (5 e

2
<§12]-"2_7-"2t_2ﬁ Z(Jz 2s 2y </ (T - /3 1- ﬂV(G( s), ‘ﬁ/) ) . (3.20)

j=1

Using the Holder inequality, we get the following estimate:

T 2
(/ (T—s)ﬂ_l_’gy<G(~,s),1///)ds>
0
- ( / T(T—s)ﬁ‘l‘ﬂyds> ( / T(T—S)ﬂ_l_ﬁy|<G(-,s),1/f’)|2ds>
~\Uo 0 !

B-B T
< (;_ ﬂ; ) (/O (T - )PP (G, 5), ;)| ds>. (3.21)

From (3.20) and (3.21), one has the following bound for the second term A, (-, £):

[ A0

H5([0,R];r2)

spapaf TPP 272,3 r B-1-p o= g1 25-2y 2
<& FF, (/3 5 ) 3 /(; (T -5s) V}:Zl(/) |<G(.,S),1ﬁj>| ds

22 TP 2,25 )
<&FF ( 55y ) NG oo (0, 7157 ) (0.R12) (3.22)

From (3.22), we conclude that

TA-BY \
H5(0R) 51]:1]:2<ﬂ - ,By)t PG oo 0,755 (10,812) - (3.23)

[As(.0)]
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Step 3: Estimate for || A3(-, )|l 35((0,r);2)» DY using (3.19), we receive

A0

HS([0,R];r2)

2s2 T i\’ ’
<art o e ([ ([ () ot Yoo a)

(3.24)

By applying the Holder inequality and denoting 0 < y < min{1, ﬁ}, we find the following
bound:

T/ pt 1\ 2
f ( / (t_s)ﬁ_lEﬂ,ﬁ(_(]_> (r—s)f’)<G(-,s>,wj)) dt’
0 0 R
E—— T( t oy )1/2( t . 2 )1/2
<D (/") /0 /O(t—S) P ds /o|(G(,s),¢,)| ds) dt
— oy T1-2vB 3 0T ¢ ) 1/2
< TDs(j*) (1—2;/,3) /0 (/0 [(G(9), v)| ds) dt

_ S TVB N T 1/2
§TD6(1_2W3> (fo () y|(G(-,s),1ﬁ,»)|2ds) : (3.25)

T1-2vB
1-2ypB

From (3.24), with 3 = £ F? TD: o (*=--), by two above observations, we deduce that

[ As(.2)

+00 T
sewn =B L [0 e )P as)
j=1

2,28 2
S Jrs t ” G”L2(0,T;'H5’1’V([O,R];rz))’ (326)

Step 4: Estimate for || A4(-, £)ll34s(0,7),r2)» using (3.19) and by applying the Holder inequal-
ity, [ Aa(-, £)ll3s((0,r);2) can be bounded as follows:

“ A4(; t) “ ;S([O,R];rz)

+00 t . 2 2
52( /0 (t—s)PEs 4 <—<’%) (t—s)ﬂ)(G(.,s), ¢,>ds>
j=1

+00 t 2
< f22 Z(jZ)Zs—ZV </ (t_S)ﬂ—l—ﬁV(G(,’s), Iﬁ,)ds)
=1 0
<f22</2 P ([ emorras) s ([ e-or et as)
0
Th-By ¢ ree .
=% (ﬁ - ﬁy> (/o oo ,;(jz)z lieo st)

o[ TPPY 2 )
= ‘FZ <,3 _ ﬁ)/) ”G”L°°(O,T;HS‘V([O,R];rZ))' (327)

Page 10 of 23
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Combining four steps as above, we conclude that

” u(-»t) ” H5([0,R];r2)

~ TPy
< Ft P s o) +§1f1fzﬁ - yt PG oo 0, 5205 (10,0172

TB-By
B-By

+ «Fst_ﬁ G220, T35-1-7 ((0,R1:72)) + ]:2< ) Gl Lo 0, 75245 ([0,R1:72))- (3:28)

From (3.28), by choosing 1 < p < %, then the integral foT 777 dt is convergent, we have a
comment as follows:

1

v
220l o 0, 7245 (0, R1:2)) ”” )5 S([0,R1;r2) dt)

T
(/ tf’f’dt) Filf o,
0

/T . ) TB-By
+ tdt ) &F1F Gl Lo o, 72457 (j0,R)2
A B - By 0,T; ([0,R];r4))

+

+ < t ﬂ’”dt> F3llGll 20,7317 (0,812

TB-By
dt) ./—"2 (ﬂ IBy ) ”G||L°°(0,T;H5‘V([O,R];rz))' (3.29)

this implies that

Nl oo, 7245 o,R1r2) S W s (ro,rpr2) + 1G oo 0, 7545 ([0,R1:72))

+ ”Glle(O,T;HX’l’V([O,R];rz))' (3.30)

4 lll-posedness and conditional stability of problem (1.1)
4.1 The ill-posedness of problem (1.1)
Theorem 4.1 The inverse problem (1.1) is ill-posed in the case t = 0.

Proof A linear operator K : L2([0, R]; r*) — L?([0, R]; r?) is as follows:
- 7\ s ! 7\ s
K3(7)=/Zl[€1fﬁ,1 (_(E> T )+§2/0 Eg, (_(E> t )dt] i)

= /Qp(r, v)e(v)dv, (4.1)

where
+00

. 2 T . 2
p(r,v) = ;[slfﬁ,l (—(’%) Tﬂ) +& /0 Ep, (—(’%) tﬂ) dt] Vie(r) Y (v).

]

Page 11 of 23
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It is obvious that £(r,z) = £(z,r), we know K is a self-adjoint operator. Next, we are going

to prove its compactness and consider the finite rank operators as follows:

N i T ].7_[ 2
Knt(r) = Z|:$1Eﬂ1< ( > Tﬁ)+€2v/0 Eﬂ,l(‘(?) tﬁ) dt](ﬁ%)%’(")o (4.2)

j=1

From (4.2), using the inequality (a + b)? < 2(a® + b*), a,b > 0, we have

+00 T2 =2
E E
2 2
KN e = K200y < D —4 (69| < g 1o 2y (4.3)
j=N+1

Therefore, || Knt — KL 120 z,2) in the sense of operator norm in L(L*([0, R]; 7*); L*([0, R];
r?)) as N — oo. Also, K is a compact operator. Next, the SVDs for the linear self-adjoint
compact operator /C is K¢ = f, and by Kirsch [34], we conclude that the problem is ill-

posed. Next, we continue to give an example for ill-posedness. In here, we assume f €
L2([0,R];7?) and G € L>®(0, T; L2([0,R]; 7)) and f = G = 0. In here, we choose

f( )_ 1ﬁk(")

2
Gi(r,s) = (T—s)2Eﬂ,1(—(l%> (T—S)ﬂ>1//k(r), O<s<T. (44)

Let us choose input final data f = 0, we know that an error in the L2([0, R];7?) norm be-

tween two input final data is as follows:

V() 1
fe =l 2 (0,m3r2) = H =
2([0,R];r2)
L . .1
this yields klirrolo W =f Nl 2o,R12) = klirgo - 0. (4.5)

On the other hand, because of 8 € (0,1), one has

S |
k— L0, T;L2([0,R];r2) = P I
([0,R];r%) 1 + kn )ZT/S o O.TL2([0.R?)
RN o= 1
< (T D4) —0 ask— oo. (4.6)
w2 k2
Combining (4.5) and (4.6) yields that
Wk = f Nl 20,z12) + 1Gk = Gll oo, 73210,R12) = 0, if k— o0. (4.7)

Setting u(7,0) is the solution of (1.1), we obtain

Jer) = (T = 9P Ep s () X(T = 5)) Gy (1, 5) ds

( ’ O) =
e EEpa (T RTR) + & [ Epa(—(S2208) e

(4.8)
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Using the inequality |a — b| > |a| — |b|, we know that

’I/lk(', O)| >

A |
E1Ep (V2 TP) + & [ Eg1(~(52)2tP) dt

o (T = 9P Ep s ()T = /)G (,5) ds o)
51E5,1(—(%)2T5) +& fOTEﬂ,l(—(l%)ztﬂ)dt
From (4.9), we get
g, 0)] [T = BT = 9)Gul ) ds
£1Ep1 (~(52)2T8) + & [\ Egr(—(AZ)2e8) dt
= i T ' (4.10)
EEp (~(EPTP) + & [y Ega(-(57)2t) dt

Applying the inequality (a + b)* < 2(a? + b?), Va, b > 0 and Hélder’s inequality, we get

2

fe
E1Ep1 (~(B)2TP) + & [ Eg1(~(Z)2tP) dt

T| (T =s)P 1 Eg s (—(X2)(T - 5)F)G(-,s) |2
52|uk(.,0)|2+2T/ ( )k s (R)T( ) )k K,s) (4.11)
0 1&1Eg1(=(F)*TP) +& [g Epa(-(FF)*tP)dt
Combining (4.4), (4.5), and (4.6), we obtain
k? 2
=2 < 2| ui(-,0) ||L2([0,R];r2)
2Tk [T km\? km 2
2 o () o ) )
(4.12)
From the aforementioned inequality, we get the following estimate:
2TR D 1
<20 12 0,11, o / (T —5)'F|* ds. (4.13)
Hence, we come up with the estimate
—4
2 1 2TR®D, (T )
— < 2””1((,0) ||L2([0,R];r2) + ETB /(; (T—S) dS, (4'.14')
which allows us to give that
k? 2 1 2T*R*D,
? < 2||le(;0) ||L2([0,R] r2 HW' (4.15)
Using the inequality va? + b2 < a + b, Va, b > 0, one has
2T*R8 D
= < \/_”uk (,0) ”L2 (R T / 7SE? (4.16)

Page 13 of 23
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Therefore, we have that

k 2T4RSD, ,
(] y—— Wil k2 8—E2 oo, ifk — oo. (4.17)

Thus, problem (4.8) is, in general, ill-posed in the Hadamard sense in the L%([0, R]; r?)-

norm. 0

4.2 The conditional stability of the solution for problem (1.1)
Theorem 4.2 Let us assume that C is a positive constant such that u(-,0) € H*([0,R]; %)

for some s > 0 satisfying the following a priori bound condition:

240 3450 212) = C- (4.18)
Then we have

4,00 20102y = St G)CoT, (4.19)

where

S

— —2 -5
S(Srfr G) = (2”f||22([0,R];r2) + 2D5 ”G”iOC(O,T;LZ([O,T];rz))) As+D . (4‘20)

Proof By using Parseval’s equality, we obtain that

” u(-,0) H iz([O,R];rZ)

S -é Jo (T =) B p (-(R (T = 9))(G(-5), ¥y) s
5 (1 Ep 1 (~(Z)2TP) + & [ Epy(~(2)2tP) dt|?

5 i(l(ﬂ W) — &1 [ (T = )P Ep y(~(Z)X(T = 9)P)(G(-,9), %) ds|2>sh
- |61Ep 1 (—~(Z)2TP) + & [ Epa(—()2tP) dt|+2

S 2 g jr\* 2\ 51
XZ(2i<f»wf>l vt | [ (-9 (~( ) (-9 )iGtoras] )

<9 1><Q . (4.21)

~.
I

The term Q; can be estimated by using Lemma 2.4 as follows:

f(l(f ) — &1 [ (T = )P Ep g (~(Z)X(T = 5)P)(G(-,5 )¢,>ds|2)
- |61Ep1(~(E2TB) + & [ Egr(~(Z)2tP) dt|25+2

+00 .

1
Z = |u,( 0)| ﬁ||u(.,0)||fds([m;r2). (4.22)
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The term Q5 can be bounded as follows:

+00 +00 T . 2 2
2 _ b4
0t <2y [ 26 Y| [ -9 (~( ) -9 (G0 ds
j=1 j=1
2 2 2
= 2|V||L2([0,R];r2) + 2D5”G||L°°(O,T;L2([O,T];r2))‘ (4'23)
Combining (4.21)—(4.23), we complete the proof. d

5 The fractional Tikhonov method and convergence rate
5.1 The fractional Tikhonov method

In this section, we apply the fractional Tikhonov method given by Morigi [35]. From now

on, we denote

. 2 T . 2
T T
@5 2(m, R, T) = £1Ep (—(%) Tﬁ) + f;‘z/ Ega (—(%) tﬁ) dt,
0

we propose the following regularized solution with exact data (f, G):

& 15,2, R, TP

Pa,&(r) = @51:'52 (T[;Rr T) _1[
;] P | 052 (2, R T)? +

P
] (E,9) 9,0, (5.1)
in which
E() =Y (i)

j=1

+00 T jj‘[ 2
—6) /0 (T —s)"""Eg (- (E) (T - s)ﬁ) (G(,5), ;) dsy(r). (5.2)
j=1

However, if the measured data {f, G} are noised by {f:, G}, then we get

+00 ~ |®§1{§2 (7T,R, T)|2 $
Faale)= DGE}EWR’ &l 1[|®?r§;(n R +a] (&% i) 3
J= AR
in which
E°(r) = Z(fe» V)W (r)
=1
T ]7T 2
~a [ -6 (- () -9 )G wldsu0 64

where § € (%; 1] and o > 0. Noting that when § = 1, the fractional Tikhonov method be-

comes a standard Tikhonov regularization.

Page 15 of 23
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Lemma 5.1 Let$ € (%; 1], we have

LT 1ORR@RTE Py
sup| @52 (, R, T)| 1[ - ] <Zla3, (5.5)
j>0 |®ﬁ1,]f 27, R T+«
with Z depending on §.
Proof The proof of lemma can be found in [36]. O
5.2 An a priori parameter choice rule
Let us consider the operator
+00 i ) |®%1,§2 (7, R, T)|2 8
Q (ﬂ)R’ T)(t)l) = Sy 2(7T1R’ T) - |: / :| (U, 1#)1//(’”), (56)
! ;' P | 052 (R, T + Y

for v e L2([0,R];7?) and 0 <t < T.
By applying the fractional Tikhonov method, we can see that

Ug,5(r, 0)
00 |®$1352(n R T)|2 )
I e
R 1052 (1, R, T)> +a

T : 2

_ b4

X [(f, i) — &1 f (T-5)P'Egp (- (%) (T - S)ﬂ>(G(-,S), ;) ds] Yi(r).  (5.7)
0

By choosing the regularization parameter «, the following theorem gives that the choice

« is valid by using suitable assumptions. In order to give error estimate, let us assume that

1€l 345 (0,z12) < C for any s > 0, where C is a positive constant. Before going to the main

theorem, we have auxiliary lemmas as follows.

Lemma 5.2 For some positive constant, we get

k -k
C{§2_2k - k (j\;]z(lzl C(k; U(o <k< 1, (5 8)
NTra S| o k=1

Proof This lemma is proven similarly [36]. O

Theorem 5.3 Letf € L2([0,R];r?) and G € L>([0, T]; L*([0, R]; 2)), inside ® performed as
in the digital formula (5.2), and if we choose the parameter regularization

(%)%, if0<s<1,
&), ifs=1,

then it gives:
o If0<s<1,then we have

s

H tg 5(-0) — u(-,0) ||L2([0’R];r2) is of order €5+1. (5.9)
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o If s> 1, then we have
. 1
H g, 5(0) — u(-,0) ”L2([0,R];r2) is of order €.
Proof From the triangle inequality, we have

|| u;ya(’r O) - u(': 0) ||L2([0,R];r2) = || M;,g(': 0) - Ma,a(', 0) ||L2([0,R];r2)

+ || Ma,ﬁ(': 0) - u(', 0) HLZ([O,R];72)'

(5.10)

(5.11)

First of all, we have the estimate ||z, 5(-,0) — t4,5(-, 0) || 12(0,x];s2)- Now, using the inequality

(a + b)? <2(a® + b?) gives

” U5 (0) — tas (-, 0) ”iZ([O,R];rZ)

+00 51,62 2 28
— |® i (7T,R, T)|
522 :|®§31}§2(7T,R,T)| 2|: ; g.l ]
o 10572 (7, R, T)I* +

< (I -l

T jT( 2
[ T 5 ((E) (T-s)ﬁ)<G<»s> ~ G (9), vy ds

2
+&]

” Uy 5+ 0) — they s ”L2([o Rl;r2) <2Zsa” (Hf -f* ”]2]([0,1?];;«2)
+£/D; 16° = Gl Lo ra2qomm))-
Hence, we conclude that
1 9.1
1485 0) = 105 O | 2o ey < 22500 be[ 1+ 62D2)

Moreover, with (g, v;) defined in (5.2), we also get

|| ua,&(’r O) - M(~, 0) ||22([0,R];r2)

+00 51 52(7.[ RT)? 1%
<Y 2|62, R, T) ‘2[1— } gy
;'ﬁJ | |@?W&Mha =l

From the definition of || E(:)|l4s(jo,z)2) < C, forany s >0, 6 € (1,1], we obtain

)

From (5.12), applying Lemma 2.3 and the estimate of (1.3), it is easy to see that

) o r a(jZ)—Zs (]2)2s |2
||I/l0t,6(-70) - I/l(-, 0)||L2([0,R];r2) = Z |®§1 52(7_[ R T)|2 + Ol:| |®§1 52(71 R T)|
- ) ) ]1‘ ) M

a(iZ)—Zs ]CZ
Tzl |®El 27 R T2 +a
a(jZ)Z—ZsiICz’

j=1 L E* + ot

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)
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2
Applying Lemma 5.2 and Lemma 2.4, where we used |®%{}$2 (1,R, T)*> > &, we get

-
a(iZ)—Zs a(jZ)Z—Zs
sup |: 1,62 2 i| = S.up[ E2 j4
jz1L1Og; (T, R T+« j=1LE" + o

SS(IE’—ZSS)HotS, if0<s<1,
E . (5.17)
= if s> 1.

Combining (5.15), (5.16), and (5.17), we obtain

|| ( O) ( 0)”2 35(15295)1_5 CZOKS, if0<s< 1, (5 18)
Uys\-HY) — Ui, 2 o = - .
LA(10.R}:%) E%C%t, ifs>1.

From (5.14) and (5.18), combining the inequality va? + b2 < a + b, Va, b > 0, we deduce
that

=

—2. 1
”u:l,(s(.’o) - u(.’o)”Lz([O,R];rz) S ZZ a_%e(]. + &'IZD:) 2

(S0 3003, if0<s<1,

+ E° (5.19)
#Ca, ifs> 1.
Choose the regularization parameter o as
(§)71, if0<s<l,
o= (5.20)
(%) ifs>1,
then we have:
« If 0 <s <1, then we have the following estimate:
H tg, 5(,0) —u(-,0) ”L2([0,R];r2) is of order €51, (5.21)
« If s > 1, then we have the following estimate:
. 1
H ug 5(-,0) — u(-,0) ||L2([0'R];r2) is of order €2, (5.22)
The proof is completed. d

5.3 An a posteriori parameter choice rule
In this subsection, considering the choice of the a posteriori regularization parameter in

Morozov’s discrepancy principle, [37] we choose the regularization parameter « such that
|KPg,; - & HLZ([O,R];rZ) ={é, (5:23)

where || E¢||12o,r2) = €, ¢ > 1 depends on e.



Long et al. Advances in Difference Equations (2021) 2021:445

Lemma 5.4 For some positive constants k, a, N, ¢, we get

-1 ksl k+
wckH ) %a%, ifo<k<1, (5.24)
N2+ ge? = .
Nivas " e k21

Proof This lemma is proven similarly [36]. O

Lemma 5.5 From (5.23), if we can find that ¢ is satisfied, then we have the estimate of «
as follows:

V3(E§’i2 . )%(%)%, ifo<s<1,
ol < ] ©V20+D5)) (5.25)
= V4 (EE) . (Q) lfS > 1. '
(c-v2(1+2D2)2) € B
Proof From (5.23), it gives
+00 o
fe= H’CP;(S - Ef ||L2([0R]~r2 = Z (EE’W)W
, RJ;r2) 1.5 2 g
j=1 |®ﬂJ (7T;R7 T)| +o LZ([O,R];r2)
+00 o
<& -g|, 3 (2,99 (5.26)
= L2([0,R)372) ELE PRI
X - 7= 10p (R TP + & L2((0.R)2)
: X

=X

We have the estimate ¢ € through two steps as follows, one by one.

Step 1: Estimate of X3, to do this, we recall E, E¢ from expressions (5.2) and (5.4), and
we have

—2
Xlz = 2|lf€ _f”iz([O,R];rz) + 2512D5 ” G- GHi%(O,T;LZ([O,T];rZ))

<26X(1+&2D3). (5.27)
Step 2: Estimate of X, using again the a priori bound condition of E, we obtain
@O R I (P (E, )y
) =
052, R T2+ 105201, R, Tl 20815
o) 1O (xR T)|
<su ( — ) . (5.28)
j>1 |(~)ﬂ1‘}f (7, R T)? + o
From (5.28), using Lemma 2.4 and Lemma 5.4 implies that
E(S;EIS)SI %, if0<s<1,
2\-s E o N —
a(] ) 1‘2 <Eot 2) s-1 < ::V,I(EES) (5'29)
f—42+a B §2+0‘]4_ 5 o, ifs>1.
__
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From the analytics assessment on the side, we get

+1

1 Vi3(E,E,s)Ca’s, if0<s<1,
e~V gDh) = { O 530
V4(E, E)Ca, ifs>1.
This yields

— WEED ) ()5, if0<s< 1,

ol < | evamgnhn)’ o c (5.31)
g Y R —(9), ifs>1.

(€-v204£2D5)2) € - 0

Theorem 5.6 Assume that (1.3) holds, recalling the o in Lemma 5.5, then we have the
following estimate:

g5 0) = u:, 0) ||L2 [0,R];72)

%(1+{)5+165+103+1

227 (1+£2D0)} (M)ﬁcﬁem, if0<s<1,
- f<1+st5>2)

+ L (5.32)
22 (1+&2D))? (7“)1)767@, ifs>1
(¢- f(1+§ Ds)i)
Proof From the triangle inequality, we get
” g, (-, 0) — u(, 0) ||L2([O,R];r2)
E ” ”2,5(" 0) - ua,ﬁ('r 0) ”LZ([O,R];rZ) + ” ua,ﬁ('; 0) - Lt(~, 0) HLZ([O,R];VZ)' (533)
From (5.14), we obtain
1 1
””Z,a(’ro) = Ua,5(+0) ||L2([0,R];r2) <2Zja2 (1 + élzD )2 (5.34)
Substituting (5.31) into above equation, one has
” U (1 0) = a5 ”L2([o R];r2)
3 aF2 L, VEE) L.l s
2Z5 (1 +&{D,)2 (—=2==—1)s1CsIen1, ifO<s<]1,
- (¢-v201+£2D3)2) (5.35)
- 3 272y L VWEE) Lol 1 . :
225 (1+$1D5)2(7"_2 —)2C2¢2, ifs>1.
(¢-v2(1+£2D5)2)
Next, we give the estimate ||u4,5(-, 0) — u(-, 0)|| 2((0,r};y2) as follows:
|| ua,é('r O) - I/t(-, 0) ||L2([0,R];r2)
ZI@E“Z R o i : (530
|® ( ’R’ T)|2 +o L2([O,R];r2)
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From (5.36), applying the Holder inequality, we get

|| Mot,&(‘r O) - u('; 0) ||L2([0,R];r2)

+00 - a1
_ a8, i)
< | jese R 1) Sl‘52< %W/z
P €57 (R T + e 210 12
=7
+00 Ll
TR R TP + o 105260, R, T | 20 102
=1y
Because of || E||14s(jo,r),2) < C, we obtain
_S (]sl) §2u1 I/f] w < Sup(jz)_ﬁcﬁ. (5.38)
®/3J ( ,R, T)| j=1
Next, using Lemma 2.4, 7; can be bounded as follows:
+00 — ﬁ
Ty = sup| O (. R, T)[ 1 Z f sz<u,w}>w}
=1 10 (, R, T) > + o L2(0R]?)
2\ 21 - .
= ?';lp(] ) HETST (” g-gf ”L2([0,R];r2)
+00 o s%l
=€ U\
> o] )
1 1O (TR TP + L2(0R})
< sup(jz)‘%‘E’ﬁ (e + g“e)ﬁ. (5.39)
jz1
Combining (5.37) to (5.39), we conclude that
e s s, 1
45, 0) = 4, 0) 2 ) < BT (1 + §)5iT 1L, (5.40)

From (5.33) and (5.40), we know that

45,52 0) =, 0) | 120 12,
SE*%(I + C)ﬁeﬁcﬁ

223 (1+ D))} (M)ﬁcﬁeﬁ, ifo<s<1,
(¢- f(1+§12D5)7) (5 41)
) .
22} (1+$12D) (M)?C
-2 (1+512D5>?>

+

ST

1 .
€2, ifs>1.

This ends the proof of this theorem. g
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6 Conclusion

In this paper, we focus on the spherically symmetric backward time-fractional diffusion
equation with the nonlocal integral condition. By using some properties of the Mittag-
Leftler function, we show two results as follows. First of all, we show the properties of the
well-posedness and regularity of the mild solution to this problem. Next, we present that
our problem is ill-posed. In addition, we construct a regularized solution and present the
convergence rate between the regularized and exact solutions by the fractional Tikhonov
method under a priori parameter choice rule and under a posteriori parameter choice rule.
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