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1 Introduction

The theory of g-calculus is an old subject centered on the idea of deriving g-analogous re-
sults without using limits. Jackson was the first to develop the g-calculus theory in system-
atic way [1]. He defined the concept of the g-integral and the concept of the g-difference
operator in a generic manner. In excellence, the theory of g-calculus allows to deal with
sets of non-differentiable functions, different classes of orthogonal polynomials, integral
operators, and various classes of special functions including g-hypergeometric functions,
q-Bessel functions, g-gamma and g-beta functions, and many others, to mention but a few.
It connects mathematics and physics and plays a significant role in various fields of physical
sciences such as cosmic strings [2], conformal quantum mechanics [3], and nuclear physics
of high energy [4]. It, further, applies to topics in number theory, combinatorics, orthog-
onal polynomials, basic hypergeometric functions, quantum theory, mechanics, and the
theory of relativity.

The g-integrals from 0 to £ and from 0 to oo are, resp., defined by Jackson as [1]
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The g-analogue of the Bessel function
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of the first type, which was studied later by Hahn [5] and Ismail [6], is defined by [7] as

](1)(5'6]): <§)Hii &l <2. )
w337 2 o (q’Q);Hj(q;q)/,

Jackson defines the g-analogue of the Bessel function of the second type as [7]
. 2.
M S q1(1+u)(ﬁ y
JP(&;q) = <§> ——2——, £eC (5)
= @D 9);

Hahn [8] and Exton [9] introduced the third type g-Bessel function (called Hahn—Exton
q-Bessel function) as

. j-1) .
(D 7 (g5%)

JOEq) =)

) C. 6
=0 (q;Q);Hj(%Q)/ 5¢ (6)

The g-shifted factorials are defined, in literature, by fixing &€ € C as

n-1
Eqo=1 (E;q)n=1_[(1—5qk), n=12,..; (S;q)m=nlingo(§;q)n~ (7)
j=0
This indeed gives
i Dx = R. 8
€a) e ®

For & € C, we mean

1-g%
[51q=ﬁ-

Hence, for n € N, we obtain

(gD
([I’l]q)' - (1 _ q)n :

Due to [10, (1.5), (1.6)], we, resp., write

n| _ I @D ©)
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and
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The g-analogue of the exponential function of the second type is given by

e ¢]

Z

, L 11
q)] ;q)oo &1 < (11)

whereas the g-analogue of the exponential function of the first type is given by

(g g
E§)=) ————— =69 §€C
! ; (g:9);

Consequently, the following formula holds:

&,
- e

For real arguments ¢, the g-analogues of the gamma function are given by [11]

i o0
T, = / o x"E,(~qx)dyx  and f‘q(t) :/ & ey(—x) dyx. (13)
0 0

Henceforth, for t € R and # € N, the following auxiliary results hold:

t

L. (14)

Lt +1)=[t],T4(0), Fym+1)=[nl,! and T, (t+1)=

The theory of fractional calculus was born in early 1695 due to a very deep question raised
in a letter of L'Hospital to Leibniz [12-16]. During a long period of time (300 years), the
fractional calculus has kept the attention of top level mathematicians. It has become a very
useful tool for tackling dynamics of complex systems from various branches of science and
engineering. The fractional g-calculus is the g-extension of the ordinary fractional calcu-
lus. Integral operators have attained their popularity due to their wide range of applica-
tions in various fields of science and engineering [17-22] and [23-34]. In [35, 36] Al-Salam
and Agarwal studied certain g-fractional integrals and derivatives. Recently, perhaps due
to explosion in research within the fractional calculus setting, new developments in the
theory of fractional g-difference calculus, specifically, the g-analogues of the integral and
the differential fractional operator properties were made, see, e.g., [37—39]. In [36, p. 966],

Al-Salam defines a fractional g-integral operator in the form of the basic integral

ﬂxﬂ

Kf @) =

f(y %)a-1y""f (g ™) d(y; ), (15)
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provided o #0,—-1,-2,.... With the aid of series definition (1), the above equation can be
expressed as

o

KIf(x) = (1 - )* Y _(~1)k gkt [‘,f‘ }f(xq‘“‘k). (16)
k=0

Consequently, by applying (9), (2) can be expressed as

= 1 (@ D)o o
K —(1-g) _1F k(ﬂ+f¥)+2k(k+1)<7>j a-ky)
¢ /@=0-0 g( re (& DG D) -k ()

Therefore, it follows that

+5 k(k+1)

o ) § k q r+2) —a—k
UR —— flxq 7
K f( ) ( ) o ( 1) (q’ q)k(q:q)—a—kf( )' (1 )

In what follows, we discuss the Al-Salam fractional g-integral (15) on some special func-
tions. We apply it to various types of g-Bessel functions and some power series of special
type. In Sect. 1, we already recalled some definitions and notations from the fractional g-
calculus theory. In Sect. 2, we apply the Al-Salam fractional g-integral to a finite product
of g-Bessel functions. In Sect. 3, we apply the Al-Salam fractional g-integral to a power
series. We also include some new applications. In Sect. 4, we apply the Al-Salam g-integral
operator to some g-generating series.

2 Main results
Theorem 1 Let {]g)l 2v6é1t:9), .. .s Zun (2«/ t;q)} be a set of first kind q-Bessel functions
and

0="T] 1;}3/,(2@; q). (18)
j=1

1) (39—«

(1 q),ax 1 we have

Then, for some B=q*

KMf () -BH (5 “’Zaxm o @5 @)oo
i 7 Fy(m+1)

k( MmN+t k+ —A)

k
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Proof By employing (18), the fractional g-integral (17) reveals

k(n+a)+ % k(k+1)

](é],af(x) — (gq;qq))fla Z(_l)k q
k=0

f(xq—oz—k)
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q (n+a)+5 k(k+1) (a+k)(A-1)

_ (G- Y
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k=0

X 1_[]23}, (2, [8ixqk; q).
j=1

By taking into account the definition of the Bessel function M given in (4), jointly with

(@ DG @) -a—k

simple computations, the above equation reduces to yield

1 n
(q’q)_ax -1 qk(r]+a)+2k(k+1)—(oz+k)(A—1) - )
Kpef) = = ) (1) [ T(apq )"
Q-g) = @GOG Dk
o ((ijq—a—k)m
= (@ D2wjem @ Dm
_ g (43 9)-ax*" ﬁ(‘S‘ " q—a)ﬂji (Sq*)" g~
(-ge 13 s Do (G Do
o —km+k(n+o)+ L k(k+1)—k(A-1)
q 2
x Yy (=1)f
kX:o: (4 DG Do

Hence, by the fact [40, Equ. (8)]

(&59)
(&59)x = ﬁ» (19)
we obtain
0,0 —a(A-1) (q’ q)—a A-1 - Hj Q-
Ky°fx) =q PR —— ]_[5; wixg g
-9 2
Z / XM —Dtm(qzll«/’rm‘rl Qoo * (_1)qu(—m+n+a+%k+%—A) 20)
(5 q)m e~ Tytk+ D1 -a—k)
This completes the proof of the theorem. O
Now the identity
(4 @)a = Tglo +1) (21)

leads to the following useful remark.

Remark 2 Let {]g} (2«/81 H) 2M” (24/8,t;9)} be a set of first kind g-Bessel functions

and f(¢) = t* ' ] 1]2/4 (2,/8;£;). Then, for some B = g4~ (lq [2)"’ x571, we have

- am (q2u]+m+l q)oo

0 _ “I
KMf(x) = BH §xq ™ Z(Sx e )
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k( m+n+o+ 5 k+2 —A)

k
XZ(_ T (k+1)F A—a—k
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Proof Indeed, from Theorem 1 and (21), we have

—a(A-1) . A-1 n

X ; Ty(1—a) [ J(§xg )"

K@) = G-

j=1

l)qu(—m+n+a+%k+%

—A)

m=0
n [e¢] ; 1
i (qzu,wm @)oo
=B| [(6ixg)" ) "samgom F— 12
L_l[( ] ) ,% ] Fq(m + 1)

( mnto+y Lkt g -A)

k
XZ(_ T /<+1) -k

This completes the proof of the remark.

Theorem 3 Let]zm(z\/f q),.. ’]2un (24/8,t;q) and f(t) = 21 H 1]2;1, (2\/8it;q). Then,

@D-a ,.A-1,~a(A-1)

forsome A = fga¥™ 4 , we have

) i) (—5jxq*ﬂfk)m(qﬂi+m+l;qoo)

00 (5jxq7a)m( Mj+m+l, Q)oo
2 T, (m+ 1) Z TG+ ), —a -k

Kf(x) = A l_[ Sfjx“iq“"“f Z q

j=1 m=0 (@9 Fq(m + k)
o i(_l)k qk(n+a+k+uj+%—A) '
k=0 L1+ k)1 —a—k)

Proof Let the hypothesis of the theorem be satisfied. Then we have

KPf(x) = (1 - )" Y (-1)kghtre 3k [_a}f(xq‘“"‘).

k=0

Therefore, in view of (18) and (3), we write

(77 "‘f 01 i k(n+a)+75 k(k+1)ﬁ
(@ Di(G; ) -a-i

(xq—a—k)A-l

k=0

[ee]

_ (@9)-« v g
S (-g kXO: AT

X H]z ,/5xq*°‘ -, )

k(n+ar)+ 3 k(k+1)

k(k+1)

_ (q;q)—a N 1k q AN |
-9 kXZO:( V @D s ")

o m(mﬂL,)
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A 1 —aA 1) i( 1 qq 71+Dt+ k(k+1) k(A-1)
pany (@ DG 9)-a—k

o m m+,u1)( S xq—a—k)m

q' )/l./*+m(q7 )m

j=1 m=0
Hence, it yields
](ﬂ,af(x) _ (q’ q)—ot xA—lq—a(A—l) ﬁ af‘ixujq—(a+k)/4j
q (1 _ q)—a i1 ]
00 qm(mﬂtl) (-a xq i(_ )kq (n+a)+5 kk+1 k(A=1)+pujk 23)
= (@D um G Dm (4 Di (5 9) -k
By the fact (g; ¢)x = T'y(1 + k) and the identity
(45 9)
CG@Pe= (23)
(Cq% @)oo
we write
n 00 m(m+p;) —a—k\m
i i~ q / (5;‘9“] ) . 1
KMf(x) = A |87 xtiger gl g
o 11[ ! Z(:) (@ Do (G D ( )
J= m=
q (n+a)+5 k(k+1 k(A=1)+ujk
x Y (-1
Z (@ DG D -a-k
n o S g a—k\ym ( puitm+l,
- A 1_[ S;L/xy,jq—auj Z qm(m+,,7.) ( 519“] ) (q 1q)oo
: (@ q)ocTg(m + k)
k(r]+a+k+/4j+%—A)
x S (k1 .
= LA+ kC,(1-a—-k)
This completes the proof of the theorem. d
Theorem 4 Let]éi)l 2v/q181t;:9),. .. ,]éi)n (2+/q713,,t;q) be n q-Bessel functions and
@ = T]8975 (2Va suts ).
j=1
Then we have
-r (1 a)(1—-g)* Wi
KI*f(x) = 8 xtig e
! (@ 9o !_1[ 1
(m-1)

!
m=0
x Z( 1)

m— +m(—a)xm5jm(q2u/+m+l;q)oo

(@D m
q (n+0)+ 3 k(k+1)+(A-1)(~a—k)—mk

Lyk+ 1) g(—o — k)

Page 7 of 13



Al-Omari et al. Advances in Difference Equations (2021) 2021:441

Proof By (2) and (6), we obtain

Kpf(x) = (L= g)* Y (-1 ghedr ke [‘k"‘ :|f(x61_“_k)

k=0

00
1
(1 q)a Z( )qu(n+a)+ 3 k(k+1) |:

k=0

n
x [ Ta" 7 (Jaspma=5q)
j=1

1 q)a Z( l)k k(n+e) + k(k+1) |: :j| (xq—a_k)A—l

k=0

o } (eq )™

S . —oz—k)m

n ) WIM _18
% H quj(q—Iijq—a—k)M Z(_l)m q" 7 (qq id
=1

(61; q)2;/,j+m (q) q)m

m=0
Equations (10), (21), and simple simplifications reveal

%)
r,(l1-o)

KM f(x :xA—l 1-g)® -1 k k(r]+a)+%k(k+1)+(A—1)(—a—k) q
7 () (1-9) kgoj( Ya ATy

2D m(-a—k) 21+l
oo m > +m(—a— majm(q W+t ;Q)oo

n
x [ ]6" x4 Z(—l)’"

j=1 m=0

(D)oo (T P m

7T, (1 - a)(1 - )% {~
(D oo

S;ij”/' q(—a—k)/tj
j=1

(m-1) .
m— +m(—a)xm3;n(q2u,+m+l; q)oo

o0 mq
) mzzo(_l) (D

(+0)+ 3 k(k+1)+(A-1)(~a—k)—mk
x Z( l)kq
Cylk+DIy(—a — k)

This completes the proof of the theorem. O

3 The fractional g-integral of the power series
This section is briefly devoted to the application of the fractional g-integral to functions
of a power series form. Some corollaries associated with polynomials and unit functions

are also deduced.

Theorem 5 Let g(x) = Y -, rix’ be a power series and B be a positive real number. If f (x) =
(xP~1g)(x), then we have

nta)+y k+7—z

» 7aﬁ+otxﬁ 1 q;Q)—(x —ai i k q
K” ‘f(x) = ?;nq X Z( 1) m

Page 8 of 13



Al-Omari et al. Advances in Difference Equations (2021) 2021:441 Page9of 13

Proof Let g(x) = Y -, r:x' be a power series and f8 be a positive real number. From (26) it

follows
1
(q’ o o k(n+a)+5k(k+1) ik
KJf (%) 7)” xq
- 2; (g5 9)-a- ( )
q+a)+lk(k+1) o
—O( B-1 —a k
_ () L S - 7 (24)
1 q) “ Z (q,q)k(q,q) . 20: l
Interchanging the order of summation in (24) leads to
—af+a . B-1(,. /(n+a¢)+1k(k+1)—ki
q XN G )
K" f(x) = T— 1 iyt —_—
) a-g Z D0
Employing (21) indeed gives
. q a13+01x;3 1 q q) x %k+%—i
KM f(x)= = D T7 N graiyd 1
Jf () e Zq Z()q(k et
Hence, the proof of the theorem is completed. d

Corollary 6 Let B >0 be a real number. Then we have

1 1
q—aﬁﬂxxﬁ—l o (n+a)+ 3k+3)

o B-1Y _ k 4‘1
K6 = g 2 orca o

k=0

This result follows from settingro =1 and r; =0 fori=1,2,3,....

Corollary 7 We have

1 1
n+a+gk+y)

paqqy . BDa gy gD
K= 1-q) g(_l) IPOINCEEI) ”

4 K of g-generating Heines series
The basic g-generating series of the first type is defined by [41] as

. _ (51;q)1,~ (6 :q) i (2i)\1+s-r
,¢s(81,...,8,,191,...,193,61,4“)—g(q;q)i’(bl;q), (bs,q),(( 1)ig®)" e

where

i1
(2‘): 1(12 ), r>s+1, q>0. (26)

The basic g-generating series of the second type is given as

[ee]

N N G915, (89 i INS—T
As(B1, 8381, 860,4,C) = S ——((-1)"g®)"¢". (27)
; (@D 06, (65 9)s
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The parameters b, ..., b are given so that the denominator factors in terms of the series

are never zero, and the basic series terminates when one of its numerator parameters is of

typeq’,n=0,1,2,....

Theorem 8 Let B and y be real numbers. Then, provided 8 > 0, we have

K;"" (xﬂ_l)r(j)s(él, UUT I SRR q,Yx)

_ TG q)
(1-g)«

q (n+a+5 k+2—z

i, i k
x qu * Z( Y T, Ca)”

Proof Let B and y be real numbers. Then, by (17), we write

K (xP7) 561,183, 8.4, %)

k q (n+a)+5 kk+1)

(@ma
(- j{:(— (@ DG Dok

xf(xq’“’k) (xq’“’k)ﬂ_lﬂbs (81,...,8,381,....85.4, yxg*7F).

On the other hand, we have

N N o 0 (51;q)i1~--’(8r;q)i | (20)\s-r
v Bs (815181381, 853 ¢ yxqg K L L (-1)iq
( 1 1 );220 (q»CI)n (51:@;,:(55:@,( )

qu_‘" k Z i,

i>0

where

8; PERER) 8r; [ i ONS—F i (—a—k)i
(61 q\)l ( 6{)1 _1) (2))5 y,q( a=K)i (28)
(q; Q)i; (81; Q)i» ooy (85; q)l

Therefore, by Theorem 5 we get

. R aﬁ+axﬁ 1( ;
I(;’“(xﬁ’l)r@((ﬁl,...,8,;81,...,85;q, yx) = % qu"’” i

)kq (n+a+5 k+7—t)

" Z( MGy >

This completes the proof of the theorem. d
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Theorem 9 Let B > 0 and r be real numbers. Then we have

. R aﬂ+axﬁ1 ; )_
K;""(xf’lws(él,,..,8,;81,...,85;q, yx)) = w qu"“ :

(n+a+5 k+7—z

kq
XZ( Vo G

Proof By taking into account (20), we write

k(n+a)+ %k %

_ (49)-« 1 —ackyfL
ne (. p-1 = e “t
](q (x ,1ﬁs) 1-g) Z:( 1) (:9x(q; q)fa,kf(xq )

x f(xq ) 081081381, 8547 ). (30)

However,

(81;q)i¢---y(87;q)i ((_l)iq(Zi))s_r

rws(ab~~;8r;(§1,...,35;q_a_k) = = <
>0 (q’ q)i; (SI;Q)L’, ey (85; q)l

x (yag )’

o0
§ i
= rix,

i>0

where

(81: ) ’ (Srr q) i QNS i (—a—k)i
) (-1) _ -
(@) (51;q),-,.,,,(53;q)i( %) "v'q

Hence, by Theorem 5 it follows

—af+a 77+o¢+2k+7—1

B-1( .
e (P _ P @9 5 7% e
K™ () (I-g) ; Z( ) Ty (T (Can)’

This completes the proof of the theorem. O

Corollary 10 Let y be a real number. Then we have

(n+a+ %k—i)

o (q,q) —a —ai i k q
e (E i T
Iq ( (WC 1 q) o qu X Z ) q(k)rq( —a— k)

Proof Bysetting B =0, r =0, and s = 0, the result easily follows from Theorem 8. The proof
is completed. O

Corollary 11 Let y be a real number. Then we have

q (n+a+y Lk ] 5-i)

o (q’ —oi 0
(I(" eq(yx)) = e Zr,q x Z( l)k F T
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Proof By setting 8 =1,r =0, and s = 0, Theorem 8 completes the proof of the corollary. (]
The proof of the following corollary is straightforward. Details are therefore deleted.

Corollary 12 Let y be a real number. Then we have

) i L)

2

k(n+a+lk—‘) (1 +( 1)i+1)

_ (@9)-« - K P
" - maZ: XX” T, 2

(@)K (coshy(yx)) = K (W)

_ @9 iy 4 (e (1))
Sa- m“Z:” 23 Vr Gt 2
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