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Abstract

In this paper, we investigate the growth and fixed points of solutions of higher-order
linear differential equations in the unit disc. We extend the coefficient conditions to a
type of one-constant-control coefficient comparison and obtain the same estimates
of iterated order of solutions. We also obtain better estimates by providing a precise
value of iterated order of solution instead of a range of that in the case of coefficient
characteristic function comparison. Moreover, we utilize iteration to investigate and
estimate the fixed points of solutions’ arbitrary-order derivatives with higher-order
equations ¥ + A (%D + .. + A1 (2)f + Ay(@)f = 0 and provide a concise method
to judge if the items generated by the iteration do not vanish identically and ensure
the iteration proceeds. Our results are an improvement over those by B. Belaidi, T. B.
Cao, G.W. Zhang and A. Chen.

MSC: 34M10; 30D35
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1 Introduction and main results

In this paper, we assume that the reader is familiar with the fundamental results and the
standard notations of Nevanlinna’s value distribution theory in the unit disc D = {z € C:
|z| < 1} (see [1-4]). As for the definition of the iterated order of meromorphic function,
we know that for r € [0,1), exp, r = ¢ and exp,,, r = exp(exp, 1), n € N, and for all r suf-
ficiently large in (0, 1), log, r = logr and log,,,, r = log(log, r), n € N. Moreover, we denote
expyr = r,logyr =r,exp_, r = log, r,log_; r = exp, r. Then, let us recall the following defi-
nitions for n € N.

Definition 1.1 (see [5]) Letf be a meromorphic function in ID. Then the iterated n-order
of f is defined by

— log, T(r,f)
oulf) = im —2-~22

r—1- —log(l —r)
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where log] x = log* x = max{logx,0},1log},, x = log*(log}, x). For n = 1, o1 (f) = o (f).
If f is analytic in D, then the iterated n-order is defined by

— log! | M(r,f)
" — 1 n+l .
oualf) —1 —log(1-r)

For n = 1, UM,I(f) = O’M(f)

Remark 1.1 (see [5, 6]) It follows by M. Tsuji that if f is an analytic function in D, then

o1(f) < omi(f) <o1(f) + 1,

which is best possible in the sense that there are analytic functions g and % such that
oMl(g o1(g) and opr1(h) = o1(h) + 1, see [7]. However, it follows by Proposition 2.2.2
n [3] that oa1,,(f) = 0,4(f) for n > 2.

Definition 1.2 (see [5]) Let f be a meromorphic function in D. Then the iterated n-
convergence exponent of the sequence of zeros in ID of f(z) is defined by

__ log} N(r,},)

An(f) = lim ———,
) i —log(1-r)

where N(r, %) is the integrated counting function of zeros of f(z).
Similarly, the iterated n-convergence exponent of the sequence of distinct zeros in D of
f(2) is defined by

where N(r, ) is the integrated counting function of distinct zeros of f(z)

Definition 1.3 Let f be a meromorphic function in D. Then the iterated convergence
n-exponent of the sequence of fixed points in D of f(2) is defined by

loglog N(r, Z)
In(f —2) = lim — = =
r—1-  —log(l1-r)

and the iterated n-convergence exponent of the sequence of distinct fixed points in D of
f(z) is defined by

_ loglog N (r, =)

*nlf —2) = Tim S

r—1-  —log(l-7)

Definition 1.4 (see [8]) For a measurable set E C [0, 1), the upper and lower densities are
defined as

m(EN|[r,1 ) EN[r1
denspE = hm mENIr1) and denspE = lim w,
- 1-r r—>1- 1-r

respectively, where m(F) is the Lebesgue measure of F.
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The next Remark 1.2 follows by Sect. 7 in [8] or can be seen in [9].
Remark 1.2 (see [8,9]) If a set E satisfies denspE > 0, then fE % = 400.

Remark 1.3 Remark 1.2 also holds with the definitions of the upper densities in [5, 10];
therefore, the results of this paper are still valid for the definitions of the upper densities
in [5, 10].

The theory of complex linear differential equations in the unit disc has been developed
since 1980s. In recent years, after J. Heittokangas’ work in [4], there has been an increasing
interest in studying the complex oscillation of linear differential equations in the unit disc,
and many important results in the unit disc D analogous to those on the complex plane
C have been obtained. G. G. Gundersen [11] studied the growth of solutions of one type
of second-order linear differential equations on C (see the following Theorem A). After
that, K. H. Kwon [12], Z. X. Chen and C. C. Yang [13], B. Belaidi [14, 15], and the first
author [16], extended the type of the coefficients with less control constants, removed
infinitesimals, and obtained some improved results. T. B. Cao and H. X. Yi in [10], and T.
B. Cao in [5] generalized the results of [13] and [14] on C to corresponding results in D,
respectively. Later, some improvements and extensions of the type of coefficients in the
unit disc were investigated (see [17, 18]) and gave rise to the unit disc analogues of the
results of [14, 16].

Theorem A (see [11]) Let A(z) and B(z) # 0 be entire functions, and let o, 8,0, and 0, be
real numbers with a > 0,8 >0 and 0, < 0,. If

|B(2)| = exp{(1 + o(1))a|z|”}
and
|A(2)| < exp{o(1)|zI"}
as |z| — oo with 0, < argz < 0,, then every solution f £ 0 of the equation
" +AR)Y +B(2) =0
has infinite order.

T. B. Cao in [5] investigated the iterated order of solutions of higher-order equations and
obtained the unit disc analogues of B. Belaidi’s results in [14]. As for the equation

AP + A @f Y + -+ ALR)f + Ao2)f =0, (1.1)
he obtained the following results.

Theorem B (see [5]) Let H be a set of complex numbers satisfying densp{|z| :z € H C
D} > 0, and let Ao, A, ..., Ak be analytic functions in D such that for some real constants
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0<B<aand >0 wehave

m
|A°(Z)|Zexp”{“(1—l|z|) }

1 13
’A,-(z)| §expn{,3(1_ Izl) }, i=1,2,...,k

and

as |z| — 1~ for z € H. Then every meromorphic (or analytic) solution f # 0 of equation
(1.1) satisfies 0,(f) = 00 and 6,1 (f) > .

Theorem C (see [5]) Let H be a set of complex numbers satisfying densp{|z| : z € H C
D} > 0, and let Ay, A, ..., Ak be analytic functions in D such that for some real constants
0<B<aandp>0wehave

1 I3
T(r,Ag) > exp,_; {a < 1- |Z|> }

and

1 "
T(r,A;:) ECXP,,_l{,B(l_ |z|> }, i=12,...,k

as |z| — 1~ for z € H. Then every meromorphic (or analytic) solution f # 0 of equation
(1.1) satisfies 0,(f) = 00 and 0,,1(f) > p.

And as for the equation
f(k) +Ak_1(Z)f(k’1) +--+ A1(2)f + Ao(2)f =0, (1.2)
T. B. Cao obtained more accurate results as follows.

Theorem D (see [5]) Let H be a set of complex numbers satisfying densp{|z| : z € H C D} >
0, and let Ay, Ay, ..., Ax-1 be analytic functions in D such that

max{ch,,,(Ai) 1i=1,2,..., k- 1} < omu(Ag) =0 <00,

and for some constants 0 < B < o we have, for all ¢ > 0 sufficiently small,

[4062) Zexp”{"[(l—1|z|) 7 }

|Ai(Z)|§eXp,,{,3< ! )} i=1,2,... k-1,
1-z|

and

as |z| — 17 for z € H. Then every solution f # 0 of equation (1.2) satisfies o,(f) = co and
Gn+l(f) = UM,n(AO)-
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Theorem E (see [5]) Let H be a set of complex numbers satisfying densp{|z| : z € H C D} >
0, and let Ay, Ay, ..., Ax_1 be analytic functions in D such that

max{an(A,«):i: 1,2,....,k—- 1} < 0,(Ag) =0 <00,

and for some constants 0 < 8 < o we have, for all € > 0 sufficiently small,

T A - 1 o—¢&

and

1 og-—=¢&

T(r,A;) <exp,_118 , i=1,2,.. k-1,
1 -z

as |z| — 17 for z € H. Then every solution f # 0 of equation (1.2) satisfies 0,,(f) = 0o and

Apn > 01 (f) = 04(Ao), where oy, = max{on,,(4;):j=0,1,..., k- 1}.

The first aim of this paper is to extend the results of B. Belaidi, T. B. Cao, and the au-
thors by optimizing the conditions of coefficients with less control constants to contrast
coefficients, and obtaining better estimates of the growth of the solutions. We will de-
crease the control constants of the coefficients’ modulus or characteristic functions to
one or two constants and obtain the same results. Furthermore, we will improve the re-
sult of Theorem E to obtain more accurate estimate of the growth of solution. Note that
Theorem E only gave a range of 0,,,1(f) between oy, and 0,(A,), while by Remark 1.1,
it is best possible that 0,4, (A¢) # 0,(Ao) as n = 1. This means even if Ay, as a dominant
coefficient, satisfies apr,1 = max{on(4;) :j = 1,2,...,k — 1} = oy(Ao) and max{c(4;) : i =
1,2,...,k -1} < 0(Ay), we still cannot conclude that o, (f) is equal to o (Ao) or ox(Ao) by
Theorem E. Thus it is natural to pose the question: Can we get a precise value of 0,,,1(f)
in the case of contrasting coefficients by their characteristic functions? We will solve this
problem in Theorems 1.3, 1.4 and Corollary 1.1.

In addition, T. B. Cao also investigated the fixed points of homogeneous linear differen-
tial equations in D and obtained the following results in [5].

Theorem F (see [5]) Under the hypothesis of one of Theorem D and E, if A1(z) + zAo(z) # 0,
then every solution f # 0 of (1.2) satisfies h,.1(f — z) = 01 (f).

After that, when A;(z) =0(j = 1,...,k — 1), G. W. Zhang and A. Chen [19] studied the
fixed points of the i-order (1 < i < k) derivatives of solutions of the equation

P+ AR =0 (1.3)
and obtained the results as follows.

Theorem G (see [19]) Let H be a set of complex numbers satisfying densp{|z| : z€ H C
D} > 0, and let A(z) be an analytic function in D such that o ,(A) = o < 00, and for constant
a we have, for all € > 0 sufficiently small,

|A(2)| = expn{O‘(l _1|Z|>H}
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as |z| — 17 for z € H. Assume that f is a nontrivial solution of equation (1.3). Then

Xn(f(i) - Z) = )Wl(f(i) - Z) = Un(f) =00,
Xn+1 (f(i) - Z) = )‘-n+1 (f(i) - Z) = On+1(f) =0.

Theorem H (see [19]) Let H be a set of complex numbers satisfying densp{|z| : z € H C
D} > 0, and let A(z) be an analytic function in D such that 6,(A) = o < 00, and for constant

a we have, for all € > 0 sufficiently small,

T(r,A2)) zexpnl{a<1 —1|z|> _ }

as |z| — 17 for z € H. Assume that f is a nontrivial solution of equation (1.3). Then

X,,(f(i) —z) = )»,,(f(i) —z) = 0,(f) = oo,
GM,n(A) = Xn-*—l(f(i) - Z) = )\n+l(f(i) - Z) = Gn+l(f) >o0.

However, if the equation has two or more than two coefficients, there arises some
difficulties to consider: whether applying the general iterative method, by substituting
g? = f® _zinto the corresponding equations (see the proof of Theorem 1.9), would result
in vanishing Ao and F; for any j € N (see (5.29)—(5.30)), which consequently would result
in interruption of the iteration. Yet we have not seen any valid result on the fixed points
of arbitrary-order derivatives of solutions of higher-order equation (1.2) in the unit disc
for this. A similar problem has been found recently in an iterative process related to the
solutions’ arbitrary-order derivatives, where the corresponding items generated by itera-
tion were supposed not to vanish identically (see, e.g., [20, 21]). Thus a natural question
is: how to judge these possible vanishing items and whether the iteration can be carried
out all the time.

The second aim of this paper is to investigate the fixed points of solutions and their
arbitrary-order derivatives of general higher order equations (1.1) and (1.2). We tackle the
above problem concisely, extend Theorems G and H to more general equation, and further
improve them by obtaining precise estimates of the fixed points of arbitrary-order deriva-
tives of solutions. At the same time, we improve Theorem F by removing the condition
Aq(z) + zAo(z) #0.

Theorem 1.1 Let H be a set of complex numbers satisfying densp{|z| : z € H C D} > 0.
Let Ao, Az, ..., A1 be analytic functions in the unit disc D such that max{op,,(A;) : i =

1,2,...,k =1} < op,u(Ap) = 1(0 < 1 < 00), and for a constant « > 0, we have

lim  ((1-1z])" log,]Ao(@)|) >« (1.4)

|z|>17,zeH

and

1 I3
|Ai(z)|§expn{oz(1 |Z|) } i=1,2,....k-1, (1.5)
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as |z| — 17 for z € H. Then every solution f # 0 of (1.2) satisfies 0,(f) = 0o and 0,,1(f) =
GM,n(AO)'

Theorem 1.2 Let H be a set of complex numbers satisfying densp{|z| : z € H € D} > 0.
Let Ao, Az, ..., Ak be analytic functions in the unit disc D such that max{opy,(A;) : i =
1,2,...,k =1} < opu(Ap) = (0 < p < 00) and

T n
\z|—>111I*r,lzeH((1 - |Z|) logn|Ai(Z)|)

< lim ((1—|z|)ﬂlogn|Ao(Z)

|z|]>17,zeH

), i=1,2,... k-1 (1.6)

Then every solution f % 0 of (1.2) satisfies 0,,(f) = 00 and 6,.1(f) = oar,.(Ao)-

Theorem 1.3 Let H be a set of complex numbers satisfying densp{|z| : z € H C D} > 0.
Let Ao, Az, ..., Ax-1 be analytic functions in the unit disc D such that max{op,,(A;) : i =

1,2,...,k =1} < op,,(Ap) = (0 < o < 00), and for a constant a > 0, we have

lim ((1-12l)" log,_, T(r,Ao)) > (1.7)
|z|=>17,zeH
and
1 12
T(r,Ai)fexpnl{a(l—H) }, i=1,2,....,k-1, (1.8)
-z

as |z| — 17 for z € H. Then every solution f # 0 of (1.2) satisfies 0,(f) = 0o and 0,,1(f) =

UM,n(AO)'

Theorem 1.4 Let H be a set of complex numbers satisfying densp{|z| : z € H C D} > 0.
Let Ao, Az, ..., A1 be analytic functions in the unit disc D such that max{op,,(A;) : i =
1,2,...,k =1} < opn(Ap) = (0 < < 00) and

m ((1 - |Z|)M logn_l T(V,Ai))

|z|—>17,zeH
< lim ((1-lzl)"log, , T(r,Ap)), i=12,....k-1. (1.9)
|z|>17,zeH

Then every solution f # 0 of (1.2) satisfies 0,,(f) = 00 and 6,,1(f) = oar,.(Ao)-

By taking upper and lower limits after some identical transformations of inequalities,

one can easily obtain the following corollary from Theorem 1.3 or Theorem 1.4.

Corollary 1.1 Let H be a set of complex numbers satisfying densp{|z| : z € H € D} > 0.
Let Ay, Ay, ..., Ar1 be analytic functions in the unit disc D such that max{oy,(A;) : i =

1,2,...,k =1} < opmn(Ao) = 1(0 < p < 00), and for some constants 0 < B < «, we have

T(r,Ap) > Ly
e zenafo( i) |
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and

1 I3

T(r,A;) <exp,_118 , i=1,2,...,k-1,
1-z]

as |z| - 17 for z € H. Then every solution f # 0 of (1.2) satisfies 0,(f) = 00 and 6,,,1(f) =

GM,n(AO)'

Remark 1.4 Since for any given ¢ (0 < € < 4) we can substitute u by u — ¢ in the proofs of
Theorem 1.1 to Theorem 1.4 and ¢ is arbitrary, Theorem D is generalized to Theorem 1.1
and Theorem 1.2, and Theorem E to Theorem 1.3 and Theorem 1.4 with less control con-
stants of coefficient conditions. Particularly, Theorem 1.3, Theorem 1.4 and Corollary 1.1
improve Theorem E further by providing a precise value of 0,,,1(f) = oa1,,(Ao) instead of a

range o, > 01 (f) = 0,(Ao).

For equation (1.1), we also generalize Theorem B to Theorem 1.5 and Theorem 1.6,
Theorem C to Theorem 1.7 and Theorem 1.8 as follows.

Theorem 1.5 Let H be a set of complex numbers satisfying densp{|z| : z€ H C D} > 0. Let
Ag, Ay, ..., Ak be analytic functions in the unit disc D, and for some constants a > 0 and
>0, we have (1.4) and

1 " .
|A,-(z)| fexpn{a(l_ |z|) }, i=1,2,...,k

as |z| — 17 for z € H. Then every meromorphic (or analytic) solution f % 0 of (1.1) satisfies
Un(f) =00 and 0n+1(f) = M.

Theorem 1.6 Let H be a set of complex numbers satisfying densp{|z| : z€ H C D} > 0. Let
Ag, A1, ..., Ak be analytic functions in the unit disc D, and for a constant . > 0, we have

lim  ((1-12l)"log,]Ai(2)]) < lim ((1-lz])"log,|Ao(2)

|z|—>17,zeH |z|]>1-,zeH

) i=12,..,k

Then every meromorphic (or analytic) solution f % 0 of (1.1) satisfies o,(f) = oo and
Gn+l(f) = M.

Theorem 1.7 Let H be a set of complex numbers satisfying densp{|z| :z € H C D} > 0. Let
Ao, Ay,..., A be analytic functions in the unit disc D, and for some constants « > 0 and
>0, we have (1.7) and

1 K .
T(r,A;) ieXPy,_l{Ol(l_ |Z|> } i=12,...,k

as |z| — 17 for z € H. Then every meromorphic (or analytic) solution f #£ 0 of (1.1) satisfies
ou(f) = 00 and 0,1 (f) > .

Theorem 1.8 Let H be a set of complex numbers satisfying densp{|z| :z € H C D} > 0. Let
Ao, A1, ..., Ax be analytic functions in the unit disc D, and for a constant |1 > 0, we have

lim  ((1-2l)"log,_, T(r,A))

|z|>17,zeH
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< lim ((1-lzl)"log, , T(r,A0)), i=12,....k

|z|>17,zeH

Then every meromorphic (or analytic) solution f # 0 of (1.1) satisfies o,(f) = 0o and
On+l (f) > W

When Ai(z) = 1, for any given ¢ (0 < & < ), by substituting s with p — ¢ in the proofs
of Theorem 1.7, Theorem 1.8 and combining with Lemma 2.4, we obtain the extensions
of Theorem E in the following corollaries. And of course, the corollaries still hold if we

substitute pu — ¢ with p in them.

Corollary 1.2 Let H be a set of complex numbers satisfying densp{|z| : z € H C D} > 0. Let
Ao, Ay, ...,Ax-1 be analytic functions in the unit disc D such that

max{a,,(Ai) 1i=1,2,... k- 1} <0,(Ap) = (0 < < ),
and for a constant a > 0 and all & > 0 sufficiently small, we have

lim  ((1-z1)" " log, , T(r,Ao)) >

|z|>17,zeH

and

1 n-g
T(r,A;) <exp,_1i , i=1,2,...,k-1,
1z

as |z| — 1~ for z € H. Then every solution f £ 0 of (1.2) satisfies o,(f) = 00 and o, >

Ou1(f) = 04(Ao), where apr, = max{op.(A;):j=0,1,...,k—1}.

Corollary 1.3 Let H be a set of complex numbers satisfying densp{|z| : z € H C D} > 0. Let
Ao, A1, ..., Ax-1 be analytic functions in the unit disc D such that

max{an(Ai) 1i=1,2,...,k— 1} <0,(Ap) = (0 < p < ),
and for all ¢ > 0 sufficiently small, we have

lim ((1- IZI)”_S log,_; T(r,A;))

|z|>17,zeH

< lim ((1-1z1)"log, , T(r,A¢), i=12,...,k-1.

|z|]>17,zeH

Then every solution f % 0 of (1.2) satisfies 0,(f) = 00 and sy > 0pi1(f) > 0,(Ao), where

oy =max{oy,(4;):j=0,1,...,k-1}.

Moreover, we obtain some results of the fixed points of solutions and their arbitrary-
order derivatives of general high-order linear differential equations (1.1) and (1.2) as fol-

lows.
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Theorem 1.9 Assume that the assumptions of Theorem 1.1 or Theorem 1.2 hold. Then
every solution f # 0 of (1.2) satisfies

won(f = 2) = 2alf = 2) = ou(f) = 00,
At (7 -Z)=M+1(f—2)=on+1(f)=u (G=1,2,...).

Theorem 1.10 Assume that the assumptions of one of Theorem 1.3, Theorem 1.4 and
Corollary 1.1 hold. Then every solution f # 0 of (1.2) satisfies

A (f(’ —z) —2z) =0,(f) = oo,
Xn+1(f(] _Z):xn+l(f_z):on+l(f):,u (/:1;2))

Theorem 1.11 Assume that the assumptions of one of Theorem 1.5 to Theorem 1.8 hold.
Then every meromorphic (or analytic) solution f # 0 of (1.1) satisfies

An(f? =2) = Julf ~2) = oulf) =
Xn+1(f(] —Z)=xn+1(f—2)=0n+1(f)ZM (i:1’2;~~~)~

Set Ax(z) = 1. Then it is easy to know Corollary 1.4 follows by Theorem 1.11.

Corollary 1.4 Assume that the assumptions of Corollary 1.2 or Corollary 1.3 hold. Then
every solution f % 0 of (1.2) satisfies

Xn(f(j) _Z) :Xn(f_z) = an(f) =00,
xn+1(f(j) _Z) = XnJrI(f_Z) = 0n+1(f) ey (] =12,...).

Remark 1.5 Obviously, Theorems F, G, and H are direct results of Theorem 1.9 to Theo-
rem 1.11 and Corollary 1.4, which significantly improve the formers.

Remark 1.6 1t is easy to know from the proofs that for any given ¢ (0 < & < u) all these re-
sults still hold if we substitute w in (1.4)—(1.9) by 1 — &. By taking both sides of inequalities
upper or lower limits after some identical transformations, we can easily conclude that
the conditions in the above results contain the corresponding conditions in Theorems B,
C, D, and E, so these results extend those in [5] and [19].

2 Preliminary lemmas
Lemma 2.1 (see [7]) Let k and j be integers satisfyingk >j> 0, and let ¢ >0 and d € (0,1).
Iff is meromorphic in D such that fV does not vanish identically, then

((2e) vl o] e

where E C [0, 1) with finite logarithmic measure fE <ooands(|z]) =1-d(1-|z|). More-
over, if o1(f) < oo, then

1 (k=j)(o1(f)+2+e)
< , lz| ¢ E,
B (1 - IZI) i

FP(z)
f9(2)

FP(2)
f9(2)
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while if 0,,(f) < 0o for n > 2, then

1 on(f)+e
sovn|() ) mes

Lemma 2.2 (see [22]) Let g:(0,1) — R and h:(0,1) — R be monotone increasing func-
tions such that g(r) < h(r) holds outside of an exceptional set E C [0, 1) for which |, £ ld—_rr < 00.
Then there exists a constant d € (0,1) such that if s(r) =1 —d(1 —r), then g(r) < h(s(r)) for
allr €10,1).

FP(z)
f9(2)

Lemma 2.3 (see [23]) Let f be a solution of (1.2) where the coefficients Aj(z)(j=0,...,k—1)
are analytic functions in the disc Dp ={z € C: |z| <R}, 0 < R < 00, let n, € {1,...,k} be
the number of nonzero coefficients Aj(z),j = 0,...,k — 1, and let 0 € [0,27) and ¢ > 0. If
zp = ve' € Dy is such that Aj(z) # 0 for some j=0,...,k -1, then forall v <r <R,

[f(reie)} < Cexp(nc : j={)na/)<(,1|Af(tei0)‘1/(k_j) dt),

.....

where C > 0 is a constant satisfying

[F9(zp)l )

c<(1 .
=1+ 8)/‘={)I,.1.?1§-1((nc)1 ‘
j=

.....

The next lemma follows by Lemma 2.3.

Lemma 2.4 Let n € N. If the coefficients Ay(z),A1(2), ..., Ax_1(2) are analytic in D, then all
solutions of (1.2) satisfy oy .1 (f) < max{ou,n(4;):j=0,...,k-1}.

Lemma 2.5 (see [4]) Let f be a meromorphic function in the unit disc, and let k > 1 be an
integer. Then

m(r’?) -5 ),

where S(r,f) = O(log* T(r,f) + log(ﬁ)),possibly outside a set E C [0,1) with fE % < +00.
Iff is of finite order of growth, then

o(57) ofel )

Lemma 2.6 (see [24]) Iff and g are meromorphic functions in D, n € N, then we have
(i) oulf) = 0u(1/f),0u(a-f) = ou(f)(a € C-{0});
(i) ou(f) =0ulf");
(iii) max{on(f +£),0.(f - @)} < max{on(f), 0,(g)};
(iv) if ou(f) < 0,4(g), then o,(f + g) = 0,(2), ou(f - g) = 0,(2).

Lemma 2.7 (see [25]) Let Ao, A1, ...,Ak_1 and F #£ 0 be meromorphic functions in D, and
let f be a meromorphic solution of the differential equation

SO+ A @D s AR + AoR)f = Flz) (2.1)
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such that
max{ap(F),ap(Aj)(j =0,1,...,k— 1)} < op(f).

Then hy(f) = Ap(f) = a,(f).

Using the same arguments as in the proof of Lemma 2.7 (see [25]), we easily obtain the
following lemma.

Lemma 2.8 Let A, A1, ...,Ar_1 and F( 0) be finite iterated p-order meromorphic func-
tions in D. If f is a meromorphic solution with o,(f) = 00 and 0,.1(f) = p < 00 of equation
(2.1), then Xp(f) =p(f) = 0p(f) = 00 and Xml(f) =Apa1(f) = 0p1(f) = p.

Lemma 2.9 (see [26]) Let Ao, A1,...,Ar-1 and F(s 0) be finite iterated p-order analytic
Sfunctions in D. If f is a solution with o,(f) = 00 and 0,.1(f) = p < 0o of the equation

FO LA f* D p o w Af + Aff = F,
then Xp(f) = Ap(f) = 0p(f) =00 andxpﬂ(f) = Aps1(f) = 0pii(f) = p.
3 Proofs of Theorems 1.1 to 1.4

Proof of Theorem 1.1 Suppose that f = 0 is a solution of equation (1.2). From (1.2), we get

)
f

f(k)

f

Aol = | 4 14 J} . 3.1)

ok Ay

By the assumption of Theorem 1.1, there is a set H of complex numbers with densp{|z| :
z € H C D} > 0 satisfying (1.4) and (1.5) as |z| — 1~ for z € H. By (1.4), we know that there
exists a real number y such that

lim ((1 - |z|)“logn’A0(z)‘) >y >a.

|z|>17,zeH

It is easy to know that
(1 - |z|)# logn|A0(z)’ >y>a>0 (3.2)

as |z| - 1~ for z € H. By (1.5) and (3.2), we obtain

1 I
il zeno( 55 |
1 I3
() |

as |z| — 1~ for z € H. By Lemma 2.1, there exists a set E; C [0, 1) with fE1 % < 00 such

. i=1,2..,k-1, (3.3)

that, for all z € D satisfying |z| ¢ E; and i = 1,2,..., k, we have

o) 2+€ i
£9) 5((1_1|z|> max{logl _1|Z|,T(s(|z|),f)}), (3.4

f(@)
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where s(|z]) =1 - d(1 — |z|) and d € (0,1). Applying (3.3) and (3.4) to (3.1), we obtain

exp”{y(l—l|z|)ﬂ}

< }Ao (Z) |

: kexp”{a(l _1|Z|)“}(<1 _1|Z|)2*8 max{log%lzl’ T(s(|z|)'f)})k

as |z| > 17 for z € H and |z| ¢ E. It follows that

exp{(expnl{y(l_;w)#D(l“’(l))}

5k(<1 _1|Z|>2+8 max{log I_LM,T(SUZD,f)})k (35)

f{lzl:zEH}\El % = 00. Hence, by (3.5) and
combining with Lemma 2.2, we can easily obtain o,(f) = co and

as |z| > 1~ for z € H and |z| ¢ E;. Obviously,

— logt. , T(r,
Oua(f) = Tim 2l TS
r—1- —log(1-r)

By Lemma 2.4, we deduce that
Un+1(f) = UM,n(f) < maX{GM,n(Aj) ] =12,.. nk - 1} = GM,n(AO) = u.
Therefore, we obtain 6,,1(f) = oar,,(Ao) = . a

Proof of Theorem 1.2 Set

vo=lim ((1-]zl)" log,|Ao(z)

|z|>17,zeH

)

;= lim ((1—|z|)”10gn‘Ai(z)|), i=1,2,...,k-1.

|z| >17,zeH

By (1.6), there exist real numbers «, y such that o; < <y <y,i=1,2,...,k— 1. It yields
(1-lz1)" log,|Ai(2)| < < ¥ < (1 - I2])" log,|Ao(2)|

as |z| — 1~ for z € H. Hence, we have (3.3) as |z] — 1~ for z € H. Using the same proof as
in Theorem 1.1, we can get the conclusion of Theorem 1.2. 0

Proof of Theorem 1.3 Suppose that f = 0 is a solution of equation (1.2). From (1.2), we get

(k) (k-1) 4
—A() =L+Ak_1f +"'+A1f—'.
f f f
It follows that
k-1 k f(i)
m(r,Ap) < m(r,A;) + Zm(r, 7) +0(1). (3.6)
i i=1

Il
—

14
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From the assumption of Theorem 1.3, there exists a set H of complex numbers with
densp{|z| : z € H € D} > 0 satisfying (1.7) and (1.8) as |z] — 1~ for z € H. By (1.7), we
know that there exists a real number y such that

lim  ((1-l2l)"log, , T(r,A0) >y >a.

|z|>17,zeH

It is easy to know that
(1 - |z|)u log,  T(r,Ap) >y > >0 (3.7)

as |z| = 1~ for z € H. By (1.8) and (3.7), we obtain

1 12
T(r,A;) <exp,_; {a <1——|z|> }

1 w
< expn_l{y<l_—|z|) } <T(r,Ag), i=1,2,....,k-1, (3.8)

as |z| = 1~ for z € H. With (3.6), (3.8), and Lemma 2.5, using a similar proof as in Theo-

rem 1.3 of [5], we can easily obtain o, (f) = co and

— logt , T(r,
o1 (f) = lim M >
r—1- —log(l-r)

By Lemma 2.4, we obtain 0,,1(f) < oap.(Ao) = . Therefore, ,,,1(f) = oa1,.(A0) = 1. We
complete the proof. d

Proof of Theorem 1.4 Set

vo=lim ((1-z])"log,_; T(r,Ao)),

|z|>17,zeH
aj= lim ((1-|zl)"log, ; T(r,A)), i=12,....k-1

|z|>1~,zeH

By (1.9), there exist real numbers o,y such that o; < <y < 9,0 =1,2,...,k — 1. It yields
that

(1 - |z|)“ log,  T(r,A)<a<y< (1 - |z|)/4 log,,_; T(r,Ao)

as |z| = 1~ for z € H. Hence, we have (3.8) as |z| — 1~ for z € H. Using the same proof as

in Theorem 1.3, we can get the conclusion of Theorem 1.4. O

4 Proofs of Theorems 1.5to 1.8

Proofs of Theorems 1.5 and 1.6 Using a similar discussion as in the proof of Theorem 1.1

or Theorem 1.2, we know that there exists a real number y > « such that

orzen ()|
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. i=1,2,...,k (4.1)

1 ®
< expn{)/(l_—'Z') } <]Ao(2)

as |z| - 17 for z € H. Combining Theorem B with (4.1), we have the conclusion. O

Proofs of Theorems 1.7 and 1.8 Using a similar discussion as in the proof of Theorem 1.3
or Theorem 1.4, we know that there exists a real number y > o such that

1 \*
T(r,A) < expnl{“(l - |Z|> }

1 23
< eXpn_l{y(m> } < T(Y,AO), i= 1;2,...,](, (42)

as |z| — 1~ for z € H. Combining Theorem C with (4.2), we have the conclusion. O

5 Proofs of Theorems 1.9to 1.11

Proof of Theorem 1.9 Suppose that f 5 0 is a solution of equation (1.2). By Theorem 1.1
or Theorem 1.2, we have

Gn(f) = 00, Un+1(f) =M. (51)

Step 1. We consider the fixed points of f(z). Set g(z) = f(z) — z,z € D. Then, by (5.1), we
get

Gn(g) = Un(f) = 00, 0n+1(g) = UrH—l(f) =N, Xm—l(g) = xn+1(f - Z)- (52)
Substituting f = g + z into (1.2), we get
g0+ A1 g® Y 4 p Arg + Agg = —A, - ZA,. (5.3)

Next we prove that —A; — zA( # 0. Suppose that —A; — zAy = 0. Obviously, Ag # 0. Then
2—(‘) = —z. Thus we have |ﬁ—(1)| — 1l as|z| - 1™ for z € H. While by (3.3), we have
exp, for( )"} 1

Ay
S exp, ()" expllexp,; (2T - o(D))

Ao

-0 (5.4)

as |z] > 1~ for z € H. (5.4) yields |/A;—(1)| — 0 as |z]| > 1™ for z € H. This is a contradiction.
Hence, —A; — zAg # 0. By Lemma 2.6, we have

max{o,(4,)(j=0,1,...,k = 1),0,(-A; —zAo)} < 0.

Hence, we deduce by (5.2), (5.3) and Lemma 2.9 that ,,(g) = 0,,(g) = 00, Ans1(g) = 0441(9) =
1. Therefore, we obtain

Xn(f -2z)= Xn(g) = an(g) = Un(f) =00,
Xn+1(f - Z) = Xn+1(g) = Gn+1(<g) =0p+1 (f) =M.
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Step 2. We consider the fixed points of f¥)(z)(j = 1,2,...). For the proof, we use the princi-

ple of mathematical induction. Set Ax(z) = 1. Then |Ax(z)| < expn{a(l%m)“} and equation

(1.2) becomes (1.1). Set g1(z) = f'(z) — z,z € D. Then, by (5.1), we get

Gn(gl) =0n (f/) =00, On+1(g1) = Opn+l (f/) =

_ B (5.5)
)"n+1(gl) = )"n+1(f/ - Z)-

Dividing both sides of (1.1) by A, we obtain
Ak g Ak o) A1,
K e — =0. 5.6
s St By 5.6

Differentiating both sides of equation (5.6), we have

’
Aty ((A) At ow
Ao A() A()
A\ A ALY
+((Z2)+2 )7+ ((Z) +1])f =0 (5.7)
Ap Ap Ap
Multiplying now (5.7) by Ao, we get
(k+1) (k) 17 ,
Axaf + A1 f "+ Araf + Aoaf =0. (5.8)

Substituting f’ = g1 + z into (5.8), we get

1)

A + Akagl ™ + o+ Ag) + Aog = B, (5.9)
where
A\ A
Ar1=1,A;1=A — 1 =1,2,...,k-1), 5.10
k1 1 0(( Ao ) +A0) (i ) ( )
A /
Ao, =A0<(—1> + 1), (5.11)
Ag
Fy =—(A11 +2zA0)) (5.12)

Now we prove that Ag; # 0. Suppose that Ag; = 0. By A # 0, we get (::—(1))/ +1=0, and
then ;‘—é = —z + Cy, where Cy is an arbitrary constant. Thus, we have A; + (z — Cy)A( = 0.
Then, by (1.2), we know that fy = z— Cj is a solution of equation (1.2) and o,(fp) < co. This

contradicts (5.1). Hence A # 0. Now we prove F; # 0. Suppose that F; = 0. By (5.12),
Al,l + ZAO,I =0. (513)

If f* = z, then by (5.8) and (5.12) we know that f is a solution of (5.8). Hence equation (1.2)

has a solution f; satisfying f] = z and o,(f1) < co. This contradicts (5.1). Hence F; # 0. By

(5.10)—(5.12) and Lemma 2.6, we have

max{o,,(A,;l) (i=0,1,. ..,k),on(Fl)} < 00.
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Hence, by (5.5), (5.9) and using Lemma 2.8 or Lemma 2.9, we have A,(g) = 0,(g1) =

00, Aus1(g1) = 0441(g1) = it. Therefore, we obtain

Mnlf' = 2) = n(@1) = 0u(&1) = 0u(f) = 00,
Xn+1(f, —Z) = Xn+1(g1) =0u1(@1) = ona1(f) = 1.

Set g2(z) =f"(z) — z,z € D. Then, by (5.1), we get

e =) =%, e =uall) =

B A (5.14)
)‘-n+1(g2) = )‘-n+1 (f// - Z)-

Dividing both sides of (5.8) by Ao,1, we obtain
Axa (k+1) Ak-11 (k) A 1" 7
— +——f "+ ——=f"+f =0 (5.15)
AO,lf Ao, f AO,lf 4

Differentiating both sides of equation (5.15), we have
Act ) ((%)I 4 A )/<k+1> Y
AO,I AO,I AO,I
A\ A A
+ ((ﬂ> + ﬁ)f + <(i) + 1)/” =0. (5.16)
Ao Ao Aoa
Multiplying now (5.16) by Ag 1, we get
Araf ©2 4 Ap_1of ©D 4k A of” + Agaf” = 0. (5.17)

Substituting f” = g, + z into (5.17), we get

Apag® + Ay 1288V 4 -+ Apagh + Agags = Fo, (5.18)
where
A, "A;
Awa=1,  Ap=Ag (( ”“) + "1) (i=1,2,...,k-1), (5.19)
Ao Ao
A I
Ao =40, ((f) + 1), (5.20)
0,1
Fy=—(A1 +7Ao). (5.21)

Now we prove that Ag, # 0. Suppose that Ag, = 0. By Ag; # 0, we get (%)/ +1=0,and

then % = —z + C, where C is an arbitrary constant. Thus, we have
A1 +(z=C)Ao1 =0. (5.22)

If f' = z— C, then by (5.8) and (5.22) we know that f is a solution of (5.8). Hence equation
(1.2) has a solution f; 5 satisfying f; , = z— C and 0,(f12) < 00. This contradicts (5.1). Hence
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Ao, # 0. Next we prove F, # 0. Suppose that F, = 0. By (5.21),
A1,2 + ZAO,Z =0. (523)
If f” = z, then by (5.17) and (5.23) we know that f is a solution of (5.17). Hence equation

(1.2) has a solution f; satisfying f;' = z and 0,,(f2) < oo. This contradicts (5.1). Hence F; # 0.
By (5.19)—(5.21) and Lemma 2.6, we have

max{a,,(Ai,z) i=0,1,. ..,k),o,,(Fz)} < 00.

Hence, we deduce by (5.14), (5.18), and Lemma 2.8 or Lemma 2.9 that A,(g) = 0,(g) =
OO,X,H_I(gz) = 0y41(g2) = . Therefore, we obtain

Mn(f" = 2) = Xa(g2) = 0u(g2) = 0u(f) = 00,
Xn+1 (f// - Z) = X;1+1 (gZ) = Un+1(g2) = Gn+l(f) = M.

Suppose now that

AO,s ?_é O;
X,,(f(s) - z) =0,(f) = 0o, (5.24)

Xerrl(f(S) - Z) =0u1(f) = 1

foralls=0,1,...,j— 1, and we prove that (5.24) is true for s = j. Set gi(z) = fV(2) —z,z € D.
Then, by (5.1), we get

Un(&) = an(f(i)) =00,

. _ o (5.25)
Tns1(g) = G”+1(f(])) =M, A1 (g) = )Ln+1(f(/) - Z).
By the same procedure as before, we can obtain
Ak,jf(km +Ak—1,1f(k+j_l) o +A1:lf(j_l) +A0,jf(j) -0 (5.26)
and
Auig + Accrig! 44 Avigy+ Aoig = (5.27)
where
Airicl\ Al
A= LAy =Ao,/1(( - 1) + 1) (i(=1,2,...,k-1), (5.28)
Agj1 Agj
VITERY
Agj=Agj1|l | —— ) +1}), Ago = Ao, Ao =Aj, (5.29)
Agj-1

P}‘ = _(Alyi + ZAO,/‘) (530)
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satisfying Ao # 0, F; # 0. By using Lemma 2.8 or Lemma 2.9 in (5.27), we have

Xn(g]) - )\n(gj) =on(g) = 0, X”*'I(g/) = )‘n+l(gj) =0n1(8) = 1. (5.31)
Then, by (5.25) and (5.31), we obtain

Tn(f9 = 2) = hu(g) = 0u(g) = 0 (F?) = 00,

B9 Fr@) =)=V =12

It follows that

X,,(f(’) —z) = tu(f —2) = 0,(f) = 0,
Xerrl(f(j) _Z) :xml(f_z) :0n+1(f) =u, j=12....

The proof is complete. d

Proofof Theorem 1.10 Suppose that f = 0 is a solution of equation (1.2). By Theorem 1.3 or
Theorem 1.4, we have (5.1). Now we prove that —A; —zA( # 0. Suppose that —A; —zA, = 0.
It yields A; = —zAp and Ag = %. Hence

T(r,A1) < T(r,Ag) + T(r,—2) = T(r,Ap) + T(r,2),

-1 (5.32)
T(r,Ag) < T(r,A7) + T(r, ?) =T(r,A1) + T(r,z) + O(1).

By (5.32), we obtain

B T(r,z) + O(1) _ T(r,A1) - T(r,z)

TohAy)  — Tihdg) —  T(nAy) (5.33)

Using the same discussion as in the proof of Theorem 1.3, we have

1\ 1 \*
T(r,A;1) < expn_l{a<1_—|z|> } < expn_l{y<1_—|z|> } < T(r,Ap)

as |z| = 1~ for z € H. It follows that

T(r,z) - T(r,z)
T(r,Ao) ~ exp,{y(:5)")

— 0, (534)

and forn =1,

T(V,Al) o

<—<1, (5.35)
T(I",A()) Y

and for n > 2,

T(A) _ Pl

5.36
T(r,A) * exp, 1y (25)") 30
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as |z| — 1 for z € H. By (5.33) and (5.34), we have % — 1l as |z| > 1" for z € H.

Ao)
But, by (5.35) and (5.36), we can get %flé; - 1as |z| = 1~ for z € H. This is a contradic-
tion. Therefore, —A; —zAg # 0. Set A¢(2z) = 1. Then T'(r, Ax) < exp,,_; {o( 1_1|Z‘ )*}. Obviously,

Ao # 0. Arguing the same as in the proof of Theorem 1.9, we can complete the proof. [J

Proof of Theorem 1.11 For any Ax(z), using the same reasoning in the proofs of The-
orem 1.9 and Theorem 1.10 and replacing o,,1(f) = u with 0,,1(f) > 1, 0,1 (f?) =
w(i =1,2,...,k) with 0,1 (f?) > u@ = 1,2,...,k), we can complete the proof of Theo-
rem 1.11. (|

Acknowledgements
The authors would like to thank the editor and referees for their valuable and helpful comments and suggestions that
improved the quality of the paper.

Funding
This work was supported by the National Natural Science Foundation of China (11971042 and 11561031) and Beijing
Natural Science Foundation in China (1182008).

Availability of data and materials
Data sharing not applicable to this article as no data sets were generated or analyzed during the current study.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors drafted the manuscript, read and approved the final manuscript.

Author details

'School of Mathematical Sciences, Laboratory of Mathematics and Complex Systems of Ministry of Education, Beijing
Normal University, Beijing, China. ?School of Mathematics and Statistics, Jiangxi Normal University, Nanchang, China.
3Mathematics teaching and Research Office, The Experiimental Er Long Lu Middle School Attached to Beijing Normal
University, Beijing, China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 21 February 2020 Accepted: 1 September 2021 Published online: 27 September 2021

References

1. Hayman, WK.: Meromorphic Functions. Oxford Mathematical Monographs. Clarendon Press, Oxford (1964)

2. Yang, L Value Distribution Theory. Springer, Berlin (1993). Translated and revised from the 1982 Chinese original.
https://doi.org/10.1007/978-3-662-02915-2.

3. Laine, I: Nevanlinna Theory and Complex Differential Equations. De Gruyter Studies in Mathematics, vol. 15. de
Gruyter, Berlin (1993). https://doi.org/10.1515/9783110863147

4. Heittokangas, J.. On complex differential equations in the unit disc. Ann. Acad. Sci. Fenn. Math. Diss. 122, 54.

Dissertation, University of Joensuu, Joensuu (2000)
. Cao, T.B: Growth of solutions of a class of complex differential equations. Ann. Pol. Math. 95(2), 141-152 (2009)
Tsuji, M.: Potential Theory in Modern Function Theory. Chelsea, New York (1975). Reprinting of the 1959 original

7. Chyzhykov, |, Gundersen, G.G,, Heittokangas, J.: Linear differential equations and logarithmic derivative estimates.
Proc. Lond. Math. Soc. 86(3), 735-754 (2003)

8. Heittokangas, J.: A survey on Blaschke-oscillatory differential equations, with updates. In: Blaschke Products and Their
Applications. Fields Inst. Commun,, vol. 65, pp. 43-98. Springer, New York (2013).
https://doi.org/10.1007/978-1-4614-5341-3_3

9. Tu,J, Xuan, Z.X.: Complex linear differential equations with certain analytic coefficients of [p, gl-order in the unit disc.
Adv. Differ. Equ. 2014, 167 (2014)

10. Cao, TB, Yi, H.X.: Complex oscillation of second-order linear differential equations with analytic coefficients in the
unit disc. Chin. Ann. Math,, Ser. A 28(5), 719-732 (2007) (in Chinese)

11. Gundersen, G.G.: Finite order solutions of second order linear differential equations. Trans. Am. Math. Soc. 305(1),
415-429 (1988)

12. Kwon, K.H.: On the growth of entire functions satisfying second order linear differential equations. Bull. Korean Math.
Soc. 33(3), 487-496 (1996)

13. Chen, Z.X, Yang, C.C.: Some further results on the zeros and growths of entire solutions of second order linear
differential equations. Kodai Math. J. 22(2), 273-285 (1999)

14. Belaidi, B.: Estimation of the hyper-order of entire solutions of complex linear ordinary differential equations whose
coefficients are entire functions. Electron. J. Qual. Theory Differ. Equ. 2002(5), 1 (2002)

o wn


https://doi.org/10.1007/978-3-662-02915-2
https://doi.org/10.1515/9783110863147
https://doi.org/10.1007/978-1-4614-5341-3_3

Chen et al. Advances in Difference Equations (2021) 2021:431 Page 21 of 21

22.

23.

24.

25.

26.

. Belaidi, B, Hamouda, S.: Growth of solutions of an n-th order linear differential equation with entire coefficients. Kodai

Math. J. 25(3), 240-245 (2002)

. Chen, Y: Estimates of the zeros and growths of meromorphic solutions of homogeneous and non-homogeneous

second order linear differential equations. Math. Appl. 23(1), 18-26 (2010)

. Chen, Y, Deng, G.T.: Growth and fixed points of solutions of a second-order linear differential equation with analytic

coefficients in the unit disc. J. Nat. Sci. Beijing Norm. Univ. 54(6), 687-694 (2018) (in Chinese)

. Chen, Y, Deng, G.T.: Growth and fixed points of solutions for second-order differential equations in unit disc. J. Nat.

Sci. Beijing Norm. Univ. 55(3), 299-308 (2019) (in Chinese)

. Zhang, G, Chen, A.: Fixed points of the derivative and k-th power of solutions of complex linear differential equations

in the unit disc. Electron. J. Qual. Theory Differ. Equ. 2009(48), 1 (2009)

. Latreuch, Z,, Belaidi, B.: On the zeros of solutions and their derivatives of second order non-homogeneous linear

differential equations. Miskolc Math. Notes 16(1), 237-248 (2015)

. Gong, P, Xiao, L.P: Oscillation of arbitrary-order derivatives of solutions to linear differential equations taking small

functions in the unit disc. Electron. J. Differ. Equ. 2015, 68 (2015)

Bank, S.B.: A general theorem concerning the growth of solutions of first-order algebraic differential equations.
Compos. Math. 25,61-70 (1972)

Heittokangas, J., Korhonen, R, Rattya, J.. Growth estimates for solutions of linear complex differential equations. Ann.
Acad. Sci. Fenn., Math. 29(1), 233-246 (2004)

Cao, T.B, i, H.X.: The growth of solutions of linear differential equations with coefficients of iterated order in the unit
disc. J. Math. Anal. Appl. 319(1), 278-294 (2006)

Cao, T.B, Deng, Z.S.: Solutions of non-homogeneous linear differential equations in the unit disc. Ann. Pol. Math.
97(1),51-61 (2010)

Belaidi, B.: Oscillation of fast growing solutions of linear differential equations in the unit disc. Acta Univ. Sapientiae
Math. 2(1), 25-38 (2010)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Growth and ﬁxed points of solutions and their arbitrary-order derivatives of higher-order linear differential equations in the unit disc
	Abstract
	MSC
	Keywords

	Introduction and main results
	Preliminary lemmas
	Proofs of Theorems 1.1 to 1.4
	Proofs of Theorems 1.5 to 1.8
	Proofs of Theorems 1.9 to 1.11
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


