Abdalla and AkelAdvances in Di erence Equations  (2021) 2021:418 Advances in Difference Equations
https://doi.org/10.1186/s13662-021-03572-w

Computation of Fourier transform

representations involving the generalized
Bessel matrix polynomials

M. Abdalld®'® and M. AkeP

“Correspondence:

moabdalla@kku.edu.sa Abstract

1Department of Mathematics, . . . .

Cougge of Science, King Khalid Motivated by the recent studies and developments of the integral transforms with

University, P.O. Box 9004, 61413, various special matrix functions, including the matrix orthogonal polynomials as

Abha, Saudi Arabia , kernels, in this article we derive the formulas for Fourier cosine and sine transforms of

2Department of Mathematics, . . . . . . . .

Faculty of Science, South Valley matrix functions involving generalized Bessel matrix polynomials. With the help of

University, 83523 Qena, Egypt these transforms several results are obtained, which are extensions of the

Full list of author information is corresponding results in the standard cases. The results given here are of general

available at the end of the article . . .
character and can yield a number of (known and new) results in modern integral
transforms.

MSC: 42A38; 44A05; 44A20; 35S30

Keywords: Fourier cosine transforms; Fourier sine transforms; Generalized Bessel
matrix polynomials; Operational calculus

1 Introduction

Inthe past few decades, the orthogonal matrix polynomials have attracted a lot of research
interest due to their close relations and various applications in many areas of mathematics,
engineering, probability theory, graph theory, and physics; for example, seed. In [4],
extensions to the matrix framework of the classical families of Legendre, Laguerre, Jacobi,
Chebyshev, Gegenbauer, and Hermite polynomials have been introduced. Meanwhile, one
particular orthogonal polynomial family which frequently appears in the recent studies
and applications 10..12] is that of generalized Bessel polynomials, which in its matrix
form is also de“ned in [4, 13]. Later on, distinct works on the generalized Bessel matrix
polynomials have been discussed (sé&[.17]).

Nowadays, many integral transforms (see, e.g., Fourier, Laplace, Beta, Hankel, Mellin,
Whittaker transforms, etc.), with various special functions (also with the new generalized
special matrix functions) as kernels, have begun to play an important role in modeling
of various physical, engineering, automatization, and biological phenomena, as well as in
several other branches of science (see, for instan& 1B..30)).

Fourier transform (FT) is an integral transform that is used in solving di erent prob-
lems in mathematical physics, applied statistics, and engineering (s8&, 32]). The idea
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of Fourier transform is a natural extension of the idea of Fourier series. In particular,
Fourier transform can accommodate aperiodic functions, which Fourier series cannot do.
Recently, many results on Fourier transform and its applications have been contributed by
Nicola and Trapasso33], Urieles et al. B4], Ghodadra and Fulop35], Bergold and Lasser
[36], and Al-Lail and Qadir [37].

On the contrary, matrix Fourier expansions and Fourier series in orthonormal matrix
polynomials have been introduced by B. Osihnker 138, 39]. Defez and Jébdar40, 41]
introduced basic properties of matrix Fourier series and Fourier approximation for func-
tions of matrix argument. Recently, Groenevelt and Koelink?] discussed the generalized
Fourier transform with hypergeometric function and matrix-valued orthogonal polyno-
mials as kernels. Also, applications of matrix summability to Fourier transforms were es-
tablished by . Yildiz [43].

Motivated by some of these aforementioned investigations of the Fourier transforms of
matrix-valued orthogonal polynomials, in our investigation here we study the Fourier-
type transforms of the generalized Bessel matrix polynomial$,(&;F,L), & € C, for
(square) matrix parameterg and L. In particular, we obtain several Fourier cosine and
sine transforms of functions involving generalized Bessel matrix polynomials with pow-
ers of the matrix, as well as matrix exponential, trigonometric, binomial, and Bessel func-
tions. Moreover, pertinent integral transforms of the di erent results given here, including
simpler and earlier ones, are also investigated.

2 Auxiliary toolbox
In this section, we recall some de“nitions, lemmas, and terminology which will be used to
prove the main results.

Let C andN denote the sets of complex numbers and positive integers, respectively, and
No =N U {0}. Let C” denote thern-dimensional complex vector space an@”*” denote
the space of all square matrices with rows and» columns whose entries are complex
numbers.

Definition 2.1 ([4]) For a matrix F in C"*", the spectrumo (F) is the set of all eigenvalues
of F for which we denote

a(F) =max{Re(§) :£ €o(F)} and &(F)=min{Re(§):§ € o(F)}, (1)

wherea(F) refers to the spectral abscissa #fand for whicha/(F) = ..« (..F). A matrix F is
said to be positive stable if and only &(F) > 0.

Definition 2.2 ([44]) If F and L are commuting matrices inC"*" andw € C, then

cos[(F £ L)w] = cos(Fw) cos(Lw) F sin(Fw) sin(ZLw), @
sin[(F + L)w] = sin(Fw) cos(Lw) = cos(Fw) sin(Lw).

Remark 2.1 IfF,L e C*1 = C, then the identities in De“nition 2.2reduce to those in the
scalar setting.
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Definition 2.3 ([4, 45]) Let F be a positive stable matrix inC"*”. The gamma matrix
function I'(F) is de“ned as

F(F):foooe"”l/VF"IdW; L =exp((F ..I)Inw), ©)

wherel is the identity matrix in C**".

Definition 2.4 ([4, 45]) The reciprocal gamma function denoted by -{w) = ﬁ is an
entire function of the complex variablez. Then the image ofl"{w) acting onF € C"**"
denoted byI'-{F) is a well-de“ned matrix and invertible, as well as

F+nl isinvertible for all integersn € No. 4)

By applying the matrix functional calculus td&F, which is a positive stable matrix irC"*",
the Pochhammer symbol of a matrix argument de“ned by

), = FF+I)---(F+(n.. ) =T-XE)C(F+nul), n>1, -

, n=0
Note that, if F = ..s/, wheres is a positive integer, thenk),, = 0, whenevem >s.

Now, from properties of the gamma matrix function, we give some lemmas which will
be needed in the proof of some theorems.

Lemma 2.1 Let S be a matrix in C"™" such that &(S) > 0 and w € C with Re(w) > 0. The
following integral formulas hold.:

/ T e e dg 2w ST (S) (6)

0

and

/Oooss-le--wff de = e 2 SwST(S); =+ 1. @)
We thus observe that

/Oooss-fcos(wg)dg :cos(%nS)W“SF(S) (8)
and

/0 ~ e5-Fsin(we) dg = sin(%nS) wST(S). 9)

Putting S=1..R e C"™" in (8) and (9), we get

JTWR"I

2

/MS"Rcos(wS)dE: Sec<%ﬂR>F“'J(R)1 a(R)>0, (10)
0
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and

v

/ " e ginwe) de = T CSC@”R)F“'J(R), &(R)>0. (11)
0

Similarly, we can present the following lemma.

Lemma 2.2 Let S be a matrix in C"™" such that a(S) > 0, A,w € C with Re(A) > 0 and
Re(w) > 0. The following integral formulas hold:

/oo g51e* cos(wE) dE = cos <arctan(%>5> (x2+ wz)"%SF(S) (12)
0
and
/m £5-1e 8 sin(wé) de = sin(arctan(%)S) (32+ wz)"%SF(S). (13)
0

Definition 2.5 ([4, 46]) Let k andr be “nite positive integers. The generalized hypergeo-
metric matrix function is de“ned by the matrix power series

(H,[F;Liw] = Xjﬂmdjam [ (14)

m=0 i=1

whereF=F;, 1<i<k,andL=1; 1<j<r, are commutative matrices inC"*" with
L; + mlI being invertible for all integersx € No.

Note that for k =1, r = 0, we have the binomial-type matrix function Ho(Fy; ...w), |w| <
1, as follows:

2 n
Fi(F1+D)w - (F1)aw

1Ho(F;..w)=(1.w) L =T+ Fiw+
2! n!

Also, note that fork =2, r = 1, we get the Gauss hypergeometric matrix functiosH; in
the form

ﬁ@BmWZ@&W%]
s=0

Several special matrix functions, including the matrix orthogonal polynomials, are also
presented in terms of the generalized hypergeometric matrix function id,[46].

Definition 2.6 ([4, 13,16]) Let F and L be commuting matrices inC"*” such thatL is an
invertible matrix. For any natural numberz € Ny and & € C, the nth generalized Bessel
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matrix polynomial V,(&; F,L) is de“ned as

= P oY
- Z s!(nrf.s)! (F+(n... M)S(SL“'])S (15)
s=0

:2H0|:..mI,F+(n 10; ..<§L"'1:|.

Remark 2.2 fthe matricesF,L e C** = C, then the generalized Bessel matrix polynomial
in (15) reduces to generalized Bessel polynomials &0[.12].

Definition 2.7 ([47, 48]) Let a matrix F € C"*" satisfy the condition:
B is not a negative integer for everg € o (F), (16)

then Bessel matrix functiorf-(w) of the “rst kind associated toF is given by

( w F+2s1
Jr(w) = Z o Dp. AF+Gs +1)1)<2> , weC, (17)

and the modi“ed Bessel matrix functiondr(w) and Kg(w) are respectively de“ned as

F+2s]
(W) = Z()Ir ](F+(s+1)1)<w) (18)
and

Kr(w) = %[sin(np)]"']{l,,p(w) Ip(w)). (19)

Definition 2.8 ([31,32]) Let f(¢) be afunction of¢ speci“ed for& > 0. Then the complex
Fourier transform off(¢) associated with complex frequency is de“ned by

Fw) = Flf©)} = / FE)eE ds, weC, (20)

together with the requirement of| F(w)| < cc.
Similarly, the inverse Fourier transform, denoted b {F(w)} = f(£), is de“ned by

fE) =F4Fw)}= J% / ~ F(w)e*™ dw. (21)

The cosine and sine transformations, respectively, are de“ned similarly as follows:

Fe(w) = @ fo " FE)cos(ew) e, (22)
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f@):\/g/ooofc(w)cos(éw)dw,
FE(w) :\/g/ooof(g) sin(§ w) d§, (23)

and

f)= \/gfooofs(w) sin(Ew) dw.

Note that if (&) is an even function, thenF(w) = F¢(w), and iff(¢) is an odd function,
then F(w) = iF*(w).
The following lemma will be required in the proof of our theorems.

Lemma 2.3 ([18]) From the basic formulae of the Fourier cosine transform, if f(§) is re-
placed by £%'f (£), then

n

2
FEFO)00 = (1) (FU)0).

Also, if
f©)= (248D, a(5)>

then
Fo(w)= ﬁ(wfzx)Sr---‘(s + %1>1<5(AW),

where S is a positive stable matrix in C"™", w, A € C with Re(w) > 0,Re(X) > 0,and Ks(w)
is the modified Bessel matrix function in (19).

Remark 2.3 Physically, the Fourier transfornd®(w) can be interpreted as an integral su-
perposition of an in“nite number of sinusoidal oscillations with di erent wavenumbers
w (or di erent wavelengthst = 27”). Thus, the de“nition of the Fourier transform is re-
stricted to absolutely integrable functions. This restriction is too strong for many physical
applications (see31, 32)).

3 Statement and proof of main theorems

In this section, we investigate several new interesting Fourier cosine and sine transforms
of functions involving generalized Bessel matrix polynomials asserted in the following
theorems:

Theorem 3.1 Let S, F and L be commuting matrices in C"™", and let Y, (L& F,L) be given
in (15). For the function

fE)=E°Y,(\&;F,L), (24)
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we have

Fe(w) = ..\/gw---wr(su):ZO(..M),(H (n...19) (S+1), o
. (-.ALw) Y sin[(S + rD)7 /2]

rl

Fi(w)= \/gw“'\s”)F(S +1) XO:( D) (F+(n... 1) (S+]), 20
" (.. A(Lw) Y cos[(S + rI)m /2]
rl '

where w, . € C are such that Re(w) > 0,Re()) > 0,and a(S) > ...1.
Proof To prove (25) from De“nition 2.6and (22), we observe that
C 2 * S
Fé(w) = - f &Y, (L&, F,L)cos(Ew) d&
0

= \/ggo:(..nl)r(lf+ (n... Zl.b)r(”)‘Lmy /Ooo §S+rICOS(W§)d§.

r!

From the integral @), we obtain

7!

Fé(w) = @Z(..nl)r(F+ (n... M)r(..LL"'y
r=0

x w8 DT (S + (r+ 1)) cos[ (S + (r + 1)) 7 /2]

= ..EW"'S+I)F(S+I)Z(..nl),(F+ (n... 1),

r=0

(..A(wL) Y
r!

x (S+1), sin[(S + rD)m /2],

which is the claimed result in £5).
Now, we prove £6), from (24) in (23), we have

P(w):\/g /0 £5Y,(M&; F, L) sin(6w) dé
= \/gg(..m),(zf +(n... 15)% /Ooo £5* sin(wé) dE .

By invoking relation @), we obtain

Fo(w) = @;(..m),(F +(n.. 1), ("Af!"'y

x wE DD (S 4 (r 4+ 1)) sin[(S + (r + 1)) /2]
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= ..\/gw"‘sﬂ)F(S +1)> () (F+(n ... 1)),

r=0

(..a(wL)y
r!

x (S+1), cos[(S + rl)n/2],

which is the desired result in 26). d

Now by taking advantage of the previous results, we obtain the following corollaries:

Corollary 3.1.1 Ifr is odd, then (25) reduces to

Fé(w)= \/gw---wr(s +1) cos(S/2)

x Z(..nl)r(F+ ... M)r(s+1)r(“'1§2_(':;(WL)”'5r'

r=1

and if r is even, then (25) reduces to

Fi(w)= \/g w DD (S + I) sin(Sm/2)

X Y (D) (F+ (... ) (S+1),

r=0

(.13 (.a(wL)Y
rl '

Corollary 3.1.2 Ifr is odd, then (26) reduces to

F(w) = \/g w DD (S + 1) sin(Sm/2)

X Z(..nl),(F+ (n... lb)r(S+[)r(“.lir(.r.j(WL)my,

r=1
and if r is even, then (26) reduces to
S 2 §+1)
Fiw) =,/ —w¥IT(S+1)cos(Sw/2)
b4

x Xn:(..nl),(l-" +(n... 1)) (S+1I),

(.13 (.a(wL)Yy
= r! '

Corollary 3.1.3 Replacing the Bessel matrix polynomials Y, (A&;F,L) by Y,(\& 2.F,L)and
choosing S = 0 in (25) and (26), that is, if

fE)=Y(1%F.L),
then, we obtain the following results:

Fe(w)=0,
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and

Also, a consequence of Theorem.1is the following theorem:

Theorem 3.2 Let S, F,and L be commuting matrices in C"*", and let Y, (A& ;F,L) be given
in (15). For the function

f(§) = €% cos(u)Vu(r&;F L), (27)

we have

]”WO:iék@§FU+S)

- ALY sin[(S + rl)m/2
% ;(--nl)r(FHn 15)(5+1)r( ) sm[r(.I rrl2] (28)
x {(w+ ) DD+ ()| ---$+(r+1)1)},
and
Fw)= %@ruw
x i(..m[)r(F+ (n... Y)(S+1), (M'"%OS[V(!S"L rrl] (29)

r=0

x (G ) ECI ey gy £}

where w, i, A € C are such that Re(w) > 0,Re(u) > 0,Re()) > 0,Re(w) >Re(w), and a(S +
I)>0.

Proof To describe the relation in 28), the proof is easy, using the well-known identities in
(2). In a similar way, we can get the result ir2Q). 0

Theorem 3.3 Let S, F, and L be commuting matrices in C*". If
fE) = Vu(iF,L8), (30)

then,

Fe(w)= \EW(S"I)F(I ..S)

X Z(..n[)r(F+ (n... )[(S)/]

r=0

AwLY sin[(S + r)7 /2] (1)

r!
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and

Fo(w)= \/g wDr (1 ..5)

x Y (eal),(F+ (... W)[(S)]

r=0

(32)

AAw(L Y cos[(S + rD) /2]
7! ’

where Re(w) > 0,Re(A) > 0,and a(I .. S) > 0.

Proof The proofs of the two results in 81) and (32) can be obtained by the use of the two
formulas in (10) and (11) with De"“nition 2.6. O

Theorem 3.4 Let S, F,and L be commuting matrices in C"*", and let Y, (A& ;F,L) be given
in (15). For the function

fE)=&51e Y, (08, F, L), (33)

we have

Fe(w) = \/g (12 +w?) 2 T(S)

” (34)
ALY S+7l /
X ;(-.HI)V(F'F (m... M),(S)r( Y cos|( . ) arctan(wi M)]’
and
PWF/;M+WWN$
(35)

(..AL~Y sin[(S + rI) arctan(w/ 11)]
7! '

X Y (o), (F+(n ... 13) ,(S),

r=0

where w, i, A € C are such that Re(w) > 0,Re(u) > 0,Re(1) > 0,and a(S) > 0.

Proof Using (15) and applying formula 2) on the right-hand side of 83) reveals that
C — 2 OO S.0,.ué .
Fwy=\ = | e 0,080 F, L cos(éw) d
0

= \/EZO:(..M),(F+ (... 16)’(-.2\5!"'3’

8 v/m%_s...(lx)le--ﬂ5 cos(§w) d§.
0

Using (12), we get

Fe(w) = \EZ(..M),(F +(n... 1), (ALY
r=0

r!

x (12 +w?) T]SF(S +rl) cos[(S + rl) arctan(w/ )],

which implies formula 34).
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Likewise, we can get the result ir36) by using (3).

Theorem 3.5 For the function
fE)=E%e Y, (1E5F, L),

where Y,(...F,L) is as in (15), we have

1 n
Few)=y5-Tn+ 1121820 w?l4)" el +71410

X Y (el (F+(n ... 1)),

r=0

X Vper (410312 ... 24+ 1), wP),

where w, i, A € C are such that Re(w) > 0,Re(u) > 0,and Re(1) > 0.

Proof To establish our result in 87), using B6) in (22), we arrive at

(AW2(4M2L) Y

Fé(w)= \/? / ~ g2gHE Y (M&2,F,L) cos(&w) d&

[Z( ) (E+(n ... 1), 2L 5

X 2n+2r gl ( WZEZ)S
/o : Z @)

\/722( al), (F+(n... 1))

r=0 s=0

X/ %.n+r+s..%e../.u§ dé

\/722( al),(F+(n... 1) ~

=0 s=0
X ﬁr(” +r+s+ %)
F(%)(%)SS!ZZSM(VI+r+S+%)

After changing the order of summation and simplifying, we obtain

00 1 2 S
P = 3
s=0 N2/

/1 1 1 2
— @+2)1—- + =) pwlap)
271“ (n 2)6

x ij;(..nl)r(ﬂ ... M),(n .\ %)

L WAA )T ntr 1 il o
X%Z(..n..r)s<§..n..r>sﬂ,

s=0

which implies formula 37).

(.w?).

(w2 (ALY

T(2s+ Lyr!

AL~ -ar

(A(uL)-y

7!

s!

Page 11 of 18

(36)

(37)

(38)

(39)
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Theorem 3.6 Let YV, (A&, F,L) be given in (15). For the function

f(€)=£¥*1e Y, (165 F,L), (40)
we have
Fi(w) = _’u...(z+3/2)(__W2/4)ne(..w2/4u)

23
w4y 41

x Y (D) (F+(n ... M),#%w(%% .
r=0

.26 +7), wz),
where w, 1, A € C are such that Re(w) > 0,Re(u) > 0,and Re()) > 0.

Proof To describe the relation 41), from (40) in (23), we see that
2 [ee]
Fw)=,/— / 52'1*16--“5232" (x£2,F,L) sin(Ew) d
T Jo

2 n (..)LL"'Y
_\/;;(..nl)r(l:+(”1--- 1), 7l

X / T e Gin ey de

[ZZ( al) (F+(n... 1),

r=0 s=0
o BW)> ALY Tt r +5+ 312)
2 M(n+r+s+3/2)(2s +1)lr!

/1
— _WM...(I+3/2)F(H+3/2)
2m

X i(..n[),(l—"+ (n... 1) (n+3/2),

r=0

o w2l (cm..r)s s
o Z{ iy |0

(A(pL)y
7l

After simpli“cation, we obtain the desired result

1 A\
FS(w) = ...(Z+3/2)<_) e(..w 1410)
w) 2" )

(ow(4u’L) -y
r!

x Y (o) (F+(n... 1),

r=0

y 2H0|:..n A X "y;...ﬂ/w2:|.

This completes the proof of Theoren8.6. O
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Theorem 3.7 Let S and F be positive stable and commuting matrices in C"*". For the
function

fE) =521, (L, ug?), (42)

we have

Few)=(... 17\/2 w512 + F+ 3/41),
X I‘"']((n ... 3/4) ..S/2) csc[n(S/Z + 1/41)] (43)

[(7/4 ) +SI2,(3/4 ..n)[+SI2 ..F
x 2H2

CLwlldp |,
1 3/41+ 512+ F v

where w,u € C are such that Re(w) > 0,Re(u) > 0,and a(S + 3/21) < 2n + «(2F), as well as

Fw)=w(... 1’)\/2 w3512+ F ... 1/4),
x D(n+1/4)I .. S12) esc[r (S/2 + 3/41)] (44)

@314 A) [ +S12,(n... UAJ+SI2+F
XZHZ 3 ;"W /4/1/ [}
S1,..1/4+S[2+F

where w, i € C are such that Re(w) > 0,Re(u) > 0,and a(S + 1/21) > 0,a(S) < 2n + 1/2.

Proof To demonstrate the truth of these results, making use a2%) with (42), we observe
that

Fé(w)= \/g/:o€S+%16..u$2yn(1;F'M§2) cos(Ew) d&

1T G (oo L) (W)
x ‘/oo%.S/2+(1/4..r+s...1be..ué d%‘
0

1 K (.. 1) (..wPy
:\/;ZZ(..HI),(F+(71...11))VT)!W

r=0 s=0

x S0P (512 + (5 .r + 1IA)]).

Thus, after a simpli“cation, we “nd that

/1
]:C(W) — ZH...$/2+1/4I)F(S/2 + 1/41)

X i(S/Z +1/41),I"(..S12 .. F ... (34 4s ... )T (..5/2 ... (3/4 4s)I)
s=0

X F"'](..S/Z F.o. (BlAs+n... 11))
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(. Wil

X F"'](..S/Z ... (344 ..n)]) 0
S: 5)s

1
=/ Z—M---W*l’“)r(S/z +1/ANT(..S/2 ... 314 (..S/2 .. F + 1/4])
T

x T{..S12 .F+ @4 ..n))T{..S12 ... (34 .n)I)

X Y (SI2+ LIAI)(SI2+ (712 ..n)]) (SI2+ F +(ul4 ..m)I),
s=0
(. wRlAp)

x [(s/2+ F+3141),] " {(s/2+ /4D, ] == B
S: 5)s

The above equation gives the proof o).
In a similar way and by usingZ3) with (42), we can get the result in44).
Hence, the demonstration of Theoren3.7is “nished.

Theorem 3.8 Let S, F, and L be commuting matrices in C"™". If

1

— &S
fO=6 e

Js(AE)Vu(E%F, L),

then, we have

FS(w) = @ S sinh(uw)Ks(p) YV, (W% F, . L),

(45)

(46)

where w, i, A € C are such that Re(w) > 0,Re(u) > 0,Re(A) > 0,and S is a positive stable
matrix in C" such that ...1 <(S) <0, Js(x) is the Bessel matrix function defined in (17)

and Ks(x) is the modified Bessel matrix function defined in (19).

Proof The proof of this result indeed follows from applyingZ3) on (45), we have
F=2 | e 0O L) snew de
7 Jo (12 +£2)
2 & yr
== (al)(F+(n... 1)),
T r=0

r+ 1)1 1 :
X/o 5(2 o Smfs(ké)sm(éw)dé.

(.L

r!

Using the Fourier sine transform (se€lB, p. 426]), we obtain

].‘S(W) = @Z(..n[)r(lj*' (I’l m)r
r=0

L..Z’
X T,L(S*(Zf---lb) sinh(uw)Ks(ui)

n 27 ..Ar
= \/g,us“l sinh(uw)Ks(ui) Z(..HI)V(F‘F (n... 11))r (w*L-9 .

|
r=0 r

This completes the proof of equation46) asserted in Theoren8.8.
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Similarly, we can arrive at the following result.

Theorem 3.9 Let Y, (£%;F,L) be given in (15). For the function

SO =6 GO EEEL), (@7)
we have
Fi(w) = \/gu"se("“w)]g(kw)yn(. MEF, L), (48)

wherew, u, A € C are such that Re(w) > 0,Re(u) > 0,Re(X) > 0,Re(w) >Re(1), S is a positive
stable matrix in C"™" such that &(I ..S)>0,and S, F, and L are commuting matrices in
(C}’IXK .

Theorem 3.10 Let ), (€2, F,L) be given in (15). For the function

£(6) = (12+£2) ¥y, (6% F, L), (49)

we have

Few)= ?(%)--%---‘(w %1)
(50)

L* d¥ (WS Ks(Ww))
"oyl dw?

x Y (), (F+(n ... 1))

r=0

where w, A € C are such that Re(w) > 0,Re(X) > 0,S is a positive stable matrix in C"" such
that a(S) > % K(x) is modified Bessel matrix function defined in (19), and S, F, and L
are commuting matrices in C**",

Proof In order to establish the result%0), with the help of the Lemma2.3 we get

Fe(w) = \/g /O oo(xz +£2)8 30y, (62.F, L) cos(wt) d
- \/ggoj(..nl)r(lf+ ... M)r(“f!)"r

x fo T2 (324 624 cos(ue) de

- \Eg(..m),(m (... 1g)r(“f!)"r

N \/g(---l')ﬁl""'l<5+ %I)(ZF)--SdZ’(W;:;O‘W))_

This completes the proof. O

Similarly, we can arrive at the following result.
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Theorem 3.11 Let Y, (£%F, L) be given in (15). For the function

£E)=£(:2+£2) DY, (6% F 1), (51)
we have

con_ /8 W WK ()

]:(W)—W(ZF) w2t (52)

where w, A € C are such that Re(w) > 0,Re(A) > 0,and K,,(w) is the modified Bessel function
defined in [18].

Theorem 3.12 Let V,(&;F,L) be given in (15). For the function
fE) =E-e* Y, (& F L), (53)

we have

n B o / 5
Fow)= \E ;,(--nf)r(F e ML% (54)
x {e% K (2v/im) + e F G 2V D),

where w, A € C are such that Re(w) > 0and Re()) > 0,& € C\ {0}, and K,(w) is the modified
Bessel function defined in [18].

Proof Using (15) and (53) in (22), we observe that
Fi(w)= \/gfoo £ 8V, (8, F, L) cos(wk) dE
0

:@Z(..m),(ﬂ(n 1o)r(”fl)"r (55)
r=0 '

x /(;Oosr]eklé COS(WE)d-‘;:.

Applying the formula in [18, p. 403], we see that

Fe(w)= \E DG (F+ . ), R (56)
r=0 .

X {ei%Kr(Z\/ iw) + e E K (27 ..i)Lw)}.
This completes the proof of Theoren8.12 O

4 Conclusion

In this manuscript, motivated by the recent studies and developments of the integral trans-
forms with various special matrix functions, including the matrix orthogonal polynomials
as kernels and their applicationsl4, 17, 49, 50|, we introduce some Fourier cosine and
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sine transforms of generalized Bessel matrix polynomials, together with certain elemen-
tary matrix functions, as well as exponential and Bessel functions. It is obvious that the
results presented here, which involve certain matrices@*”, reduce to the correspond-
ing scalar ones whem = 1.

In fact, a remarkably large number of Fourier cosine and sine formulas involving a va-
riety of functions have been published (see, e.cal]pp. 7...108]). In this connection, we
conclude this manuscript by posing the following problem for further investigation.

Open problem. Try to give matrix versions of the results for Fourier integral transforms
(or formulas) involving a variety of special functions (see, e.g1[pp. 7...108]).
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