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1 Introduction

As is well known, the unsigned Stirling number [;’] counts the number of permutations
of a set with # elements which are products of r disjoint cycles. We generalize these num-
bers to the multi-Stirling numbers of the first kind Sgk"kz"”’k’)(n, r) (see (10)) which reduce
to the unsigned Stirling numbers of the first kind for (ky, 4z, ..., k) = (1,1,...,1). Indeed,
Sgl'l""'l)(n,r) _ [;;]

It is also well known that the unsigned Lah number L(n, k) counts the number of ways
a set of # elements can be partitioned into k nonempty linearly ordered subsets. These
numbers are generalized to the multi-Lah numbers L*152+%)(y, r) (see (18)) which reduce
to the unsigned Lah numbers for (k, ko, ..., k) = (1,1,...,1). In fact, LAYV, r) = L(n, 1).

In addition, we need to recall the multi-Bernoulli numbers Bﬁ,kl'kz""’k’) (see (9)) which
were introduced earlier under the different name of generalized Bernoulli numbers of or-
der r in [7]. These numbers reduce to the Bernoulli numbers of order r up to some con-
stants. Indeed, we see that Bﬁ,l,’l """ b_ %(—l)mBﬁz).

The common feature of those three kinds of numbers is that they are all defined with the
help of the multiple logarithm Lig, ,,..x (2) (see (8)), which reduces to the polylogarithm
Lix, (z), for r = 1.

The aim of this paper is to study several relations among those three kinds of numbers.
In more detail, we represent the multi-Bernoulli numbers in terms of the multi-Stirling
numbers of the first kind and vice versa, and the multi-Lah numbers in terms of multi-
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Stirling numbers. Moreover, we deduce a recurrence relation for multi-Lah numbers. For
the rest of this section, we recall the necessary facts that will be needed throughout this
paper.

The unsigned Stirling numbers L(n, k) are defined by

()= Y LK) x)k, n>0 (see [2-6]), (1)

k=0

where (x)o =1, (%), =a(x+1)---(x+n-1),n>1,and (x)g= 1, (%), =x(x = 1)---(x — 1 +
1),n>1.
The inverse formula of (1) is given by

n

@ = Y (D" L k) x)s, 10,

k=0

From (1), we can derive the generating function of unsigned Lah numbers given by

LY oS L (see 2,5, 8) B
k\1-t) =& SIS
Thus, we note that
Lonk)= ("2 pk= 1 (see [2,8)) 3)
n, = k-1 k', n,K = see |z, .

The Stirling numbers of the first kind are defined by
@n=Y_Si(m k)", n>0seels,8]), (4)
k=0
and the Stirling numbers of the second kind are defined by
n
&= S(mk)@, 1> 0 (see2,5,8]). (5)
k=0

From (4) and (5), we note that

1, *« — t"

e 1)f = ;Sz(rz,k)ﬁ (see [2-4, 8]) ©6)
and

1 > "

E (log(l + t))k = ;Sl(n, k)a (see [8]). (7)

Forany k; > 1 (1 <i <r), and |z| < 1, the multiple logarithm is defined by

zZ"

Likl,kz,.‘.,kr(z) = Z N & (see (1, 7]) (8)

0<my <my<---<my my iy My

Ifr=1,Lig(2) = > o, ZZ is the polylogarithm.

m
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The multi-Bernoulli numbers, which are called the generalized Bernoulli numbers of

order r in [7], are defined by

00 Bﬁi,‘l”‘z"""")

- Z — £, 9)

Lik, k..., (2)
Zr

z=l-e7t 0o

From (13), we note that

r-times - 1
gL 1) S)BY, m=0,r=1 (see [7]),
7!

where BY are the Bernoulli numbers of order r given by

t r o0 ()tn
— E r
(et—l) ) n:OBn n! (see [1,7,8]).

2 Multi-Lah numbers and multi-Stirling numbers of the first kind
Now, we define the multi-Stirling numbers of the first kind by

S n
. K1k z
Lity ..., (8) = D 817" mn)—, (10)

n=r

wherek; >1(1<i<r-1),k >2,and |f| < 1.

From (8), we note that

— Ll ko, L) = — N &
dt dt 0<my<my<---<my W’ll my” - My
1 tr
-7 Z Kk K1 kr—1
0<my <my<---<my my my” M,y Wy
1.
= ;Lllq,kz,.‘.,k,,l,k,—l(t)-
Let us take k, = 1 in (11). Then we have
d_. 1.
Elel Kok 1, 1(E) = ;lel,kz,...,k,_l,o(t) (12)
1 1 =
D D ey = D D

O<my<<myp_1 my My my=my_1+1

Z 1 tmpl +1 1
ki k K P
1 2 mr—ll 1-¢t ¢t

0<my <mo<--<my_1 my iy

1 .
= T Mk (£):
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We claim that the following relations hold. For this, we only need to show the first equality

which we prove by induction on 7:

[o¢]
. ey t"
Lipq,.. 108 = ( log(1-1)" = (-1)""Si(n, = (13)
\"_ n=r m
r-times
Ifr=1,thenLij(t)=> o ¢ -~ = —log(1 —¢), as we wanted. Assume that r > 2 and that the

relationship holds for r — 1. By (12) and induction hypothesis, we get

d 1 1 1 -1
—Li t)= —Li t) = 1 . 14
UL 10= 7,10 = oy )‘l—t( og(1-1) (14)
r-times (r—1)-times
Now, by (14) we obtain
Li (® 1 /t 1 (~log(1 t)) (15)
i = 0 —
L., 10== | 7 (e
r-times
1 log(1-¢) L 1 .
= " du=—(-log(l-1)).
(r—1)!/0 whdu = (log(1 - )

Thus our proof is completed. From (10), we note that

r -times

Lll 1,. 1(t) = ZS(I L. r);—r; (16)

r- tlmes

Therefore, by (13) and (16), we obtain the following lemma.

Lemma 1 For n,r > 1, we have

r-times

(rm—— n
Sgl, 1, ooy 1)(’1’ 7') — (_1)n—rSI(n’ 7') - |:,:|’

where [ ] are the unsigned Stirling numbers of the first kind.

We observe that

Lig, gy, (1 — €75)

(1 _e—t)r (17)

oo

1 (k1 k) 1 _ym
At

)
_ 1yn-t (k1K) t
= p= t E E Sa(l,m)S; (m,r) T

l=r m=r

oo l+r
( D't 1yt Kt kr) not
_t)r E E So(l+r,m)S; (m,r)(l_”)!ﬁ

=0 m=r
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oS oo [ l+r 1 ¢
ZB(’ Z (Z )" 85(1+ 7, m) ST (1, ) ” ) I

j=0 =0
n  l+r n 1)n r—-m Kiks) P
Z Sy OB Sy S S ) )
1=0 m=r :

Therefore, by (9) and (17), we obtain the following theorem.

Theorem 2 Fork; >1(i=1,2,...,r),and n > 0, we have

nol+r n r) )n r—m

k1k2 ..... kr) ZZ—HV Sz(l+r,m)5k1 """ kr) (I’I’l 7')

=0 m=r

For any integer k; (i = 1,2,...,r), in the view of (9), we define Lkvkeke) (31 1) for n, r > 0,
which are called multi-Lah numbers, as

Ligy ey, ke (1 — €7) > (kp ke "
ok =3 Lk () 18
G-t Z (1) (18)
From (13), we note that
rtlmes
L1,...,1 1 .. -
e D - st =) )
r-times
1 1 NN
= m;(—log(l -(1-¢7)))
1/t ) & ¢
=—| — = L ) .
r!<1—t> ; (e r)n!
Thus, by (19), we get
r-times

—_——
L(l’ L., 1)(;1, r)=L(n,r), nr>0.

For n > 1, from (8) and (18), we get

tVl
3 Lok (4, ) (20)
e n!
1
= (1 t)r wky-1, kr(l et)

e}

1 1 (1— ety
B (1-p)r Z kv ko kr_1 Z —kr

O<my <mp<-+-<my_1 my iy my=my_1+1 my

e—t)mﬁmr,l

> S o
B e eyt )

O<my <mp<---<myp_1 my my" - r-1 my=1

T -ty

1 (1 -et)ym-1 -)"m) 1 , iy
= (l_t)r Z klmkz kr—l Z ( _ _(e —1)

k; 1
m my + m,_ T My
O<my<my<---<my_1 1 2 r-1 my=1 r r 1) r
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1

(1—et)ymr1 2 (=1)"m,!
= (1 _ t)r Z k1 . mkr_l Z

ko
O<my<my<---<my_1 my my” - -1 m,=1

1 (1_ t)m,,l < / ( l)m +l
r T et (»

(mr+mr 1) —kr

0<my <my<---<my_1 1My r-1 =1

[e¢]

) 1% Z(Z( D" m18, (1, %)Z( ) i

(L) xSy
X | — —_— |
1-t T )

O<my<my<---<myp_1

o l
1
“1-: > ( D 1" m Sy (1 my)
=1

mp=1

kr r-1 l
k oif 1 t

E r r | i . _pt _
" P (/)m <1—t> Lk oty(1 - )> n

From (20), we note that

o n
Z Lkt ) r)t_
1 .
(S S s (o
I=1 \my=1 j=0
00 o tl
Z I kukekr 2kr11)(mr_1)_>ﬁ
1 oo [p+l-r k
15 Z(Z ¢ ) 3 S U ki, (%)
mp=1 j=0
s KUK,k -2,k 1—1)(p Lr— 1))
n ptl-r ky k
Z(Z > ( ) 2 2 U mm ISy, m,)( : )
p=r I=1 my=1 j=0 /

t}'t

n'

s LKuk2,.. krzkrll)(p Lr—1)— )

(le + mr—l)_kr

© _4\
ZZZ%SZ(L m)%

(21)

Therefore, by comparing the coefficients on both sides of (21), we obtain the following

theorem.

Theorem 3 Foranyk; > 1 (i = ...,1),and n,r € N, we have

KKk —1,—kr) (n,7)

n

p p kr , o p kr
SEE S ()

=r [=1 my=1 j=0 J
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. n!
X Syl m)LE1H e 2k D (p ] — 1) =
p-

Replacing ¢ by —log(1 - £) in (9), we get

1 C 1
;lel,kz ..... kr(t) = ZBELQ‘]Q """ k’)(—l)m%(log(l - t))m

m=0
00 00 o
= D BRIy S m)(-1)" (22)
m=0 n=m n:
00 n o
= Z Z(—l)”‘mB(rﬁl’kz""'k’)Sl(n, m) —
n=0 \m=0 n
On the other hand, by (10), we get
1 1o £
; _ (k1k2,....kr)
ik, k(0= 2 3 S (1) (23)
n=r
- ot
_ ngkhkz ,,,,, kr)(n +7,7) n v
(n+nr'n

n=0

ad Sgkl'kz """ k’)(n +7,7)t"

TGO

n=0

Therefore, by (22) and (23), we obtain the following theorem.

Theorem 4 Foreachk;>1(i=1,2,...,r),n>0,andr € N, we have

n
n+r n
S(klakZ:-u:kr) n+r,r) = 7! E B(k],/Q ..... kr) .
! ( ) n " m

m=0

Now, we observe that

[ee] t”
(k1K) r
ZL VE28r) (g, 1) p
1 .
= lekl:kZ ,,,,, kr(l—e ) (24)
ad r+j—-1 ad 1
_ - j K1,k ..k A
_Z< ; )t Z_Sl (m,r)m!(l e’)
j=0 m=r
> (r+j-1\  — ! £
- —1), (k1 eki) Lyl 3
(7 z(zsl (- szu,m)) d
j=0 I=r \m=r
00 n l
—I-1\n\t"
=2 (oo k”(mm)(—l)’"-’sg(z,m)(’*” )ﬁ 2
il \a— n-1 I n

Therefore, by comparing the coefficients on both sides of (24), we obtain the following

theorem.
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Theorem 5 Foreachk; (i=1,2,...,r),and n,r € N, with n > r, we have

Lk ,kzy-.-,kr)(n’ r)

n 1
-I-1\n!
_ Z ZS§k1,...,kr)(m, r)(—l)’”"Sz(l,m) r+mn n_
n-1 0!

l=r m=r

3 Conclusion
There are various ways of studying special polynomials and numbers which include gen-
erating functions, combinatorial methods, p-adic analysis, umbral calculus, special func-
tions, differential equations, and probability theory. In this paper, using the generating
function method and by making use of the multiple logarithm, we studied three kinds of
numbers, namely the multi-Stirling numbers of the first kind, the multi-Lah numbers, and
the multi-Bernoulli numbers, which reduce respectively to the unsigned Stirling numbers
of the first kind, the Lah numbers, and the higher-order Bernoulli numbers up to constants
when the index is specialized to (ky,k3,...,&,) =(1,1,...,1). We deduced several relations
among those numbers. In more detail, we expressed the multi-Bernoulli numbers in terms
of the multi-Stirling numbers of the first kind and vice versa, and the multi-Lah numbers
in terms of multi-Stirling numbers. Further, we derived a recurrence relation for multi-Lah
numbers.

It is our continuous interest to explore some special numbers and polynomials by using
different tools like those mentioned above.
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