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1 Introduction and preliminaries

The ordinary hypergeometric functions have been the subject of extensive researches by
several prominent mathematicians. These functions play a crucial role in mathematical
analysis, physics, engineering and applied sciences. Most of the special functions, which
have various physical and technical applications and are closely connected with orthog-
onal polynomial and problems of mechanical quadrature, can be expressed in terms of
generalized hypergeometric functions. Agarwal et al. [1, 2] established some properties
for the generalized Gauss hypergeometric functions, which were introduced by Ozergin
etal. Rahman et al. [3] defined further extensions of hypergeometric and Appell’s hyperge-
ometric functions. Very recently, Saboor et al. [4] defined a new extension of Srivastava’s
triple hypergeometric functions, and the authors presented some of their properties such
as integral representations, derivative formulas, and recurrence relations.

Many modern mathematics and theoretical physics problems lead to the study of the hy-
pergeometric functions of several complex variables (see, e.g., [5-16]). These include, for
example, problems in the representation theory, combinatorics, number theory, analytic
continuation of integrals of the Mellin—Barnes type, and algebraic geometry. Moreover,
hypergeometric-type functions are seen in several applications of physical and chemical
problems [17-20].

In [21], Exton defined 21 complete hypergeometric functions in four variables de-
noted by the symbols K3, K3, ...,Ks. In [22], Sharma and Parihar introduced 83 com-
plete quadruple hypergeometric functions, denoted by an ,F?,...,Fg;) . Bin-Saad and
Younis [23, 24] introduced 30 new quadruple hypergeometric functions written as
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X® x®, ..., X, In [25] Younis et al. discovered the existence of six additional complete
hypergeometric functions in four variables, X é?,Xé?, e ,Xgé). Motivated by the above in-

vestigations, we introduce five new quadruple hypergeometric functions as follows:

(4) . .
X95 (pl’ P15 P35 P55 P15 P25 P4 P65 W2, W1, W1, W15 X, Y, Z, Ll)

_ i (01)2m+n(02)n(P03)p(04)p(P5)q(06)g X™ y" 2 u?

=0 (wl)n+p+q(w2)m m! n! p! q!

1
x| < ,|y| <1zl <1,|t] <1 (1.1)
Xé?(ﬂhphpmps,mnoz, P25 Pa; W1, W, D1, ;X Y5 Z, )

(wl)m+p(a)2)n+q m! n! p' q'

_ i (p1)2m+n(p2)2p+n(p3)q(p4)q x"y" 2 ul

m,n,p,q=0
<|x| <=yl <1z < |t| < 1) (1.2)

(4) . .
X97 (pl’ P15 P25 P35 P15 P25 P25 P45 W1, W1, W2, W1; X, Y, Z, Ll)

_ i (P1)2men(P2)2pn(03)g(0a)g 2 " 2 Ul
mn,p,q=0 (wl)WH-VH-q(wZ)p m! n! p! q!
(lxl <olyl<dlzl < ,|t| < 1) 13)
Xgé)(pl: L1525 P35 P15 P25 P25 P4; W1, W2, W1, W15 X, Y, Z, M)
— i (p1)2m+n(p2)2p+n(p3)q(p4)q ﬁy_”fu_‘f
mm,p,q=0 (wl)m+p+q(0)2)n m! n! p! q!

4
Xé9)(plx P15 P25 P35 P15 P25 P2, P45 €, C, C, G X, Y, 2, bl)

i (pl)2m+n(p2)2p+n(p3)q(p4)q ﬂ)’_"fu_q
a0 (O msnsp+q m! n! p! q!

(le <pbli<bled<g Itl <1) (1.5)

where (a),, is the Pochhammer symbol defined by

(@m = (?(+)m) =aa+1)---(a+m-1),
for m > 1, (a)o = 1, and I" being the well-known Gamma function.

Recently, many authors have obtained several recursion formulas involving classical hy-
pergeometric functions. In [26], Opps et al. introduced the recursion formulas for Appell’s
function F, and gave its applications to radiation field problems. Wang [27] presented the
recursion formulas for Appell functions Fy, F;, F3, and F4. Sahai and Verma [28, 29] estab-
lished the recursion formulas for Lauricella’s triple functions, Srivastava hypergeometric
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functions in three variables, k-variable Lauricella functions, and the Srivastava—Daoust
and related multivariable hypergeometric functions. In [25, 30], the authors gave the re-
cursion formulas for Srivastava general triple hypergeometric function and Exton’s triple
hypergeometric functions. In this present paper, we establish several recursion formulas
associated with the quadruple functions (1.1)—(1.5).

In the following, some abbreviated notations are used in this paper. We, for example,
write Xg? for the series

@ : ,
95 (Iob P15 035 P55 P15 P25 P4s P65 W2, W1, W1, W1;X, Y, z, l/l)

and Xg?(,ol + n) for

(4)
Xos (01 + 1, p1 + 1, 03, 05, P1 + 1, P2, Pas P53 D25 D1, D1, 013X Y5 Zy U).

The notation Xg?(pl + 1, py + n1) stands for

@)
Xoe (01 + 1, p1 + 1, 035 05, P1 + 1, P2 + 11, Pas P63 W25 D1, W1, W1 X, Y5 Z, )
@
and X (p1 + 1, p2 + 11, @1 + K1) stands for
@
Xos (o1 + 1, p1 + 1, 03, P55 P1 + 1, P2 + 11, Pa, Po; W2, 01 + N, W1 + M2, W1 + N2 X, Y, 2, U),
etc.

2 Main results
Here, we present certain recursion formulas for the hypergeometric functions of four vari-
ables Xg? ,Xgé), ..., X5 Throughout the paper, 1 denotes a nonnegative integer.

Theorem 2.1 The following recursion formulas hold true for the numerator parameters
4
P15 025 P35 P4, P55 P6 ofXés):
n

2x
Xg (o1 +1) = X5 + = (o1 + m)X§g (o1 + 1+ my, 00 +1)
w2

n1=1

n
Y2 (4)
+—E X +n1,00+ Lo +1), 2.1
w 95(/01 1, 02 1 ) (2.1)

ni=1

2%
X1 - n) =X(§) - Z(pl +1—m)XP (01 +2 = my, 9 + 1)

n1=1
n
- J% r;:ng?(pl +1-ny,00+ 101 +1), (2.2)
n
Xé?(pg +n) = Xg? + J% ZXé?(,ol +1,00 +n1,c+ 1)
ny=1
n
+ ps ZXé?(pz +ny,p03+1,c+1), (2.3)

ny=1



Younis et al. Advances in Difference Equations (2021) 2021:407

n

01
Xod (py —m) = XS — yT D Xgd(pr+ 1,02+ 1= my,c+1)

n1=1
n
Zp3
- ZXQ?(sz—m,paH,H 1), (2.4)
ny=1
207
2
X;?(pg +n) = Xg? + —= ZX;?(,oz +1,03 +ny,c+ 1), (2.5)
¢ n=1
207 w—
2
X (o3 —m) = X5 = =2 " X (pr + 1, p3 + 1= my,c + 1), (2.6)
¢ ni=1
Ups w—
5
X5 (pa+ 1) = X2 + == 3" X525 + 1, pa + 1, ¢ + 1), (2.7)
¢ n1=1
Ups ~—
5
Xs(pa—n) = X5 = == 3" X5 (05 + L, pa+ 1= my,c + 1), (2.8)
¢ n1=1
UPs
4
Xg?(p:; +n) = Xg? + — ZX;?(M +1,05 +ny,c+ 1), (2.9)
¢ n1=1
Ups —
4
XB(ps —m) =X - - D Xgd(pa+ 1,05 +1—my,c+1). (2.10)
ni=1

Proof From the definition of the hypergeometric function Xg;) and the relation

2m n
()01 + 1)2m+n = (p1)2m+n (1 +—+ _); (211)
P1 P

we obtain the following contiguous relation:

2x
Xé?(m +1)= Xé? + w—(,Ol + 1)Xg?(,01 +2,m +1)
2

Yp2

w—Xgé)(,Ol +1, P2 + 1,w; + 1). (2.12)
1

+

To find a contiguous relation for Xé?(pl +2), wereplace p; — p1 +1in (2.12) and simplify.
This leads to

2
2x
X5 (o1 +2) = Xgg) + == > " (p1 +m)Xsg (pr +my + Loy +1)
w3

n=1

2
Y2 (4)

+—EX + 11,00+ 1,0 +1). 2.13
o 95 (o1 15 02 1 ) ( )

ni=1

Iterating this process n times, we obtain (2.1). For the proof of (2.2), replace the parameter
p1— p1 —1in (2.12). This gives

Y2

- w—)(;?(p2 + L +1). (2.14)
1

2x
Xg?(pl -1)=X; - w—png?(pl +1,wy +1)
2

Iteratively, we get (2.2).

Page 4 of 14



Younis et al. Advances in Difference Equations

The recursion formulas (2.3)—(2.10) can be proved in a similar manner.

(2021) 2021:407

O

Theorem 2.2 The following recursion formulas hold true for the numerator parameters

4
P2, P35 P4 P5 OfXéS):

X9 2+n)_ ( )(pl)my
Xt (pz_n)_”1<”( )(m)n1 )"
— (@1)n,
o= 2 (1) i
L _n ( )(M):Jl(:)
o m( e
T (n)(m::l( :)
- W( )
Xos (ps—n)—n1<n( ) pé("ll)nl
K= 3 (1)

( n ) (05)n (=)™
nm (a)l)nl

95 Doy + 1, 00+ 11,01 +my),

X (o1 + m, 01 +m),
(,03 + M1, P4 + 11, w1 + 11),
)
Xos (04 + 11,01 + 11),
(,03 + 11, P4 + 11,01 + N1),
o
Xoe (03 + My, ¢ + 1),
(p5 + 11, Pg + M1, w1 + N1),

4)
Xég (6 + m, w1 + m),

,05 + 11, P + M1, w1 + H1),

4
Xég;)(l)s + 1,01 + 1),

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

Proof The proof of (2.15) is based upon the principle of mathematical induction on n € N.

For n = 1, the result (2.15) is true obviously by (2.3). Suppose (2.15) is true for # = m, that

is,

n\ (p1)m )™
X (o +m)= (n )7 1
1

n<m (a)l );11

o5 (01 + 11, 02 + 11,01 + 1),

(2.25)

Replacing p; — py + 1 in (2.25) and using the contiguous relation (2.3) for n = 1, we get

Xg?(pz +m+1)

(p1)
= Z (n ) Uny” X95 (p1 + 11, p2 + 1y, @1 + 1y)
1

m<m (wl)nl

(o1 +m1)y
+ _—
(w1 +m)

Xé?(pl +ny+ 1,00 +ny, 01 + 17+ 1)},

(2.26)
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Simplifying, (2.26) takes the form
Xg?(az +m+1)

n\ (p1)m )™
= Z < )LXS?([M + 11, 0 + A1, W1 +I’11)
ni<m m (wl)m

n 2\ (pon
+ Z ( 1) ! )ly (?(pl + 11, P2 + M1, 01 + 11). (2.27)
ny

n1<m+l

Using Pascal’s identity in (2.27), we have

n\ (p1)m )™
Xé?(PZ +m+1) = Z <n )%Xé?(m + 1y, P2 + M1, 01 + 11). (2.28)
1 1)m

n1<m+1l

This establishes (2.15) for n = m + 1. Hence, by induction, the result given in (2.15) is
true for all values of n. The recursion formulas (2.16)—(2.24) can be proved in a similar

manner. u

Theorem 2.3 The following recursion formulas hold true for the denominator parameter
cof Xg?:
Xgé)(a)l - Vl)

1
—ni)(wy +1-mny)

=X+ ,01,02312 X201+ 1,0+ Ly +2—ny)

ni= 1
X
' ’ + 1’ + l;w +2—-mn
e r;l —np)(w; +1-m) Xos (3 P4 1 )
+ Z 1 ( +1, +1, +2_ ) (2 29)
174 . ) |
P5P6 =1 (w1 —m)(w1 + 1 —mq) 95 L5 Jol3 1 .

Xg? (wp — 1)

n
1
=X +(p1)ax Y XD (1 + 2,09 +2 - my). (2.30)
1

(o —m)(w2 +1-m)

Proof Using the definition of hypergeometric function Xg? and the relation

1 1 n
_ (1+ P, 1 ) (231)
(w1 - 1)n+p+q (wl)n+p+q w1-1 w-1 w-1
we have
(4) (4) P1P2Y (4
Xog (w1 - 1) =Xgr + —————Xo (o1 + 1,00+ Ly +1)
95 %5 T o —1) %
P3p4Z (4)
—X +1L, 04+l +2-m
w1(w1 —1) 95 (03 P4 w1 1)
u
PR XD (05 +1, p6 + 1,1 +2— my). (2.32)
w1(w; - 1)
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Using this contiguous relation for Xg? with the parameter w; — 1 for n times, we get (2.29).

Recursion formula (2.30) can be proved in a similar manner. O

Theorem 2.4 The following recursion formulas hold true for the numerator parameters

4
P15 P25 P35 P4 OfXégi

s6 (o1 + 1) = XS + = Z(pl + 1) X5e (o1 + 1+ my, @1 + 1)

n1 =1

ypz ZX% (o1 + 11, 00+ Lan +1), (2.33)
n1=1
n
X201 ) =X = 23 (g 4 1= )Xoy +2 - mp 0y + 1)

w
1 n=1

n
Yp2 (4)
-—= X +1—ny, 0+ 1Lwy+1), 2.34
a) Z%(Pl 15 02 2 ) ( )

ni=1

2z «
Xé?(,oz +n) :Xgé) t— Z(pz + nl)Xgé)(pz +1+m,01+1)

1 n1=1

n
yp1 (4)
+ = X +1,00 + 11,y + 1), 2.35
o E 06 (01 +1, 00 + 11,05 +1) (2.35)

n=1

27 —
Xoq (2 =) = Xg = =3 (02 + 1= m)Xgg (p2 42~ m,n + 1)

ni=1
(2.36)
n
— jﬂ Zng(pl + 1,,02 +1 —ni,wy + 1),
(25
ni=1
(4 24
XP(ps +m) = xP + 2 ZX% (pa+1,p3 + M,y + 1), (2.37)
ny1=1
ZP4
XB(ps—n) =X - ngg ps+ 1,03 +1—ny,a+ 1), (2.38)
n1=1
X (pa+m) =X + 222 ZX% (p3 + 1, pa + 1y, + 1), (2.39)
n1=1
Ups —
3
XO(py—n)=XP - - > Xog (o3 + 1,04+ 1=y, +1). (2.40)
2
n1=1

Theorem 2.5 The following recursion formulas hold true for the numerator parameters
4
P3, P4 OfXéG)i

(pa)m 2
Xgé)(m +n) = Z < )—4 o Xg?(/h + 11, P4 + M1, W3 + H1), (2.41)
n<n nm (wz)m
1\ (Pa)ny (=2)"
Xsg(ps—m) =) (n ) 4(:)‘7))(3?(;)4 + 1y, + m), (2.42)
1 2)ny

ni<n

Page 7 of 14



Younis et al. Advances in Difference Equations (2021) 2021:407

@ 1\ (03)n 6™ ()
Xog (04 + 1) = E ————Xo¢ (03 + 11, P4 + 11, w3 + 11), (2.43)
< n (w2)n1
1=n
4 1\ (03)m ()™ 4
X5 (pa-m) =Y ( ) S X (03 + 0 + ), (2.44)
n<n 1 (wz)m

Theorem 2.6 The following recursion formulas hold true for the denominator parameters
w1, Wy ofXgé):
Xog (@1 = 1)

n
1
(4) (4)
=X, + X X +2,w1+2-nm
96 (;01)2 Z:l (@1 —n) (@ +1-m) 9 (,01 1 1)

+ (p2)2z Z

ny1=1

© n)w — XD (g + 2,01 +2 - my), (2.45)
1— 7" 1

X (wy - n)

1

(4)
Xog (o1 + 1,00 + 1,09 +2 —111)
(@ —m)(wy+1-ny)" "

= X96 + P102) Z

n1=1

n
1
(4)
+ uE X + 1,04+ 1,05 +2—my). 2.46
P304 (@3 — 1)@y + 1 —1y) 96(,03 P4 2 1) ( )

Theorem 2.7 The following recursion formulas hold true for the numerator parameters

4
P15 025 P35 Pa OfXéy):

X5 (o1 + 1) =Xg7 + Z(pl +m)XG (1 + 1+ my, 01 +1)

n1 1
y,oz ZX;;) o1+n, 00+ Lw +1), (2.47)
w1 ni=1
2% —
X (o1 —m) = X5 — o > (o1 + 1= m)XS (pr +2 = my 01 +1)
ni=1
J;/:z ZXQ‘; (o1 + 1=y, py+ Ly + 1), (2.48)
ni=1

2z &
X (or+m) = X5 + = D oo+ m)X§) (2 + 1+ m, 0 +1)
w3

n1=1

n
Yp1 (4)
+ = X +1,0 + 1y, w71 +1), 2.49
> Z o7 (o1 P2+ 1,01 +1) (2.49)

ny1=1

27 —
X7 (pr=m) = X = =3 (02 + 1= m)Xe3 (p2 4 2=, + 1)

n1=1

n
ypP1 (4)
- X +1,00+1—n,w1 +1), 2.50
p Z 97 (01 + 1,02 1w +1) (2.50)

ny=1

Page 8 of 14
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Xg;)(pg, +n)= X97 + w— ZX97 (pa + 1,03 + 11,1 + 1), (2.51)
n1=1
@) @) _ Ups
X§(ps —n) = X2 — ZX97 (pa+ 1,03+ 11—, +1), (2.52)
n1=1
) _y@ , 43
Xo7 (pa+ 1) =X, + ZXW 03+ 1,04 + 11,01 + 1), (2.53)
n1=1
(4) 4 UpPs
Xo (04 — 1) = X ——Zx (o3 +1,ps+1—ny, 01 +1). (2.54)
ni=1

Theorem 2.8 The following recursion formulas hold true for the numerator parameters

P3, ps of the Xg;):

(p4)n1

Xé7 (03 +n) = Z (m) W g;)(/?s + 11, P4 + M1, 01 + 1), (2.55)
nm<n ni
(04)ny (—£)™
Xo7 (03 —n) = Z (m) 4(60114))(5;)(/04 + 11,01 + 1), (2.56)
ni<n n
n\ (03)m u
57 (pa+m) =y (nl) (2)13 X3 (p3 + 1, pa+ my, 0 + my), (2.57)
ny<n "
(03)ny (=)™
Xg (ps—m) =Y (m) (60114%1)(5; (p3 + n1, 01 + m). (2.58)

Theorem 2.9 The following recursion formulas hold true for the denominator parameters

4
w1, Wy 0fXé7):

Xg;) (w1 - n)

1

(w1 —m)(w1 +1—my)

n
=Xg7 +(p)ax ) X (o1 + 2,01 +2-m)

=1
(4)
' X + 1’ + 11 +2—m
plpzymzl —m) a)1+1 ) 97 (; 02 w; )
+ uZ 1 XB(ps+ 1,00 + Loy +2-my), (2.59)
a) .
P3P4 ~ (w1 —m)w; +1-m) p3+ 1,04 . .
Xéaé)(wz —n)
= X + (/02)22 Z 1 X( (,02 +2, wy + 2_ nl) (2'60)
7 (w3 —m)(wy +1—my)

n1=1

Page 9 of 14
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Theorem 2.10 The following recursion formulas hold true for the numerator parameters

4
P15 025 03, P4 OfXég)I

Zx n
X$ (o1 +m) = X§) + P Z(m + 1) X (o1 + 1+ 1y, 01 + 1)
1

n1=1

n
Y2 (4)
+—E X +#n1,09+ 1,y +1),
o 98(101 1,02 2 )

n1=1
2% —
Xog (o1 =m) = X8 = == 3 (o1 + 1= m)Xsg (pr + 2= m,n + 1)
1
ni=1

n

yp2 (4)
——E X +1-ny,p2+1Lwy+1),
P 93(/01 15 02 2 )

ni=1

2z «
Xgé)(pz + 1) =Xg§) t— Z(,oz + nl)Xgé)(pz +1+m,01+1)
1

n1=1

n
yp1 (4)
+—E X +1,00 + 11,y + 1),
o 98(:01 P2 1, W2 )

n=1

2z «
Xgg (2 =) = Xo = =3 (02 + 1= m)Xog (p2 4 2=y, + 1)
1
n1=1
_P

n
ZXg;)(pl + 1,,02 +1-— ni,wy + 1),
w2

ni=1

n
UpPs
X5 (ps +m) = Xog) + == ZX;?(/M +1,p3 +ny,01 +1),
w1

n1=1
UPs ~—
4
Xsg (o3 —m) = Xg = ==Y " X (pa+ 1, p3 + 1 = my, 01 +1),
@1 n1=1

n
ups
Xsg(pa+ 1) = X + ==Y X3 + 1, pa + mp, 1 + 1),
w1

ny=1

Uups

n
o ZX&L;)(PB +1L, 04+ 1—n,0 +1).
1

n1=1

X (pa—n) =X -

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)

Theorem 2.11 The following recursion formulas hold true for the numerator parameters

p3, 04 Of X3g -

1\ (0a)n u™
Xgé)(% +n)= Z < ) - ng;)(ﬂ?) + 11, Pa + 11, 01 + M),

ni<n ni (wl)nl
1\ (pa)ny ()™
Xg;)(PS - l’l) = Z (I’l )&1—))(&?(/)4 + My, w1 + I/ll),
n<n 1 1/)m

1\ (03)n u™
Xé?(pﬁn):Z( ) L XS (03 + 111, pa + ML, @1 + 1Y),

n<n m (wl)nl

(2.69)

(2.70)

(2.71)

Page 10 of 14
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Xé?(,o;; —-n)= Z <:1> MX; (03 + 11,01 + m). (2.72)

n<n (a)l)nl
Theorem 2.12 The following recursion formulas hold true for the denominator parame-

ters wi, wy ofXgé):

X (@1 —n)

n

1

(4)

=X X E x4 +2,w1+2-n
98 +(p1)2 (@1 —m) (@1 + 1= ny) 98 (pl w1 1)

n1=1

(4)
z E +2,w1+2—-n
+(02)2 (@1 — nl) o1 +1—m) 98 (02 1 1)

n1=1

+ P30sU Z

X @y —n)

(w1 -n )(a) +1-m) Xg3 (03 + 1, pa+ Loy +2=m), (2.73)
1— 7" 1

1

e ey p )ng(pl t Lo+ Laon+2-m).  (2.74)
2 — 1 2 —

n
= Xsg + P12y Z

n1=1

Theorem 2.13 The following recursion formulas hold true for the numerator parameters

4
P15 P25 P35 P4 OfX;9)3

2% —
Xg;)(,ol +n)= Xg;) + ~ Z(pl + nl)Xg;)(,ol +1+n,c+1)

n1=1

0
y 2 Zng (o1 + 1,00 +1,c+ 1), (2.75)

n1=1

2x n
5 (1 =) = Xog = =3 (pr+ 1= m)Xsg (pr +2 = my,c+1)

ni=1

n
Jp2 (@)
- X +1-n,0+1,c+1), 2.76
. E 09 (01 1,02 ) (2.76)

n1=1

27 —
Xgé)(pz +n)= ng + " Z(,Oz + nl)Xgé)(pZ +1+n,c+1)

n1=1

n
Jp1 (4)
+—E X +1,00 + n1,c+ 1), 2.77
c 99 (o1 P2 1 ) ( )

n1=1

27 —
X5q (02 =) = X5 = =3 "(po + 1= m)Xg (2 + 2= my,c+1)

ni=1
0 n
¥ E Xg;)(pl +1,00+1—-n1,c+1), (2.78)
c
n1=1
UpPs ~—
4
Xg;)(,og +n)= X99 + e E Xg;)(m + 1,03 +ny,c+ 1), (2.79)

n1=1



Younis et al. Advances in Difference Equations

X$ (s —n) = XS —
X =3

X (ps —n) = X3 —

(2021) 2021:407

Ups
X +1,p3+1—mn1,c+1),
c Z 99(/04 P3 1 )

ni=1

n
ups (4)
+—E X +1,04 + ny,c+ 1),
c 99(,03 P4 1 )

n1=1

ups
ZXS; p3+ 1,04 +1—np,c+1).

ny1=1

(2.80)

(2.81)

(2.82)

Theorem 2.14 The following recursion formulas hold true for the numerator parameters

4
p3, P4 0f X3q:

X (o4 + 1) =

X54 (04 = m) = (

ni=n

p4)n1
(c )n1

99 (,03 + 11, P4 + 11,C + H1),

u
('04)”‘( i A XS (pa + m, ¢+ m),

(/03 + M1, P4 + M1, C + M1),

(03)n, ()™

Xé‘é)(ps +n1y,C+ny).
(©)ny

(2.83)

(2.84)

(2.85)

(2.86)

Theorem 2.15 The following recursion formula holds true for the denominator parameter

c ofXéA;):

X () —n)

Xég (p1)2% Z

n=1

1
(c—m)c+1-m)

X99(,01+2 c+2-m)

1

+p102Y Z (c-

n1=1

X +1,00+1,c+2—m
m)c+1—n) 99(,01 P2 1)

1

+(p2z y "
n1=1

—n)(c+1-m)

Xg;)(,oz +2,c+2—mn)

1

n
+ u
papart ) "
n1=1

3 Conclusion

—ny)(c+1-mny)

Xg;)(,og +1,p4+1,c+2—m).

(2.87)

This paper presented recursion formulas for some hypergeometric functions of four vari-

ables. Also, some interesting particular cases and consequences of our results have been

discussed. New structures of hypergeometric functions of four variables emerge with wide

possibilities of application in physics and engineering within such a context. Therefore,

the results of this work are various, significant, and it would be interesting and possible to

develop this study in the future.
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