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Abstract

In this paper, we study the existence of solutions for a generalized sequential
Caputo-type fractional neutral di erential inclusion with generalized integral
conditions. The used fractional operator has the generalized kernel in the format
( @ ... (9)along with di erential operatorlT % We obtain existence results for
two cases of convex-valued and nonconvex-valued multifunctions in two separat
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results.
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1 Introduction
Fractional di erential inclusions as a generalization of fractional di erential equations are
established to be of considerable interest and value in optimizations and stochastic pro-
cesses [1]. Fractional di erential inclusions additionally help us study dynamical systems
in which speeds are not remarkably specific by the condition of the system, regardless of
relying upon it. In recent periods the theory of fractional di erential equations has gained
a lot of interest in all areas of mathematics; see [2—4]. Also, fractional di erential equa-
tions and fractional di erential inclusions appear naturally in a variety of scientific fields
and have a wide range of applications; see [5—8]. Almeida [9] introduced a new opera-
tor called the -Caputo fractional derivative combining a fractional operator with other
di erent types of fractional derivatives and thus opened a new window to modern and
complicated applications.

Throughout the years, many researchers have been interested in discussing the existence
of solutions for fractional di erential equations and fractional di erential inclusions in-
volving various types of fractional derivatives; see [10—34].
© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
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In 2018, Asawasamrit et al. [35] studied the following class of fractional di erential equa-
tions involving the Hilfer fractional derivatives:

Hphibz (y=h(t, (t), t [a,b],

_ o (1)
(a)=0, (b)—; v () 0 [ab],

where b1 (1,2), b, [0,1], ; R, ;>0, Dbb2 s the by-Hilfer fractional derivative of
type by, I isthe ;-Riemann—Liouville fractional integral, and #  C([a,b] x R, R).

Mali and Kucche [36] discussed the existence and stability of -Hilfer-type implicit BVP
for given fractional di erential equations (1), and then Wongcharoen et al. [37] studied
the set-valued case of (1) in the same year. Adjimi et al. [38] used fixed point theorems to
prove the unigqueness and existence of possible solutions to the generalized Caputo-type
problem

°Dgy (D ()-K(t ©)= (t (1), )
(@=0, L (D=0, a (0,71),

where t [0, T), “Dy, isthe -Caputo fractional derivative of order  { b1,b, (0, 1]}.

1{;3' isthe -Riemann—Liouville fractional integral of order b3 >0, and /C, C([0, 1] x

R, R).

Motivated by the aforementioned works and inspired by [9], we prove the existence of
solutions to the following nonlinear neutral fractional di erential inclusion involving -
Caputo fractional derivative with -Riemann—Liouville fractional integral boundary con-
ditions:

°Dgy (D ()-K(t (1) Ht (1), @)
(@=0, LY (1)=0, a (OT)

wheret [0,7),and H:[0,7]1x R  P(R) is a set-valued map from [0, 7] x R to the

collection B(R) R.

We obtain the desired results for the suggested -Caputo inclusion FBVP (3) involving
convex and nonconvex set-valued maps using some well-known fixed point theorems.
We also construct two examples to validate our results. Reported findings are new in the
frame of the generalized sequential Caputo fractional derivatives implemented on a novel
neutral-type generalized fractional di erential inclusion.

Observe that our problem (3) involves a general structure and is reduced to an Erdelyi—
Kober-type (and Hadamard-type) inclusion problem when we take (t)=t (and (t) =
log(t), respectively). Moreover, problem (3) is more general than problem (2).

This paper is organized as follows. Some fundamentals ideas of fractional calculus and
theory of multifunctions are presented in Sect. 2. The main results on the existence of solu-
tionstothe -Caputo inclusion problem (3) using some fixed point theorems are obtained
in Sect. 3. Two examples are provided in Sect. 4. In the final section, we give conclusive
remarks.
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2 Preliminary notions
2.1 Fractional calculus
In this section, we present some basic concepts on fractional calculus and necessary lem-
mas.

Let 37 =[O0, T]. By € = C(Jr, R) we denote the Banach space of all continuous functions
z:Jr R with the norm

z :sup{’z(t)|:t ST},

and by L!(J 7, R) we denote the Banach space of Lebesgue-integrable functionsz: 3 R
with the norm

Letz:Jr R beintegrable, and let C"(31,R) be increasing such that () =0 for all
t Jr.

Definition 2.1 ([39]) The b1- -Riemann—Liouville integral of a function z is given by

t
Igr z(t):ﬁ fo O O- ()2 )d ., b>0.

Definition 2.2 ([39]) The b1- -Riemann—Liouville fractional derivative of a function z is
defined by

. 1 d\"
D 2= (5 ) 1 =0,

where n =[b1] + 1.

Definition 2.3 ([9, 39, 40]) The -Caputo fractional derivative of a functionz AC"(Jr,
R) of order b, is defined by

Dg () =15 ),
where 2(t) = (5 4yiz(t),and n=[b1]+1,n N.

Lemma 2.4 ([39, 40]) Let by, by, > 0. Then
DGE(O= @) =550 (- @),

2)°Dgt ()= @) =250 ©— )

Lemma 2.5 ([39]) Ifz AC"(3r,R)and by (n—1,n), then

o 21(0%)
k!

1Y °DgY () =2() - (- )"

k=0

In particular, for by (0,1), we have

I3 DY 2(t) = 2(t) - 2(0).

Page 30f 17
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Regarding problem (3), we indicate the following essential lemma, which was proven in
[38].

Lemma 2.6 ([38]) Let

r= (T)— (0), a= (a)— (0),

by b3 bp+b3 (4)
T a T

(ba+1) (bs+1)  (a+hs+1)

and IC,q €. Then the solution of linear-type problem

°Dgt (CDE ()-K®)=q(t), t [0,T), -
(@=0, L¥ (1)=0, a (0,7),
is given by
() =12 K() + 152" q(t)
( (t)_ (0))b bo+b3; b1+bo+b3;
+ W[ 0 o K(T) + 1o} q(T)
b3 .
e K o)
N 1 1}z+b3 Ibzl K( )+1bl+b2; (@)
- m( o+ Ma)Tloy T qla )
b
a +b3 l+b2+ 3,
“rp T KR ww] ®)

2.2 Multifunction theory
We present some concepts regarding the multifunctions (set-valued maps) [41]. For this
aim, consider the Banach space (€, - )and &:€ () as a multifunction that:

(1) is closed-(convex-)valued if &( ) is a closed (convex) set for each ¢

(1) is bounded if 5(B)=  g&( ) is bounded with respect to  for any bounded set
B ¢ thatis,

SUE{{sup IF1:f 6O} <
(111) is measurable whenever for each R, the function

t d(,6M)=nf{| - |: &1}
is measurable.

For other notions such as the complete continuity or upper semicontinuity (u.s.c.), see
[41]. Furthermore, the set of selections of # is given by

Ry, ={ L'Gr.R| () Ht ) (@e)t Iz}
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Next, we define
P (€)={W P(€): W= and has property },

where B, B, Bi, and B, denote the classes of all closed, convex, bounded, and compact
setsin €.

Definition 2.7 ([42]) A multifunction H:J7rx R PB(R) is Carathéodory if t  H(t, )

is measurable for each R, and H(t, )isus.c.foralmostallt Jr.
Furthermore, A is called L*-Carathéodory if for each />0, thereisk  L*(J7,R*) such
that
IHE )| =sup{l |+ H(,)} k(@

forevery k land for almostall t Jr.

The forthcoming lemmas are required to attain the desired outcomes in the current
research study.

Lemma 2.8 ([42]) Let € and S be two Banach spaces, and let
Go@)={(, ) exs  &()}

be the graph of . If 6: € B(S) is u.s.c. Then Gb(G) is closed in €% S. Moreover, if &

is completely continuous and has a closed graph, then G is u.s.c.

Lemma 2.9 ([43]) Let € be a separable Banach space, let H:Jr % € Py, (€) be L*-
Carathéodory, and let Z . LY37,€)  C(Jr,€) be linear and continuous. Then

Z RH : C(ﬁT! Qt) me,C(C(JTY Q:))l (Z R’H)( ) = Z(R’H, )l
is a map with closed graph in C(Jr, &) x C(Jr, ).

Theorem 2.10 (Nonlinear alternative for contractive maps [42]) Let € be a Banach space,
and let D be a bounded neighborhood of 0 €. Let 1:¢€  Poo(@and 2:D  Pepe(E)
be two set-valued operators satisfying:

() 1 isa contraction, and

(@) 2 is u.s.c. and compact.

IfS§= 1+ », theneither

(@) S has a fixed-point in D, or

(b) there exist Dandp (0,1) such that HS( ).

Theorem 2.11 (Nadler—Covitz fixed point theorem [44]) Let € be a complete metric
space. If H: € P(C) is a contraction, then H has a fixed point.
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3 Existence results for set-valued problems
In this section, we establish the main existence theorems.

Definition 3.1 Thefunction  C(Jr,R)isasolutionof (3)ifthereis  L'(Jr, R)such
that (t) H(t, )foreveryt Jr satisfyingthe generalized integral boundary conditions

@=0, ¥ (1)=0, a (0,7),

and

( - ()~

=07 Kt O)+ 1™ O+ ==

% |:Igi+b3: K:(T, (T))+I(I)Ji+b2+h3§ (T)

b3
_m(lé’i; K(a, (@) +Io;"™ (a))]
1 ?2+b3 bo- b1+bo:
*‘[ o K @)+ (@)
b
e B KT () g (T))]-

3.1 Case 1: convex-valued multifunctions
The first theorem deals with convex-valued multifunction # using the nonlinear alterna-
tive for contractive maps (Theorem 2.10). For convenience, we put

b1+by
15—
(b1 +by+1)
bo b1+by+b3 b1+by+b3
+ T T + T
|| (b2+1)|: (br+bo+b3+1)  (b3+1) (b1+b2+1)]
1 b1+2by+b3 b1+2by+b3
+ — T + T y (7)
| 1L (b2+bs+1) (br+tbo+1)  (b2+1) (b1+by+b3+1)
by by bo+b3 bo+b3
2= T + T [ T + T :|
(ba+1) | | (b2+1) (bo+b3+1)  (b3+1) (b2+1)
1 2by+b3 2by+b3
i T + T .
| ||: (b2+b3+1) (b2+1)  (b2+1) (b2+b3+1)]

Theorem 3.2 Suppose that:

(Hypl) The set-valued map H:Jr *x R By o(R) is L1-Carathéodory,

(Hyp2) There existRi C(Jr,R*)anda nondecreasing function R, C((0,+ )0+ )
such that

||H(t, )”qg :Sllp{l |: H(f, )} El(t)EZ( ): (f, ) JT x R,
(Hyp3) There is a constant nic < 5 such that

K, )=K&)| ncl =71,
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(Hyp4) Thereis x C(Jr,R*) such that
|Ic(ti )| ]C(t), (tv ) 3Tx Rv

(Hypb) There is L >0 such that

L
LRy Ro(L)+ 2

>1, (8)

Then (3) has a solution on Jr.

Proof First, to switch the neutral-type fractional di erential inclusion (3) into a fixed-
point problem, we define S: € B(€) as

~

¢:
12K @)+ (0
+ COZOW2 b jo(r, (1) + 10575 (T)
SO= ~y=1 _ (bil)(sz K(a, (@)+i"  (a))] ©
gl (2 K, @)+ (@)
- U KT, () ()

for Ry, . Consider two operators 1:¢€ €and ,:¢€  P(C) defined as

L =12 K () O O

(b2+1)
b3
x [Ié’i+b3: K(T, (T))- @ T+ 5 152 K(a, (a))]
+ 1[& b; K(a, (@) - 22 [ K(T, (T))]
(by + by +1) (b, +1)
and
Toe
B ()
O 0m| s -l o
+1 [Wlbl+bz (a)— (bzil)Igi”’ﬁb?* (7]

Obviously, S= 1+ 5. Inwhat follows, we will show that the operators satisfy the hy-
potheses of the nonlinear alternative for contractive maps (Theorem 2.10). First, we define
the bounded set

BC:{ ¢: c}, c>0, (10)

and show that ; and ; define the set-valued operators 1, >:B. P(€). To do
this, we show that 1 and ; are compact and convex-valued. We consider two steps.

Page 7 of 17
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Step 1. is bounded on bounded sets of €.

Let B, be bounded in €. For ~ 2( )and B,, there exists R4, such that
ba
~ _ tb1+by; ( (t) - (O))b b1+by+b3; _ b1+by;
=17 O+ = | I D- L™ @
1 o by+b 2 vbythy:
+by; a +bo+
+ _|: (bZ _1;_ b3 + 1)1041- 2 (a) - (b + 1)10-}- 2 (T):|

Under assumption (Hyp2), forany t Jr, we have

OISR NC]

t 0 +b2+b3; b 1+2
+(|(|) (b(+)i) |: b1+bo+b ’ (T)’ b | ()[|

L L 1 ?2+b3 o b e by+byiba: ,
W mm | @]+ s +1) i | (D)

R1 Ry(c)(T)

b1+by
x (— T
( (b1 +by+1)
by b1+by+b3 by1+by+b3
+ T T + T
| | (b2+1)| (br+bo+bs+1)  (b3+1) (bi+by+1)

1 b1+2b2+b3 b1+2by+b3
+ z .
| ||: (bz+b3+1) (b1+b2+1) (b2 +1) (191+b2+b3+1):|>
Thus
1 1~31 EZ(C).

Step 2. , maps bounded sets of € into equicontinuous sets.

Let B.and ~ (). Then there is a function Ry, such that
=1 (g L M- (0))” [y 7 B ()
(ba+1) | (bs +1)
1 R & hyebpeh
+ = T—11+2 _ 11+2+3 |, t Jr
Gt @GS @]

Lett;,to, Jr witht; <t,. Then

| "(t2) =" (1))

s ()= @) == ©)")

L )= ()2 —( ()= (0) [Ibﬁhm; P e (a)}_

T G2+ D) 0- D+ g
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Ast, t, we obtain
") - "()| O

Hence ,(B.) is equicontinuous. From steps 1-2, by the Arzela—Ascoli theorem, ; is
completely continuous.

Step 3. ,( ) isconvex for every ¢.

Let 1, 2( ). Thenthereexist ;, » Ry suchthatforeacht Jr,

~ +hy; )= (0)2[ pysipes; B ey
,tzlblbz, »t+(( Jorvbatbs opy T JR
1( ) 0+ 1( ) (bs + 1) 0+ 1( ) (bs +1) 0+ 1(a)
N i ?2+b3 [h1+b2; (a) _ gZ 1b1+b2+b3; (T) j: 1.2
(b2+b3+l) o+ / (b2+l) 0+ / ' L

Let [0,1]. Then, foreach t J7, we write

( 1O+ A= ) 20) =L () +@- ) 2(1)

H— (0)* +bp+bs;
+%[I§ib m( (D)= ) A1)

b3
Gl (@) )]

1 by+b3 '
+_[m1§”’2‘ ( w@+@—= ) 2(a)

b2
B anra- ) wm)|

Since H has convex values, Ry, isconvex,and[ 1()+(1— ) 2(f)] Ry, .Thus T
1- )" 2( ). In consequence,  is convex-valued. Additionally, ; is compact and
convex-valued.

Step 4. We check that the graph of ; is closed.

Let , w2 n),and ", 7 . We prove that o( ).Since T, o ),
there exists , Ry, , such that

b3
~ _ yb1+by; ( (t)_ (0))b2 b1+bo+b3; _ T b1+by;
n(t) _[0+ n(t) + (bz + 1) 10+ H(T) (bs + 1)[0+ n(a)
1 7 by+b 0 byt
| (@) T (@) S
[ (ba+ b3 +1) " @) (b2 +1)" ® o
Therefore we have to show that there is Ry, suchthatforeacht Jr,
b3
~ o _ bih ( ()= (0)2[ by+ppevs; T bi+by;
t) =1 H+ ——— |1 T)— ———I
=07 O+ = | D-—Gple @

1 s bu+b 2 pyebprh
+ = T711+2? _7u11+2+3; nl, t I
|: (bZ +b3 + 1) 0+ (Cl) (b2 + 1) 0+ ( ) JT
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Page 10 of 17

Define the continuous linear operator Z : L*(37,R)  C(Jr,R) by
Z( )
=1 (1)
( ©— (O)2[ pysbyes; bi+by:
+ Il 2703, T)— 11 2,
(b2+l) 0+ ( ) (b +1) 0+ (a)
1 7 by+b by
|l T ity _ 11+2+3 |, t 3.
[ arme " O @)
Note that
R G GO )
O (00)"2 [ by +bpes:
— ] ( W(T)- (T
(b2+1) 0+ ( ( ) ( ))
b1+by; _
(b +1)IO+ ( n(a) (a))]
1 2}2%3 Jrestes
1+b2; _
gty (= @)
5 bo+b3;
—&_jhthtts (Y= (T 0
(b2+1) o (D ( ))} H
asn .ByLemma2.9, Z Ry, isaclosedgraph map. On the other hand,
A; 25(73?{,n)'
Since , Lemma 2.9 gives
S~ (= ©O)2] pyrtpes T e
) = o1tz + 1+02+b3; _ 1+b2;
= e OB e - L )
1 ];2+b3 b1+b2; b1+by+b3;
—| e ——— 1o+ (7)
(b2+b3+1)"° CEE
for some Ry, . Thus ; has a closed graph, In consequence, , is compact and
u.s.c.
Step 5. 1 isacontractionin €.
Let ,— ¢€. By theassumption (Hyp3) we get
|1 ®O= 1O

bp+b3

T

bp+b3

by by
T + T
( (b2+1) | | (b2+1)[

(ba+b3+1)

2b2+b3

1 2b2+b3
+
| |[ (b2+b3+1) (b2+1)

(b2+1) (bz +b3+1)

JJn

(b3+1) (b2t 1)]
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Thus

As nx »<1,weinferthat 1 isa contraction.
Thus the operators ; and ; satisfy assumptions of Theorem 2.10. So, it yields that
either condition (a) S has a fixed-point in D or (b) there exist Dandp (0,1) with
HS( ). We show that conclusion (b) is not possible. If Boa( )+ () forp
(0,1), then there is Ry, such that

’ (f)’: p]é’i? ’C(tv (,‘))_'_ngiwz; (®)

LRCO= O [Ié’i*’“; K(T, 1)+ (1)

(b2+1)
b3
—m(lé’i; K(a, (a)+1g+" (a))]
H bo+b3 . .
b | Ko @)+ @)
by
—ﬁ(&?ﬁ”’a K(T, (1)) + 1" (T))]‘

VR R()+ 2 k-

Thus
| ®] 1R R()*2 k. t I (11)

If condition (b) of Theorem 2.10 is true, then there are p  (0,1) and D with =
US( ). Then isa solution of (3) with = L. Now by (11) we get

L

— 1,
1 R R(L)+ 2 k

contradicting to (8). Thus it follows from Theorem 2.10 that S has a fixed-point, which is
a solution of (3), and the proof is completed. O

3.2 Case 2: nonconvex-valued multifunctions
In this section, we obtain another existence criterion for -Caputo fractional di eren-
tial inclusion (3) under new assumptions. We will show our desired existence with a
nonconvex-valued multifunction by using a theorem of Nadler and Covitz (Theorem
2.11).

Consider (¢, 4) as a metric space. Consider H% :3(€) x B(¢) R* {}  defined by

HYB,C) = max{sup d(b, C), supd(B, c)},
b B c C

where d(B,c) = inf, ,d(b,c) and d(b,C) = inf, ~d(b,c). Then (PB»(¢), H?) is a metric
space (see [45]).
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Definition 3.3 The multi-function S: ¢ () isa -Lipschitz if and only if there is
>0 such that

HYS(),S()) d(,) forany , ¢
In another case, if <1, then S is a contraction.

Theorem 3.4 Consider (Hyp3) and assume that:
(HypB) H  Jrx R P(R) issuch that H(-, ):Ir  Pop(R) is measurable R,
(HypT) HA(H(t, ), H(t, 7)) m(t)| — | for almostall t Jr and ,~ R withm
C(F7,R*) and d(0, H(t,0)) m(t) for almost allt Jr.
Then the neutral-type fractional differential inclusion (3) has one solution on Jr if

m +ng 2<1,
where 1, 2 are given in (7).

Proof By virtue of assumption (Hyp6) and Theorem 111.6 in [46], H has a measurable se-
lectionandthus, R4, = @.Inthesequel, we prove that the operator S: €  3(€) defined
in (9) satisfies the assumptions of Nadler and Covitz fixed-point theorem (Theorem 2.11).
To Prove the closedness of S( ) for all ¢ let {u,}, o S()besuchthatu, u
(n )Jin¢. Insuchacase,# ¢andthereis , Ry, , such that

w() =12 K(t () + 1257 ()

+M[l€i*b“ K(T, () + I (T)

(b2 +1)
b3
ey 8 Kl @) "‘“))]
1 ba+bs bo: b1+by;
K @) @)
b
sy O K @) m)

Accordingly, there exists a subsequence , which convergesto in L(Jr, R), because
‘H has compact values. As a result, R4, and we get

w(®)  w®=IZ Kt ©)+" @)

+ ( (f) (_b2 -('-Oi))bZ [[é,i-fbe,; K(T, (T)) +1§},+b2+b3; (T)
b3
_ m(zgf K(a, () +gr™" (a))}

1 ];"2+b3 by; b1+by;
+—[m(10+' K(a, (@) +Iy™ ()

b
e T K @) @)

Henceu S( ).
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Next, we show that thereisa~  (0,1), ("= m 1+ nx ,)such that
HYS(),S() ~ -~ foreach ,= ¢
Let .~ ¢and ; S( ). Thereexists 1(t) H(t, (t)) provided that foreacht Jr,
TO=0F K6 (9) 16 a0

+( (t)_ (0))b2 |:](l)7+2-+b3; ’C(T, (T))+Igi+h2+b3; 1(T)

(b2+1)
b3
m(lgf /C(a, (a))+[é’i+b2; 1(a)):|
1 ba+bs b bt
+_[m(103 K(a, (@) +Li™  1(a)
b
Gy U (T () i l(T))].

By (Hyp?7),
HY(H(t ) HET) mO] ©-"(0)].
Thus, there is s(t)  #(t, ™) such that
| 1= m@®] O-"0 t Jr.
We define a multi—function O : 37  B(R) by
O ={» R:| 1(=» wm()] O-"0O}

Notice that ; and =m| —7]| are measurable, so we can infer that O(t) H(,7) is
measurable. Now we choose the function ,(t) H(t,™) with

| 1= 0] m@®] O®-"¢), t Ir.
Define

DO =17 K(LTO) + P (1)

L(0- )
(b2+1)
b3

G 8 K@)+ )|

[1(1)73-+b3; IC(T,_(T)) +Igi+bz+b3; 2(T)

1 bo+b3 b .
+—|:m(103 K(a, () + 1oy 2(a))

by

(b2+1)

(@™ k(o) + B )|
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As a sequel, we obtain
|~1(f)—~2(f)| (m 1+ng ) -~
Therefore
1— 2 (m 1+nc2) -7
Similarly, interchanging the roles of and —, we get
HY(S( ),8() (m 1+nc2) -~

Because S is a contraction, we deduce that it has a fixed-point, which is a solution of (3)
by the Covitz—Nadler theorem, and the proof is completed. O

4 Examples
In this section, we consider some particular cases of BVPs consisting of fractional di er-
ential inclusions to validate the existence results.

Consider the fractional di erential inclusions of the form

°Dgy (D ()-K(t (1) H(t (1),

N 12)
(a) =0, I3 (I)=0, a (0,7),

fort (0, T). The following examples are instances of fractional di erential inclusions in
the particular cases of (12).

Example 4.1 Consider the fractional di erential inclusion (12). Taking (t)=t, b1 = %
by=1 by=3, T=1and a=}, we convert problem (12) to

1§t l;t 1 2 1 | |
CD(§+ (CD3+ (tg_K(tl (t))) [W 3( 2+2)l 0 | |+l]l t (01 1)1 (13)
=0 ' =0
With these data, we find =-0.47457 = 0. We define the function K and multifunction
H:[0,1]x R P(R) as follows
sin(t) [ |
tl = ) t) 011 R) 14
K= () G DI 14)
and
1 2 1 | ]
t, )= , —— . 15
) [(t3+6exp(t2»3(2+2) ol |+1} =
For ,— IR, we have
_ sin(t) | | I
Kt )=Kit7)|= -
’ ) ( )| exp(tz)+20<| [+1 |7]+1

1 | i
exp<t2>+20<(1+| |>(1+|—|)) al = (10

Page 14 of 17
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also, we get

]C(f, ) K(t)l (f, ) [01 :I-]>< R.

exp(t?) + 20 -

Thus assumptions (Hyp3)—(Hyp4) are satisfied. Obviously, the set-valued map H satisfies
hypothesis (Hyp1l), and

1
t+

|1 gy =supfl 11 H(t ) =RiOR( ),

©

where R, = % and ﬁg( ) =1. Thus (Hyp2) holds, and by (Hyp5)
L>2.8842.

So all conditions of Theorem 3.2 are satisfied. Hence problem (13) has a solution on [0, 1].

Example 4.2 Based on the fractional di erential inclusion (12), by taking (t) =2, by = %
by=7,b3=2, T=1,a= 3, problem (12) is given by

cpd’pi’ m-Kk ®) 02O +1] ¢ (1),

. 5.2 (£7+30) (17)
()=0, Iy (1)=0
where with these data, we find =-0.58012 =0. Define H:[0,1] x R PB(R) by
2sin( ) 1
t, )=10, +—, 18
) [ (t2 +30) 20} (18)

and the function /C similar to above in (14). From (16) we see that assumption (Hyp3) is
satisfied with nc = . Next, we have HY(H(t, ), H(t,7)) m(t)] —|, wherem(t) = (TZETO)
and d(0,H(t,0)) = & m(t) for almost all t [0, 1]. Furthermore, we obtain m = &,
implying m 1+nc 2 0.79<1. Accordingly, all conditions of Theorem 3.4 are fulfilled.

Then it guarantees the existence of a solution to problem (17) on [0, 1].

5 Conclusive remarks
Generalized fractional operators are a generalization of the standard operators with spe-
cial kernels. Besides, fixed point theorems play a key role in studying the qualitative prop-
erties of the solutions to certain fractional dynamical equations representing complex sys-
tems and chaotic systems. In this paper, we investigated the existence results by assuming
two cases where the set-valued map has convex or nonconvex values of (3) in the frame
of power law with generalized kernel. We employed some nonlinear analysis techniques.
Along with the use of generalized fractional operators, we established a nonlinear alterna-
tive for contractive maps in the case of the convex multifunctions and the Nadler—Covitz
fixed point theorem in relation to contractions in the case of nonconvex-valued multi-
functions. We gave simulative examples to illustrate the theoretical results.

As afuture work, we will try to extend the existing FBVP in the present paper to ageneral
structure with the Mittag-Le er power law [47] and for  -Hilfer fractional operator [48].
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