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1 Introduction
In this paper, we investigate the oscillation properties of solutions to the fourth-order neu-
tral differential equations:

(2(%) 51, (87 () + &), (B(A(x))) =0, (1)

where ¢, [s] = |s|"" s, §(x) = B(x) + y(x)B 0 (x)). Throughout this paper, we suppose that:
(S1) r1 and ry are quotients of odd positive integers,
(S2) 2,5,@ € Clxg,00), z(x) > 0, Z(x) > 0, @(x) > 0,0 < j(x) <jo < 1, 0, 0 € Clxg,00),
6(x) < x, lim,_, oo O(x) = lim, .+, 8(x) = 00,

and under the assumption

*© 1
\/xo Zl/r—l(S)dS:OO. (2)

Definition 1.1 ([1]) Let
D={(xs) eR*:x>s>x} and Do={(xs) eR*>:x>s>x0}.

The function G; € C(D, R) fulfills the following conditions:
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(1) Gi(w,s) =0 for x > xo, Gi(x,s) > 0, (x,5) € Dy;
(ii) The functions /, v € C([xp,00), (0,00)) and g; € C(Do, R) such that

%Gl(x, 5) + ZT(SS;G("’ 5) = g1 (%, 9)G D (x,9) 3)
and
0 H(s)
% Ga(x,8) + ——Ga(,3) = &2(x,8)v/ Ga(x, s). (4)
s h(s)

Theory of oscillation of differential equations is a fertile study area and has attracted
the attention of many authors recently. This is due to the existence of many important
applications of this theory in neural networks, biology, social sciences, engineering, etc.,
see [2-10]. Very recently, a great development was found in the study of oscillation of
solutions to neutral differential equations, see [11-20]. In particular, quasilinear/Emden—
Fowler differential equations have numerous applications in physics and engineering (e.g.,
quasilinear/Emden—Fowler differential equations arise in the study of p-Laplace equa-
tions, porous medium problems, and so on); see, e.g., the papers [5, 21-24] for more de-
tails, the papers [5, 6, 25-28] for the oscillation of quasilinear/Emden—Fowler differential
equations, and the papers [4, 24, 29-35] for the oscillation and asymptotic behavior of
quasilinear/Emden—Fowler differential equations with different neutral coefficients.

Xing et al. [33] presented criteria for oscillation of the equation

/

(z@) (8" P (x)") + @) B (6(x)) =0
under the conditions

(9‘1(x))/ >0y >0, 6'(x) > 6o >0, 5‘1(9(96)) <x

and

liminf/: ) (1) g 5 (l , ) , (=1

=00 Ji1w) 2() 60 6obo e

where 0 < ¥(x) < Jo < 0o and 5(x) = min{@(@ (x)), ®(0~1(O(x)))}.
Bazighifan et al. [18], Li and Rogovchenko [25], and Zhang et al. [26, 28] presented os-
cillation results for fourth-order equation

(z(x) (8" (@)™) + &)™ (0(x)) = 0

under the condition

R |
—ds< o0,
/x‘o Zl/rl (S)

and they used the Riccati technique.
Zhang et al. [36] established oscillation criteria for the equation

(zx) (8" D @)™) + @@)f (B(6())) =0
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and under the condition

°° 1 (o' (%))
/ (kp(x)E(x) o ( ) ) n(x)) dz = 0.

By using the Riccati transformation technique, Chatzarakis et al. [19] established asymp-

totic behavior for the neutral equation

b
(z(x) (8" ()™) + / @, s)f (B(0(x,5))) ds = 0.

In this work, a new oscillation condition is created for fourth-order differential equa-
tions with a canonical operator. We use the Riccati technique and the integral averaging
technique to prove our results.

Here are the notations used for our study:

X

3ry
Ei(x) = a(x)@(x)(1 - yo) 2 AP ™ <@> ,

N

00 00 ry 1/
o) =50 eay " [ (o [Te0 "D )

and

xz

Ox) = —_—,
(x) V! 221/7‘1 (x)oz“’l (x)

2 Oscillation criteria
We next present the lemmas needed for the proof of the original results.

Lemma 2.1 ([37]) If f?(x)>0,i=0,1,...,n, and BV (x) <0, then

B x).

/
n! (
xn—l

@ >(n-1)!
xVI

Lemma 2.2 ([20]) Let 8 € C"([x9,0), (0,00)). Assume that B (x) is of a fixed sign and
not identically zero on [xy,00) and that there exists x, > xo such that B D(x)BM(x) <0
for all x > x,. Iflim,_, o B(x) # 0, then for every . € (0, 1) there exists x,, > x1 such that

UV w)| forx > x,.

"
x) > ————
plx) = (n-1)
Lemma 2.3 ([27]) Leta > 0. Then
X,B _ Yﬂ(aﬂ)/a < aa(a + 1)—(51+1)Y—ﬂXﬂ+1’
where Y > 0 and X are constants.

Lemma 2.4 ([38])

Assume that Bis an eventually positive solution of (1). (5)
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Then

Case (N;): 89(x)>0 forj=0,1,2,3,

Case (Ny): 8V(x)>0 forj=0,1,3 and 8" (x) <0,
for x > x1, where x1 > xy is sufficiently large.
Lemma 2.5 Let (5) hold. Then
(z(x) (8" @)™) < -Gx) (8" (6(x)))",
where
n "
G(x) = d(x)(1 - yo)™ <g93(x)> :

Proof Let (5) hold. From the definition of §, we get

B(x) = 8(x) — FoB(0(x))
> 8(x) — 508 (0 (x))
> (1 -750)8(x),

which with (1) gives

() (8" ()™) + d()(1 - 50)286™ (8 (x)) < 0.
Using Lemma 2.2, we see that

5) = £a8" (x)

Combining (7) and (8), we find

(z(x)((S’”(x))rl)/ + @(x)(1 = o)™ E93(96) : (8’”(8(96)))r2 <0.
6

Thus, (6) holds. This completes the proof.

Lemma 2.6 Let (5) hold. If § satisfies (N1), then

a/(x) %2 rp+l
2@ B(x) — E1(x) — rip1 mB (%),

B(x) <

if 8 satisfies (Ny), then

G 4 ) - 42w,

Allx) < -D(x) + ) "

Page 4 of 11
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7)

8)

)

(10)
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where

B(x) := a(x)% >0 (11)
and

A(x) := h(x)%, x> x1. (12)

Proof Let (5) and (N;) hold. From (11) and (7), we find

o' (x) 8"2(6(x)) _,ﬂmwym (13)

B/(x) = S5 (x) 8r1+1(x)

) B(x) - a(x)d(x)(1 - y0)™

Using Lemma 2.1, we find
5) = 28/,

and hence

5(0(x)) - 6°(x)
Sx) — a3

(14)
It follows from Lemma 2.2 that
§(x) = 5148 () (15)

for all u; € (0,1) and every sufficiently large x. Thus, by (13), (14), and (15), we get

! 3ry
B <= (x)B(x) —a(x)d(x)(1 - 5o)26™ " (x)<M>
o(x) x
x? r+l
—Vll«hmB (%)

Since &8’ (x) > 0, there exist x, > x; and A; > 0 such that

§(x) > Aj. (16)

Thus, we obtain

! 3ry
B < XY Ba) - a@d)(1 — joy A" (M)
o(x) x
x2 rpl
e
which yields
/ a/(x) x2 r1r+1
B'(x) < ) B(x) — E1(x) —rlmmg T (%),

Thus, (9) holds.
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Let (N3) hold. Integrating (7) from x to u, we find

) (8" ()" — 2(6) (8" (%)) < - / (s)(1 - 508" (6(s)) ds. (17)
From Lemma 2.1, we obtain
8(x) > x8' (%),

and hence

8(6()) = &5( ). (18)

For (17), letting # — oo and using (18), we get

9’2 (S)

20)(8” ()" = (1 - §o)?6"™ (x) / ds. (19)

Integrating (19) from x to oo, we find

00 or2 1/n
v =-a-5ysn [ [Ta0” P e) (20)

From the definition of A(x), we see that A(x) > 0 for x > x1, and using (16) and (20), we
find

/ " / 2
A6 = T gy 4 2D h(x)(‘”"))

h(x) 3(x) 5(x)
h/( ) 1,
< Ax) = ——A%(x)
h( ) h(x)
%) 1 [e9) ry 1/r
- —50)'2/”14(96)5'2/”'1(96)/ (— / cT)(S)Q () ds) du.
x \z() J, s
Since &8’ (x) > 0, there exist x, > x; and A, > 0 such that
3(x) > Aj.
Thus, we obtain
, ' (x)
A(x) < —D(x) + (%).
h(x) ( )
Thus, (10) holds. The proof of the theorem is completed. d

Now, we present some Philos-type oscillation criteria for (1).
Theorem 2.7 Let (25) hold. If o, h € C*([xo, 00), R) such that

r1+1 r1 rn
imsup s [ G gk - SR I EIN 0: oo 1)
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forall uy €(0,1), and

/x (Gz(x,s)cb(s) - %%c,s)) ds = o0, (22)

lim sup
X— 00 2\X, xl)

then (1) is oscillatory.

Proof Let B be a nonoscillatory solution of (1), we see that 8 > 0. Assume that (N;) holds.
Multiplying (9) by G(x,s) and integrating the resulting inequality from x; to x; we obtain

a'(s)

a(s)

/x G(x,8)E1(s)ds < B(x1)G(x,x1) + /x<%G(x, s) +

*1 X1

G(x, s))B(s) ds

_ / C 006G 5B (5)ds.

1

From (3), we get
X

/x G(x,5)E1(s)ds < B(x1)G(x, 1) + / g1(x,s)G;‘/(r”D(x,s)B(s) ds

*1 X1

- /x O(s)G(x, 5)8%(5) ds. (23)

*1

Using Lemma 2.3 with V = O(s)G(x, s), U = g1 (x, s)G?/(r”l)(x, s), and B = B(s), we get

ri+l

" Gs)

21,5 G "V (x, 9)B(s) — O(s)G(x, 5)B

& (x,9) G (x,5) 271 z(x)ex (x)
(rp + 1)1+ (1)t

which with (23) gives

(%, )G (x, 5) 27 2(s)a(s)

1 ¥ &1
Gom) )y, (G("’S’El“)_ D) (st

) ds < B(xy),
which contradicts (21).

Assume that (N3) holds. Multiplying (10) by G, (#,s) and integrating the resulting in-

equality from x; to x, we find

/ " Gal, ) () ds < A1) Gl 1)

*1

+ /xl (%Gg(x,s) + ZT(;))Gg(x,s))A(s)ds

* 1
- ——Gy(x,5)A%(s) ds.
./xl h(s)
Thus,

/Gz(x,s)GJ(s)ds§A(x1)Gz(x,x1)+/ 22(%, )V Ga(x,5)A(s) ds

x1 x
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—‘/xl %Gz(x,s)Az(s) ds

x 2
SA(xl)(—yz(’c’xl)+'/ wds

’

and so

1 X
Ga(x,%1) x1

h(s)g3 (%, s)
4

<G2(x, $)D(s) - > ds < A(x1),

which contradicts (22). The proof of the theorem completed. d

Corollary 2.8 Let (25) hold. If a,h € C*([xg, 00), R) such that

/"0 <E1 (5) - 211 z(s)(o/(s))r“l) ds = 00 (24)

(7"1 +1)V1+1 ,u,?szrlot’l(s)

and

00 / 2
/ (CD(S) — (Z}SB )ds =00 (25)

for some p; € (0,1) and every A1,A, > 0, then (1) is oscillatory.

Example 2.9 Consider the equation

1 (1 \\Y @&
(se25(5)) 50

Letr; =rp,=1,2z(x) =1, y(x) = 1/2, 6(x) = x/3, 0(x) = x/2, and &(x) = @o/x*. Hence, it is easy

1 -
<§x> =0, x>1,00>0. (26)

to see that
o0 1 -
/ I/—dSZOO, El(x)=&
xo 27L(s) 16s
and
o
d(x) = —.
(x) 7

If we put a(s) := x> and k(x) := 42, then we find

o 21 z(s)(a(s))1*!
/x (El(s) - (ry + 1)1+t M?SZHO{” (s) )ds

0

/00( @y 9 )
= —_—— ds
x \16s  2u;s

and

o0 h/ 2
[, (o055 )
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Thus,

gy >72 (27)
and

wo > 24. (28)

From Corollary 2.8, equation (26) is oscillatory if &g > 72.

Example 2.10 Consider the equation
~ NI C:)()
(*(B+70B(yx)") + 5 Bx) =0, x>1, (29)
X

where % € [0,1),y,1 € (0,1), and @ > 0. Let r1 = ry = 1, z(x) = x, ¥(x) = Yo, 6(x) = yx,
6(x) = nx, and @(x) = @o/x>. Hence, if we set a(s) := x> and h(x) := x, then we get

wo(1 = 3o)n

Ei(x) = i

@o(1 —5’0)773, B) =
x

Thus, (24) and (25) become
00 o1 Z(S)(O[/(S))r”l)
Ei(s) - ds
AO ( 1(5) (rl + 1)r1+1 M;ISZrlarl (S)

:/M(%u—%m3"3)$
x0 N Mm1S

and

/w< ‘ﬁﬁ)>“
L)

So,

3 2 (30)
wy> =

* =50
and

5 1
wy>-—"——"——.
*7 (=50

From Corollary 2.8, equation (26) is oscillatory if (30) holds.
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3 Conclusion
In this work, we proved some new oscillation theorems for (1). New oscillation results
are established that complement related contributions to the subject. We used the Riccati

technique and the integral averages technique to get some new results to oscillation of

1

equation (1) under the condition [ ds = co. We may say that, in future work, we
q x0 Zl/n (s) y say

will study this type of equation under the condition

o0 1
——ds<oo.
v/xko Zl/rl (S)

Also we will try to introduce some important oscillation criteria of differential equations
of fourth-order and under

j
8(x) = Bx) +5x) Y _ Bi(0(x)).

i=1
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