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Abstract

In this manuscript, the existence, uniqueness, and stability of solutions to the
multiterm boundary value problem of Caputo fractional differential equations of
variable order are established. All results in this study are established with the help of
the generalized intervals and piece-wise constant functions, we convert the Caputo
fractional variable order to an equivalent standard Caputo of the fractional constant
order. Further, two fixed point theorems due to Schauder and Banach are used, the
Ulam-Hyers stability of the given Caputo variable order is examined, and finally, we
construct an example to illustrate the validity of the observed results. In literature, the
existence of solutions to the variable-order problems is rarely discussed. Therefore,
investigating this interesting special research topic makes all our results novel and
worthy.
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1 Introduction

The main idea of fractional calculus is to constitute the natural numbers in the order of
derivation operators with rational ones. Although this idea is preliminary and simple, it
involves remarkable effects and outcomes which describe some physical, dynamics, mod-
eling, control theory, bioengineering, and biomedical applications phenomena. For this
reason, recently, a significant number of papers have appeared on this topic (see for ex-
ample [8, 9] and the references therein); on the contrary, few papers deal with the existence
of solutions to problems via variable order, see, e.g., [4, 15, 16, 18, 19].

In general, it is usually difficult to solve boundary value problems of fractional variable
order (FBVPs) and obtain their analytical solution. Therefore, some methods are intro-
duced for the approximation of solutions to different FBVPs of variable order. In relation to
the study of the existence theory to FBVDPs of variable order, we point out some of them. In
[20], Zhang studied solutions of a two-point boundary value problem of fractional variable
order involving singular fractional differential equations (FDEs). After some years, Zhang
and Hu [22] established the existence results for approximate solutions of variable order
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fractional initial value problems on the half line. Recently, Bouazza et al. [3] considered a
multiterm FBVP variable order and derived their results by terms of fixed point methods.
In 2021, Hristova et al. [5] turned to investigation of the Hadamard FBVP of variable or-
der by means of Kuratowski MNC method. For more details on other instances, refer to
[10, 14] and the references therein.

In [1] Bai et al. investigate the existence for nonlinear fractional differential equations of

constant order

Dy x(t) = f(t,x(t), I} x(t)), tela,bl,ueclo,1],

x(a) = %4,

where °Dj, and I}, stand for the Caputo—Hadamard derivative and Hadamard integral
operators of order u, respectively, f is a given function, x, e R,and 0 <a < b < oc.

Some existence and Ulam stability properties for FDEs have been studied by many au-
thors (see [2, 13] and the references therein).

Inspired by [1] and [4, 15, 16, 18, 19], we deal with the boundary value problem (BVP)

DU (t) + fi.(t,x(6), 1Px(1) =0, te]:=10,T],
x(0) =0, x(T) =0,

1)

where 1 <u(f) <2, fi: ] x R x R — R is a continuous function and ”Dgg), Igft) are the

Caputo fractional derivative and integral Riemann-Liouville of variable order u(¢).
In this paper, we look for a solution of (1). Further, we study the stability of the obtained
solution of (1) in the sense of Ulam—Hyers (U/H)

2 Preliminaries
This section introduces some important fundamental definitions that will be needed for
obtaining our results in the next sections.

The symbol C(J, R) represents the Banach space of continuous functions s : ] — R with

the norm
lI3¢]l = Sup{|s<(t)| : t € T}.
For —00 < a3 < a3 < +00, we consider the mappings u(¢) : [a1,a5] — (0, +00) and v(¢) :

[a1,a2] = (n—1, n). Then, the left Riemann-Liouville fractional integral (RLFI) of variable
order u(t) for function f,(¢) [11, 12, 17] is

) ~ t (t _ S)u(t)—l
I“I _fZ(t) = Ll ng(s) dS, t> ai, (2)

and the left Caputo fractional derivative (CFD) of variable order v(¢) for function f;(t)
[11, 12, 17] is

emrld) ~ t (t_s)n—v(t)—l )
D, () = /m To ) £, (s)ds, t>a. (3)
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As anticipated, in case u(t) and v(£) are constant, CFD and RLFI coincide with the stan-
dard Caputo fractional derivative and Riemann-Liouville fractional integral, respectively,
see, e.g., [7, 11, 12].

Recall the following pivotal observation.

Lemma 2.1 ([7]) Let oy, >0, a; >0, f, € L(ay, ay), CDZlfg € L(ay,ay). Then the differen-
1
tial equation

c ZilffZ -0
has the unique solution

F) =wo + w1(t —a1) + wa(t —ar)* + -+ + w1 (E— @)™
and

I%ICDZ%fz(t) =fo(t) + wo + w1(t — ay) + o (t —a1)* + - + w1 (t —ay)" "},

withn-1<o1 <mw, €R,£=0,1,...,n—1.
Furthermore,

DL o) = fo(2)
and
TR0 ~ LA = 1 o

Remark ([20, 22, 23]) Note that the semigroup property is not fulfilled for general func-
tions u(t), v(¢), i.e.,

ALORO AL R,

Example Let

2,t€[0,1]
u(t)=t, tel0,4], v(t) = £ =2, te[0,4],
3,te]l, 4],

vs) 1
u(t _
IO - /0 r(u(t) / ()) ple)drds
G (s—1) S(s—1)%
_/O ) [/0 Q) 2a,’r+v/1 NE) Zdt]ds
=/t 7(,;_5)%1 [2s—l+ (S_1)3:|ds
O 3

t (t— )u(t)+v(t) 1

and

Igft)ﬂ/(t)fvz(t) — _fz( )dS

o I(u(@)+

Page 3 of 17
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So, we get
3 2 3
u V (3_5) (S_l)
LOT % (6) |23 = /0 o) 25— 1+ — ds
21
10’
3 3_S)u(t)+v(t)—1
OO ) :/ (3 gt d
o POl = ey PO

= /1 (3_8)42ds+ ’ (3_3)52615
o TI'() 1 I(e)
1 1
=— | (s*-12s% + 54s* — 108s + 81) ds
12 J
1 3
t 5 (=5 + 155" — 90> + 270s* — 405s + 243) ds
1
665
180°

Therefore, we obtain
LR fOles 7 15 f(O)lecs.

Lemma 2.2 ([25]) Let u:] — (1,2] be a continuous function, then for
€ GUR) = {/(t) € CU,R), ££(t) € CU,R),0< 5 <1},

the variable-order fractional integral Igft)fz(t) exists for any points on J.

Lemma 2.3 ([25]) Let u:] — (1,2] be a continuous function, then

1'% e CULR)  forfy € C(,R).

Definition 2.1 ([6, 21, 24]) Let I C R, I is called a generalized interval if it is either an
interval or {a;}, or { }.

A finite set P is called a partition of I if each x in I lies in exactly one of the generalized
intervals E in P.

A function g : I — R is called piecewise constant with respect to partition P of [ if, for
any E € P, g is constant on E.

Theorem 2.1 (Schauder fixed point theorem, [7]) Let E be a Banach space, Q be a convex
subset of E, and F : Q — Q be a compact and continuous map. Then F has at least one
fixed point in Q.

Definition 2.2 ([2]) The equation of (1) is (L/H) stable if there exists c; > 0 such that, for
any € > 0 and for every solution z € C(J, R) of the following inequality

°DEO2(t) + fi (6,20, 10 20))| < e, e, )

Page 4 of 17
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there exists a solution x € C(J, R) of Eq. (1) with
|2() = x(8)| < cpe, te].

3 Existence of solutions
Let us introduce the following assumption.
(H1) Let n € N be an integer,
P={1:=1[0,T1),J2:=(T1, T2),J3 := (T2, T3], ..., Ju := (T),_1, T} be a partition of the
interval /, and let u(£) : J — (1,2] be a piecewise constant function with respect to

P,ie.,
ui, lft e]l)
- u, ifte,
u(t) =y uld(t) =
=1
Un, lft e]m

where 1 < u, <2 are constants, and I, is the indicator of the interval
Jo:=(Te1,Te], £=1,2,...,n (with Ty =0, T, = T) such that

1, forte],
I(t) =
0, for elsewhere.

For each ¢ € {1,2,...,n}, the symbol E, = C(J;, R) indicates the Banach space of contin-
uous functions x : J; — R equipped with the norm

€]z, = sup|x(£)|.
tejy

Then, forany t € J;, £ = 1,2,..., n, the left Caputo fractional derivative of variable order
u(t) for function x(¢) € C(J, R), defined by (3), could be presented as a sum of left Caputo

fractional derivatives of constant orders u;, £ =1,2,...,n,

T; 1- t 1-
pOury= [ L s [ 2 0
D+ x(t)—/o F(Z—ul)x (s)ds + +/T“ F(2—ug)x (s)ds. (5)

Thus, according to (5), BVP (1) can be written for any ¢ € J;, £ = 1,2,...,n, in the form

T (t_s)l—ul @ t (t—S)l_W @
fo —F(Z—ul)x (s)a's+---+/n1 7”2_”@)96 (s)ds

+(6x(0), I x(6) =0, te],. (6)
In what follows we introduce the solution to BVP (1).

Definition 3.1 BVP (1) has a solution if there are functions xy, £ = 1,2,...,#, so that x, €
C([0, T,], R) fulfilling Eq. (6) and x¢(0) = 0 = x,(T¢).

Page 5of 17
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Let the function x € C(J,R) be such that x(¢) = 0 on ¢ € [0, T;_1] and it solves integral
equation (6). Then (6) is reduced to

CD';‘Z;_Ix(t) +f (t,x(t),zgg x(t)) =0, t€.

-1

We shall deal with the following BVP:

CDL}‘}_lx(t) + ﬁ(t,x(t),l;g_lx(t)) =0, tej,

x(Tg_l) =0, x(Tg) =0.

(7)

For our purpose, the upcoming lemma will be a cornerstone of the solution of BVP (7).

Lemma3.1 Let{ € {1,2,...,n} be a natural number, f; € C(J, x R x R,R), and there exists
a number § € (0,1) such that £*f; € C(J; x R x R,R).
Then the function x € E is a solution of BVP (7) ifand only if x solves the integral equation

Ty
x(t) = / G(8,9)fr (s,x(s),l%_lx(s)) ds, (8)

where G(t,s) is the Green's function defined by

i [(Te = Tee) (8 = T )(Te =)' = (£ =)™,
T <s<t=<Ty
G[(t,S) = 1 1 .
oy (Te = Tea) ™ (€ = Tea)(Te =)™,

Tp1<t=<s=<Ty
where £ =1,2,...,n.

Proof We presume that x € E, is a solution of BVP (7). Employing the operator I;‘i to
-1
both sides of (7) and regarding Lemma 2.1, we find

x(t) = w1 + oyt - Tpq) - 17’13_1 A (t,x(t),I;ﬁ_lx(t)), tel.

By x(T;-1) =0, we get w; = 0.
Let x(t) satisfy x(7¢) = 0. So, we observe that

wy = (T, - Tz—1)_11;§71f1(Te,x(Tz)J;Eilx(Te))
Then we find

x(t) = (Te = To1) (- TZ—I)I;E_IJCI(Tbx(Tl)rl;{?_lx(Tl))

—Ips (620,17, x(@8), te,

by the continuity of Green’s function which implies that

Ty
x(t) = / G(8,9)fr (S,x(s),l%ilx(s)) ds.
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Conversely, let x € E; be a solution of integral equation (8). Regarding the continuity of
function #’f; and Lemma 2.1, we deduce that x is the solution of BVP (7). O

The following proposition will be needed.

Proposition 3.1 Assume that t’f; : ] x R x R — R, (§ € (0,1)) is a continuous function,
u(t) : J — (1,2] satisfies (H1), then Green’s functions of boundary value problem (6) satisfy
the following properties:

(1) Ge(t,s)=0forall T,1 <t,s<Ty,

(2) maxej, Go(t,s) = Ge(s, ), s € Jos

(3) Gu(s,s) has one unique maximum given by

1 1\ 7%t
e —— (T -To(1-= ,
max Gels,s) F(Mz+1)[( ‘ “)( ueﬂ

where £ =1,2,...,n.

Proof Let ¢(t,s) = (Ty — To_1) 1t = To_1)(Tg — )"t — (£ —s)"e L.
We see that

@i(t,8) = (To = Too1) ™ M(To —8)"“" — (g — 1)(t — )2
<(Te=To)) (Te = Tpr) ™ = (To = Typ1) >

-0,

which means that ¢(¢,s) is nonincreasing with respect to ¢, so ¢(z,s) > ¢(Ty,s) = 0 for
Tpo1<s<t=<T,.

Thus, from this together with the expression of G,(t,s), we have G(t,s) > 0 for any
Ty <t,s<Tpl=1,..,n.

Since ¢(¢, s) is nonincreasing with respect to ¢, then ¢(t,s) < ¢(s,s) for Ty_; <s <t <Tj.

On the other hand, for T,y <t <s < T, we get

(To = Too1) ™Mt = T )(Ty —s)™ < (Ty = Teo1) ™ (s = Ter)(Te —8)“ .

These assure that max;e(r, ;,7,] Ge(t,s) = Ge(s,8), s € [Teo1, Tel, £ =11, Lo
Further, we verify (3) of Proposition (3.1). Clearly, the maximum points of G(s,s) are

not Ty_y and Ty, £=1,...,n. Fors € [T;_1,T¢], £ =1,...,n, we have

dGy(s,
izfss L - F(Lz) (T, - Te_l)_l[(Te — )"t — (s — To_1)(ue — 1)(T _S)W_Z]
- F(}Az) (Te = Te-1) (T - S)W_z[(Tz —58) = (s = To1)(ue - 1)]
- F(itz) (To = Toor) (T - S)MZ_Z[TL’ + (e = DTer - ues],

which implies that the maximum points of G,(s,s) are s = %}DTH, t=1,...,n

Page 7 of 17
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Hence, for £ =1,...,n,

max ]Ge(s,s) = G[(

T+ (e —1)Teer To+ (e — 1Ty
s€[Te-1,T¢ ’

Uy Uy

—71 T, - T 1 1\
S o] (LA (Ll | e

We will prove the existence results for BVP (7). The first result is based on Theorem 2.1.

Theorem 3.1 Let the conditions of Lemma 3.1 be satisfied and there exist constants K, L >
0 such that |fi(t,y1,21) — fi(t,y2,22)| < K|y1 — 2| + L|z1 — 22| for any y;,zi € R, i = 1,2,
t € Jy, and the inequality

(T} =TI (Te = Tea)(1 = L)yt JT=Te)™y o
1-8)T(ue +1) I(ue +1)
holds.
Then BVP (7) possesses at least one solution in E,.
Proof We construct the operator
w. Eg — Eg
as follows:
Ty
Wa(t) = / Ge(t,8)fi (s,x(5), 17 x(s))ds, t€],. (10)
Toy -1

It follows from the properties of fractional integrals and from the continuity of function
£°f, that the operator W : E; — E; defined in (10) is well defined.

Let
- iy (Te = Te) (1= 2yt
(== 1-5_71-3 1 yyup-1 ’
(T =T, ))(Tg=Tp-1)(A-7 )" (Ty=Ty_1)™
1- A=) (1) ‘ (K+L ?(uf:l) )
with

f*:sup[fl(t,0,0)|.

tely

‘We consider the set

BR[ = {x €Ey, ”x”E( =< R@}
Clearly Bg, is nonempty, closed, convex, and bounded.
Now, we demonstrate that W satisfies the assumption of Theorem 2.1. We shall prove

it in three phases.

Page 8 of 17
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Step 1: Claim: W(Bg,) € (Bg,)-

For x € Bg,, by Proposition 3.1, we have

T,
|Wx(t)| = ‘/T Go(t,9)fi (s,x(s),ITZ+ x(s))

-1

Ty
< / Golt, s)[ﬁ(s,x(S)I x(s))ids
vy

-1

<;((T T )(1_i>>w_1
ST +n\ e

x/ [fl(s x(s)] - x(s)) fl(s,0,0)|ds
Ty-1

1 1 u=1 ,T,
+m((Tz—Tz—1)<l—u—6)> . [fl(s,0,0)|ds

-1

1 1 up—1 T,
fm(<Tf—Tf—l>(l—;)) | ]+ 2l o) ds

f* wf, LY
Tl rp e L) (1 B M_e>
- (T3 = TI)((Te = Tee) (X = )™ (1( LT Tg_l)”f)
= (1-8) (g + 1) ¢

which means that W(Bg,) C B, .
Step 2: Claim: W is continuous.

We presume that the sequence (x,) converges to x in E; and ¢ € J,. Then

| (W, ) (2) — (W) (8)]

'
§/T Ge(t, 9)|fi (5,%(9), ;? %u(s)) ﬁ(s,x(s),]%_lx(s))‘ds

-1

rtalnro-)
T T(ue+1) Lo Uy

Te
X / 57 (Kn(s) = x(s)| + LI7% |x4(s) = x(s))|) ds
T, i-1

-1

K 1 up—1 Yy
<= (-1.(1-= . 4
_F(ug+1)<( ) “)( W)) I x||E€fT“s s

L 1)\ Te
— (T, -T,_ 1-— j = = —“d.
NTSY <( e ”( w)) Iz, x)”Ef/nls ’

K@ - T (T - Te)@ - )
- (1-8)(ue +1)

lln — x|,
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L(Ty — Tp_1)* 711 - L,%)”"l(T/zl*(S - T4
+ %, — x|l g
(1= 8) (T (¢41))? " ¢

(T(l_s — T({_ll_a)((TE - TK—I)(l - ML))W'_1 (T( — T[_l)w
£ < L )IIx - x|
(1=8)T(u;+1) T(ue +1) " Fe

=

i.e., we obtain
||(Wx,,) - (Wx)”& —0 asu— o0.

Ergo, the operator W is continuous on Ej.

Step 3: W is compact.

Now, we will show that W(Bg,) is relatively compact, meaning that W is compact.
Clearly, W(Bg,) is uniformly bounded because, by Step 1, we have W(Bg,) = {W(x) : x €
Bg,} C W(Bg,), thus for each x € B, we have |W(x)||g, < R, which means that W (Bg,)
is bounded. It remains to indicate that W (Bg,) is equicontinuous.

For t,t; € Jo, t1 < ty, and x € Bg,, we have

|(Wa) (£2) — (Wa) (1) |

Ty

1y
/ Go(t, s)fi (s,(5), I x(s)) ds — /
T, i1

[ Te1

Gi(t1,9)h (s,x(s),]?ﬁ_lx(s)) ds

Ty
5/ |Ge(t2,s)—Ge(t1,5)|[ﬁ(s,x(s),]?ﬁ_lx(s)ﬂds

Te

Ty
< / |Ge(t2,5) = Ge(t1,3)| Lﬁ(s,x(s),]??_lx(s)) ~f1(s,0,0)| ds

Ty

Ty
+/ |G[(t2,s)—Gg(tl,S)Hfl(S,0,0)|dS

Ty

Ty
S/ |Ge(t2,S)—Ge(tl’5)|[578(1<}x(5)} +L|I;§_lx(s)|)] ds

Te1

Ty
o f (Gt ) — Gultn, )] ds
Te-1

Ty
< (Kllsllg, + L] 17 1x||E()/ 57°|Ge(t2,8) — Ge(ta,5)| ds
B T

-1

Ty
o f (Geltar5) — Giltr,5)| i
Te-1

_ (Ty = Tea)™ /T‘Z
<15 (KLY Gylts,s) — Gultr, 5)| d
< g_1< M TPy %l TH| o(t2,8) - Ge(t1,5)| ds

Ty
+f* |G(ta,5) — Glta,5)| ds,
Ty1

by the continuity of Green’s function G;. Hence [[(Wx)(¢2) — (Wx)(t1)llg, — O as |t —
ti| = 0. It implies that W(Bg,) is equicontinuous.

Therefore, all conditions of Theorem 2.1 are fulfilled, and thus there exists £; € Bg, such
that W&, = %, which is a solution of BVP (7). Since Bg, C Ey, the claim of Theorem 3.1 is
proved. d
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The second result is based on the Banach contraction principle.

Theorem 3.2 Let the conditions of Theorem 3.1 be satisfied. Then BVP (7) has a unique

solution in E,.

Proof We shall use the Banach contraction principle to prove that W defined in (10) has
a unique fixed point.
For x(t), y(t) € E;, by Proposition(3.1), we obtain that

| (Wa)(2) = (Wy)(0)]

Ty Ty
/T Go(t,9)fr (s,x(s),lgi x(s)) — /T Ge(t,9)f (s,y(s),lgfé_ly(s)) ds

-1 -1

Ty
< /T G(t, s)[ﬁ(s,x(s),[%_lx(s)) -fi (s,y(s),[%_ly(s)) | ds

-1

el o))
T T(ue+ 1) ¢ - Uy

Ty
X L 57 (Klx(s) — y(s)| + LI;E_I |x(s) - y(s)|) ds

-1

K 1\ \“™" T
<= (m-1.0(1-= - 4
= T+l (( =T 1)( Mz)) llx =yl g, /T“S s

L(Ty = Tea) 7 (1= o) ! Te
=yl /
T,

-5
(Tl + D) s ds

+
-1

1 1\\“! L(T, — Ty_1)" Te
<— (T, =Ty )| 1-— K+ —— - 2d
=T +1) (( [4 [2 1)( Mz)) < + T + 1) >||x yllg, /T“S S

(T, = T,))(Te = Te—r)(1 - i))u‘_l L(Ty = Te1)"
= (1- )T ( < )”x_y“&.
—8)T(ue + 1) T +1)

Consequently, by (9), the operator W is a contraction. Hence, by Banach’s contraction
principle, W has a unique fixed point x; € E,, which is the unique solution of problem (7),
the claim of Theorem 3.1 is proved. d

Now, we will prove the existence result for BVP (1).

We introduce the following assumption:

(H2) Letfi € C(J x R x R,R), and there exists a number § € (0, 1) such that
£’fi € C(J x R x R,R) and there exist constants K, L > 0 such that
Bl y1,21) =it y2,22)| < K|y1 — ya| + L|z1 — 23| for any y1,92,21,22 € R and
te].

Theorem 3.3 Let conditions (H1), (H2) and inequality (9) be satisfied for all £ € {1,2,...,
n}.
Then problem (1) possesses at least one solution in C(J,R).

Proof For any ¢ € {1,2,...,n}, according to Theorem 3.1, BVP (7) possesses at least one
solution x; € E,.

Page 11 of 17
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For any ¢ € {1,2,...,n}, we define the function

0, tel0,T,],
X¢ = -
Xe, t€p.

Thus, the function x, € C([0, T], R) solves integral equation (6) for ¢ € J, with x,(0) = 0,
x(Ty) =%e(T¢) = 0.
Then the function

xl(t)r t e]lr
0, tej,
o= N
X3, te€),
x(t) =1 (11)
0! te [0: T@—l]:
xn(t) =
Xe» te]p
is a solution of BVP (1) in C(/, R). (]

4 Ulam-Hyers stability
Theorem 4.1 Let conditions (H1), (H2) and inequality (9) be satisfied. Then BVP (1) is
(UH) stable.

Proof Let € > 0 be an arbitrary number and the function z(¢) from z € C(J;, R) satisfy in-
equality (4).

For any ¢ € {1,2,...,n}, we define the functions z;(¢) = z(¢), t € [0, T1], and for £ =
2,3,...,m

0) te [07 TE—IL
z(t), te].

zo(t) =

Forany ¢ € {1,2,...,n}, according to Eq. (5) for ¢ € ], we get

t f—s 1-uy
D z(t) = / E=™ o9 ds.
1 7, T(2—u)

Taking the (CFI) I;‘i of both sides of inequality (4), we obtain
-1

Ty
zz(t)+/ Gg(t,S)_fl(S,Zg(S),I;é_lzg(S))dS

t t— up—1
- / (-9
T F(uﬁ)
(T — Te-1)™
F(ug+1)
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According to Theorem 3.3, BVP (1) has a solution x € C(J,R) defined by x(z) = x,(t) for
tel, £=1,2,...,n, where

0, tel0,T,1],
2o = [0, Te1] (12)
;b tE][,

and %, € E, is a solution of (7). According to Lemma (3.1), the integral equation

Ty
Xo(t) = /T Go(t,8)f1 (s, % (s),I;ﬁt]%g(s)) ds (13)

holds.
Lettz €]y, £=1,2,...,n. Then, by Egs. (12) and (13), we get

|2(t) = x(8)| = |2(t) = %0 (8)| = |ze(8) =% (1)

Ty
ze(t) - /T Go(t,8)f1 (s %e (s),]%_l%g (s)) ds

=

Te
ze(t) - / Ge(t,9)fi(s, Z[(S),I;E_IZK(S)) ds

+

Ty
/T Ge(6,8)fi(s,2e(s), I;é_l z(s)) ds

-1

t
_ / Golt, )i (5,Fe(s), s %) ds

Te1

=<

Ty
zo(t) + /T Ge(t,9)f1 (s 2 (s), I;ftlzg (s))ds

-1

+

Ty
/T Ge(t,)f1 (s 2 (s), I;ftlz‘i (s)) ds

-1

t
—/ Gz(t;sﬁ(s,'fz(s),ljué_l'k’g) ds|ds

Te

(Te = Te-)™ 1 1\\ %1
= T+ T+l <(Tg - T“)<1 _ u_{))

Ty
x / fi(s, z;_z(s),l;fz'+ 1zg(s)) ds-fi (s,%e(s),1;§ l%g) | ds
Te1 - -

(Ty = Tpr)™ 1 1)\ %1
=€ I(ue +1) * T(u + 1) ((Tz - Tgl)<1 _ u_@))

Ty
X/T S’S(K|ze(s)—§g(s)|+LI;§_1|ZZ(S)—§Z(S)})ds

-1

(TE - T(_l)”é 1 ) byt
=€ I(ue +1) * T(us + 1) ((Tz - Tg_l)(l _ u_@))

Ty
x (Kllze - %, +L||1;§1(zg—%g)”5e)/ s ds
- Ty

(Ty = Ty (T = Toa")(Te - Ter)(1 - u%))”‘_l
+
I(ue +1) (1-=8)I(zy +1)
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« (Klze -l + L T2 T e
¢ F(I/tg + 1) ¢

(Ty = Ty ) (T = Tea")(Te = Tee)(1 - i))u/z—l

T +1) (1= 8)(ur +1)
(Ty — Tp1)™ ~
K+L—— -
X ( + M + 1) llze —x¢llE,
(Te = To_1)™ T
T+ W ’
where
(T = Tped ") (Ty = Tem)(1 - i))"rl (Ty — Toy )™
M = max K+L
02121 (1-8)C(ue +1) Iue+1)
Then
(Te — To_q)
— 1- < - 7
llz—xI1(1-p) < M + 1)

We obtain, for each ¢ € J,

(Te — Te_1)™

|Z(t) —x(t)| <llz—x| < mé = Cf €.

Therefore, BVP (1) is (LIH) stable. O

5 Example

Let us consider the following fractional boundary value problem:

1

D) s — L0 tes=[02]
o *(0) aet (L+ a0+ x(0)) J=102] (14)

x(0) =0, x(2) =0.

Let
=
filt,y,2) = m, (t,3,2) €[0,2] x [0, +00) X [0, +00).
Zr tE]l = [0:1]1
u(t)=1° (15)
%¢ te]Z ::]1’2]'

Then we have

t%lfl(trylrzl)—ﬁ(tryzrzzﬂ =

1 1 1
4! \1+y1+z1 l+ym+zp

- (Iy1 —y2l + |21 — z21)
Tdef(1+y1+z1) L +y2 +20)

< @(bﬁ -yl +lz - 2l)

<1| | 1| |
—|y1 — + —|z1 — 29|.
_4)/1 Y2 2 1 2
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Hence condition (H2) holds with § = % and K =L = %.
By (15), according to (7), we consider two auxiliary BVPs for Caputo fractional differen-
tial equations of constant order

7 1
‘Do) + —L20— =0, te)y,
et (L+|x(0)] +113, x(0)) (16)

x(0) =0, x(1) =0,

and

3 1
CD12+x(t) + % =0, t €]2,
det (L+]x(e) +11 2 x(2)]) (17)

x(1)=0,  x(2)=0.

Next, we prove that condition (9) is fulfilled for £ = 1. Indeed,

(T = T3 ) (Ty = To)(1 = )7 (1 (Ty - To)" )
(1-8)T (g +1) [y +1)

(1-55/1 1
e — -+ 5 ~0.4402 < 1.
3 4 41”(?)

Accordingly, condition (9) is achieved. By Theorem 3.1, problem (16) has a solution ¥, €
E;.
We prove that condition (9) is fulfilled for £ = 2. Indeed,

(T21_5 - Tll_a)((TZ - Tl)(l - %))u271 (T2 - Tl)”2
2 (K +L >
(1-8)"(uy +1) [y +1)

1 1

23 - 1)(1-2%)2 /1 1

| 1)(5 ) (—+ 5):0.1576<1.
5T(3) 4 4r(3)

Thus, condition (9) is satisfied.
According to Theorem 3.1, BVP (17) possesses a solution %, € Ej.
Then, by Theorem 3.3, BVP (14) has a solution

x(t): %l(t)) t€]1,
xZ(t)r te ]2:
where
0, t ,
wo(t) = <

%), tel.
According to Theorem 4.1, BVP (14) is (L{H) stable.

6 Conclusion
In this work we presented two results on the existence, uniqueness of solutions to the mul-
titerm BVP boundary value problem of Caputo fractional differential equations of variable
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order, which is a piecewise constant function based on the essential difference about the
variable order. The first one is based on Schauder’s fixed point theorem (Theorem 3.1)
and the second one on the Banach contraction principle (Theorem 3.2). By a numerical
example, we illustrated the theoretical findings. Finally, we study Ulam—Hyers stability
(Theorem 4.1) of solutions to our problem. Therefore, all results in this work show a great
potential to be applied in various applications of multidisciplinary sciences.

The variable order BVPs are important and interesting to all researchers. In other words,
in the near future we want to study these BVPs with different boundary problem (im-
plicit, resonance, thermostat model, etc.) value conditions involving integral conditions
or integro-derivative conditions.
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