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1 Introduction and description of the main results

In signal theory one of most well-known results is the so-called Shannon—Whittaker—
Kotel'nikov’s theorem (see for instance Refs. [10, 13] or [15]) acting over band-limited
maps of L2(R) (i.e., for Paley—Wiener signals), and using the normalized cardinal sinus
map sinc(¢) given by

1 ift=0,
sin(rt) ift 7{ 0,

Tt

sinc(t) =

as key stone.

At least in the field of signal theory, also Middleton’s sampling theorem is known for
band step functions (see [12]). This result, to the best of our knowledge, was one of the
first extensions of the classical sampling theorem which only works for band-limited maps;
see [14]. After this starting point many different modifications and generalizations of this
theorem appeared in the literature trying to obtain approximations of non-band-limited
signals (see for instance [5] or [8]). Good surveys on these generalizations are [6] or [15].

Inspired by the results of [7] and [9] there have appeared several papers trying to obtain
approximations of non-band-limited signals by using band-limited ones by means of the
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increasing of the band size. See for instance [1, 2] and [3] where an asymptotic general-
ization of the classical Shannon—Whittaker—Kotel'nikov theorem is stated. This work has
had a very deep impact in chemistry because of their possible applications to recompose

functions which models different chemical procedures; see for instance [11] or [16].

Theorem 1 (SWKTG) Let f: R — R be a map and © € R*. We say that f satisfies the
Shannon—Whittaker—Kotel'nikov theorem generalization (SWKTG) for t if

f(®) = lim <Zf z (é) sinc(tt - k)>n,
keZ

for every t € R where the convergence of the series is considered in terms of the Cauchy

principal value.

In [3] it was proved that, if A = {At}xez is a bounded sequence of positive real numbers
obeying the property Y. |84 | < 00, then the function 0;.(¢) := [z AR obeys
SWKTG and it can be recomposed by

o:(t) = lim (Z xf sinc(t — k))

keZ

for every t € R. In [4] the algebraic structure of the set of sequences of positive real num-
bers obeying ) ;7 Ilog%l < oo were characterized.

The aim of this paper is to study the problem of how to modify or perturb a map obeying
SWKTG in such a way that the resultant map again can be recomposed in the form of
SWKTG.

In a first approach it can be considered as natural to define a modification of f over
{f (K)}kez by {f (k) + ei}kez, with ex > —f (k) for every k € Z. These changes are linked to a

perturbed map in the form
Fk)=ex+fk) withk e Z,

but it is easy to note that a small variation in a unique point generates very different re-
sultant maps, so this way of perturbing is not stable in the sense that we need (i.e., at least
to have a chance of the resultant map can satisfies the SWKTGQG). Therefore, the way of

perturbing a map in the sampling points that we have chosen is via products, i.e.,
Flk) = mf (k) with k € Z.

Moreover, we shall consider A > 0 for every k € Z to avoid zeros in the new map. Note
that the number of zeros in the resultant map will play a key role in the annulation of
non-boundedness of such map essential to apply SWKTG; see Remark 5 for more details.

Thus, the modifications that we are going to consider will be given by sequences of values
that we shall denote by A = {A;}xcz with Ax > O for every k € Z, and change the value of the

map in the sampling values.
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In short, our main objective is from a map f obeying SWKTG and a perturbation se-
quence A, to analyze if there exists a map

F\(t) = nlirlgo (Z )L,%f%(k) sinc(t—k))n. 1)

keZ

In such a case the map Fj obeys SWKTG and it is derived from f by a perturbation.

We shall study perturbations in a finite number of points on the one hand and on an
infinite number of points in the second hand. As a consequence of our results it is stated
that given two random maps obeying SWKTG one always can be derived from a proper
perturbation of the other one and conversely. Thus, we shall center our attention to the
case of the perturbed map being of the form

Fx =fO';u (2)

In general this is not true but has the advantage that in the case f is analytic then F is
analytic too.

The structure of the paper is as follows: in Sect. 2 we shall introduce the essential nota-
tion and analyze the perturbations in a finite number of points (i.e., perturbations which
modified the original function in a finite number of points) making the resultant map
obeying too SWKTG. Section 3 is devoted to the introduction of different type of pertur-
bations that will play essential role in the case of perturbing the original map in an infinite
number of points. In Sect. 4 we shall study what type of maps obey SWKTG derived from
perturbations of the form (2) in infinitely many points.

2 Perturbations in a finite number of points
Definition 2 Given f : R — R obeying SWKTG, A = {At}rez and n € N, we shall denote

Ei(tm):=Y xj 1 (k) sine(¢ - k),

kel

flt,m) = > f5 (k) sinc(t - k).

keZ

Remark 3 A key point in the sequel will be the fact that if f obeys SWKTG then
lim f(¢,n) =1 (3)
n—00

and for every ¢ € R there exists ny € N such that for every n > ny we have f(¢,n) > 6 > 0.

In this section we shall work with sequences A = {A;}recz With ¢ = 1 except in a finite
number of indices. Then, if we call

Q:{kGZ;)‘-k 7/1}:{q1)~~-;qm}1

we find that there exists

m
O'k(t) _ l_[ )"ksinc(t—k) _ 1_[ )"qisinc(t—qi)‘
keZ i=1

Our main result in this section is the following.
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Theorem 4 Letf : R — R be a map obeying SWKTG, Q ={q1,...,qm} C Z a finite set and
{Agise oo hg,} CRY. Let X = {Ai}kez be the sequence given by

1,  ifkéQ
gy ifk=qieQ;

A =

and let Fy, be the function given in (1). Then

E() =) [ [1a," % = f(B)on(®)

i=1
and it obeys SWKTG.

Proof Note that F, (¢) is a perturbation of f(£) in the previously quoted sense because if
keZ

k), ifké¢Q,
IR A @)

)‘q;f(%‘): ifk=qi=1,...,m

Thus, taking account that, by (3), f(¢, ) # 0 from some () we can state that

Eut,n) = Y f7(K)sinc(t—K) + Ajﬁ (g:) sinc(t - q:)

keZ i=1
kéQ
=f(t,n) + Z(Aq% - l)f%(qi) sinc(t — g;)
i=1
)»q"l 11 .
=ft,n)| 1+ Z )f" (g:) sinc(t - q;) |-

Therefore, if we define

H(t,n) = Zf(t )f (g:) sinc(t - q1),

we can say that

(Fut,m)" = (f(t,m)" (1 + H(t, m))". (5)
By (3) we have

lim H(t,n) =0.

Hn—0Q
Using the equivalents of limits and again (3)

lim 10g(1 + H(t, n))n = lim nlog(l +H(t,n)) = lim nH(t, n)

n—00 n—00 n—00
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= lim # ;) sinc(t — g;)

n—00 Zf(t I’l) q qi

= > “log iy, sinc(t - q;) = log [ [ 4",
=1 i=1

and therefore

m
i " _ sinc(t-q;)
nlirglo(l +H(t,n))" = Hkqi“1“° %),

i=1

Since f obeys SWKTG we have

lim (£(5,m))" = £ (0).

Taking the limit when # tends to infinity in Eq. (5), we have

lim (Fx(t n f@® Hk sinclt=a) _ £ ()0, (2),

n—00
i=1

ending the proof. O

Remark 5 Note that the proof of the previous theorem does not work if A, is 0 for some
i=1,...,m, because one is forbidden to use the equivalence log(1 + x) ~ x when x — 0
and therefore log A, would be infinite. See the following example:

Assume we perturb a map f obeying SWKTG in a unique point g € Z multiplying by
Aq = 0. In this case (4) becomes

Fu(k) = fk), ifk+#gq,
0, ifk=gq.

Thus

Fit,n)= Y fr(k)sine(t - k) + 0 = £(t,n) - f 7 (q) sinc(t - q)

keZ
k#q

and, by (3),
lim Fy(t,n) =1 - sinc(t — q).
n—00

Therefore, pointwise we would have

0, if sinc(t — g) > 0,
,,IEEO(F)‘(LL’ n))n =400, ifsinc(t—q)<0,
f(t), ifsinc(t—q)=
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3 Types of perturbations
Let A be a sequence of positive real numbers. We shall distinguish several type of pertur-
bations.

Definition 6 We say that a sequence A is admissible for a map f obeying SWKTG, if for
every t € R there exists the limit

. 11 . §

nll)rgo (Z A fu(k) smc(t—k)> ,

keZ

defining therefore a map F; obeying SWKTG. We shall denote by Ay the set of admissible
sequences for f

As={r:Z — R*;F, is SWKTG}.

Remark 7 The set of admissible perturbation is not universal it depends on the function
that we want to perturb. In general, Ar # A,.

Proof Consider for instance the sequence A = {ek2 }ez. Then A is admissible for the Gaus-

sian map g(t) = e because

n

nli>nolo (Z A,’(%g% (k) sinc(t — k)) = nlggo (Z sinc(t — k)) =1,

keZ keZ

but it is not admissible for the unity map because

1 2
ZA,? sinc(t — k) = Ze% sinc(t — k)

keZ keZ

is not convergent. g

Note that for every f obeying SWKTG we can characterize Ay by

A= {l = {% }kez;g is SWKTG}.
Therefore, only with the definition of admissible perturbation we arrive at the triviality
that all maps obeying SWKTG are perturbations ones from other via some proper admis-
sible perturbation. In other words, the families Ay are too big in the sense that we can
go from a map f to all other SWKTG maps. We endeavor to link to each map f obey-
ing SWKTG a subfamily from Ay in the sense that the linked function has some kind of
proximity to f. This has inspired us to define two new kind of perturbations.

In the sequel we shall consider as universal set of perturbing sequences the set

A= {x :Z— RS2 e (o, oo)},
keZ

introduced in [3].
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Definition 8 We say that a perturbation A € A is a perturbation compatible with f obey-
ing SWKTG, if the map foy is SWKTG. We shall denote by Af the family of such se-
quences, i.e.,

A}k ={X € A;foy is SWKTG}.

Example 9 In [4], it was proven that the family of bounded sequences
£={X:Z—>R*;Z oo}

ke
is a subset of A%, u(¢) being the unity function.

log A

k0

In our searching of a similarity between a map f obeying SWKTG and its perturbed map
F, via a compatible perturbation, an interesting property of the sequence A is the stability,
ie., lim;_ o o () = 1.

With this idea in mind, we state the following definition.

Definition 10 A sequence A is said to be a stable perturbation of a map f obeying SWKTG
if it is a compatible perturbation with f and is stable. We shall denote by Kf the family of

such sequences.

Remark 11 Note that in the case of finite perturbations the three notions of being stable,

admissible and compatible for a map f obeying SWKTG are the same.

Proposition 12 Ifwe consider sequences A with infinitely many terms different from unity,
then given a map f obeying SWKTG we have

Kf C A}k C Ay.
Proof As a direct consequence of the definition it is trivial to state that Xf CAFCAs.In

order to see that the previous inclusions never are equalities, we shall consider the unit
function u(t) = 1. Let A be such that A; = eV Tt is easy to note that

o (t) = l_[)h»;(inc(ﬁ*k) _ grosmt
keZ

which is an analytic map which obeys SWKTG, thus A € A}. However, A ¢ 1~\M, because
lim (Y (t) 7/ 1.
t— 00

Therefore, 1~\u C A}
On the other hand, let A be such that A; = e In [1] it was proven that

_Kk2 n N
: TR _ _ -t
HILTO <Zek sinc(t k)) e,

keZ
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then A € A,.. However, A ¢ A’ because [ ;.5 2""~® does not converge. Therefore, A% C
A, ending the proof. d

Proposition 13 All constant sequence is admissible and compatible with all map f obeying
SWKTG and the unique stable of such sequences is the unity one, i.e.,

A={chkemceRe () AjS () Ar
fESWKTG fESWKTG

Ifc#1 then A = {chez, ¢ As.

Proof 1t is clear that, if we perturb a map f obeying SWKTG with a constant and positive
sequence A = {c}iez, then clearly the perturbed map obeys SWKTG because Fj = ¢f and
therefore A is admissible for f.

Moreover, since

NCH
keZ

we have Fy = fo, and therefore A is compatible with f. However, the unique stable constant
sequence is the unity sequence. g

4 Perturbations in an infinite number of points
In the case of finite perturbations we have found that the perturbations of a map f obeying
SWKTG are of the type

m
f(t) 1_[ )‘Qk sinc(é—gy) )

k=1

Moreover, for a map f obeying SWKTG perturbed in a finite number of points by a se-
quence A, we have the following facts too:
a) The new sequence {Aif(k)}xez generates a function F, which obeys SWKTG, i.e., A
is admissible for f.
b) The relation between f and F, is of the form F, = fo;, being

m
U)‘(t) — l_[ )\qksinc(t—qk),
k=1

i.e, A is compatible for f.

c) Since o, tends to 1 at the infinity, the quotient between f and its perturbation Fy

tends to 1 too. Thus, A is stable.

Therefore, in a natural way we shall try to study when is possible to have the three previ-
ous properties in the case that the number of points where the perturbation is performed
be infinite in such a way that we have a perturbed map obeying SWKTG.

In short, our aim will be to find conditions on A such that if f obeys SWKTG this forces
F) to be of the form

E@) =@ [ [P =f0)or0)

keZ

Page 8 of 12
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and Fy obeys SWKTG. In other words, we endeavor to study the sets Af and Kf of the
perturbations compatible and stable respect to f, respectively.

In the rest of this paper we will center in the study of A}.

We shall consider that a map f obeying SWKTG is perturbed in all integers k € Z mul-
tiplying by a positive real number A the value of the map in such points and allowing that
A can be equal 1, which means not doing any modification.

Remark 14 Inspired in the proof of Theorem 4 it is clear that to be able to repeat the
arguments used in the case of finite perturbations it is needed that, if f obeys SWKTG
and A € A, the following conditions hold:

A 3 (uf ()7 sine(e - ) < os,

keZ

B) lim 3 (hif (k)" sinc(t k) = 1,

keZ

C) nlirrgoz f (k) sinc(t — k) =

keZ

D) nlgroloz A" k)smc(t k)-ZlogAksmc(t k).
keZ keZ

Note that the previous relations satisfy the following relations.
Lemma 15 Let f be a map obeying SWKTG and . € A. Then D) = C) <= B) = A).

Proof The first implication comes from

HILIEOZ k) sinc(t — k)
keZ
1 1
= lim — Y n(x} - 1)f 7 (K)sinc(t - k)
e n e
= <n11>nolo Z) (élogkk sinc(t — k)) =

because A € A. To obtain the equivalence of C) and B) it is enough to note that

3 (f00) 7 sine(t - )

keZ
=3 (D) sine(e— k) + 37 F (R sine(e - k)
keZ keZ
=S = 1) (0 sinelt ) + (e, m).
keZ

Therefore, the series that appear in both conditions have the same character. Thus, taking
limits in the previous expression and using lim,_, « f (¢, #) = 1 we have

Tim 3 (ki (k) " sinc(z - K

keZ
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n—00
keZ

= lim (Z()‘k:l - l)f% (k) sinc(t — k) + f (¢, n))

n—00

keZ

= lim )\% —lf%(k)sinc(t—k) +1,
(Xei -1 )

and the proof is completed because the last implication is trivial. d

Therefore, by the previous lemma, we can claim that to guarantee that the method used
in the case of finite perturbations works in the case of infinite ones, it is enough, taking
A € A, to prove condition D).

Here is the statement of our main results in this section.

Theorem 16 Let A = {Ai}kez € A, f be a map obeying SWKTG and Fy defined in (1). Then
Ae A}k if and only if A obeys condition D).

Proof Note that F, is a perturbation of f in the sense previously stated because for every
kel

Ex(k) = Af (k).

First we shall prove that D) is a necessary condition. Assume that Fy = fo, obeys SWKTG,

ie.,

lim (Z A f 4 (k) sine(z - k)>n = f (o (t).

keZ

Applying logarithms and using, by (3), the equivalence of the logarithm we have

nli)nolo n (Z k,%f% (k) sinc(t — k) — 1)

keZ (6)
=log(f(1)ox(2)) = logf(¢) + Z log A sinc(t — k).
keZ
Analogously, since f obeys SWKTG
lim 7 <Z fn (k) sine(t — k) 1) = logf(£). )

keZ

By some calculation it is clear that the series of condition D) can be written in the form

S n(aF = 1)) sinc(e - k)

keZ

- (Z A ,(1 £ (k) sine(t —k) = Y f 7 (k) sine(t - k))

kel keZ

= n(z }»k%f% (k) sinc(t — k) — 1) - n(Zf}'(k) sinc(t — k) — 1).

keZ keZ
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Therefore, taking limits at the previous expression, by Egs. (6) and (7), the condition D) is
obeyed.

Now, we shall see that the condition D) is sufficient. Note that the convergences of the
infinite product and the series that appear when SWKTG is applied are guaranteed.

By (3), f(t,n) # 0 for every n > ny. Then we have

1

Fa(t,m) =Y (haf (k)" sinc(t — k)

keZ

= Zf% (k) sinc(t — k) + Z()‘k% - 1)f% (k) sinc(t — k)
keZ keZ

=f(t,n) + Z(Ak% - l)f%(k) sinc(t — k)

keZ

)»% -1 1
=f(t,n) (1 + k___f3 (k) sinc(t — k)).
gzjf(t, ")

Therefore, if we define

1

A -1 1
H(t,n):= k£ (k) sinc(t - k),
é f(t,n)

we write

(Fx(t,n))n = (f(t, n))n(l + H(t, n))n. (8)
By (3) and C) (by Lemma 15: D) = C))

lim H(t,n) =0,

n—00
using the limit equivalences we have

lim log(1 +H(t,n))" = lim nlog(1 + H(¢,n)) = lim nH(t, n)
n—oQ n—0Q

n—00

1
A =1 1
= lim 1y X fu (k) sinc(t - k),
n—00 ot f(t, ;/1)
from which it is deduced, by D), that

lim log(1+ H(t,n))" =Y " log Agsinc(t - k) = log [ [ 4™ Y.
n—00
keZ keZ,

Thus,

nli)II;o(l n H(t, ]’l))n _ l—[ )\‘ksm‘:(t_k)' (9)
keZ

Moreover, since by hypothesis the map f obeys SWKTG we have

lim (f(t,n))" =f().

n—00
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Therefore, taking limits when # tends to infinity in Eq. (8), we obtain by the previous
equality plus (9)

lim (F,‘(t,n))” _f(®) l_[)\‘ksinc(t—k)
H—>0Q
keZ

finishing the proof of the theorem. g
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