Qiu Advances in Difference Equations (2021) 2021:369 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-021-03529-z a SpringerOpen Journal

RESEARCH Open Access

: : : . ®
Existence of nonoscillatory solutions tending
to zero of fourth-order nonlinear neutral
dynamic equations on time scales

Yang-Cong Qiu"

“Correspondence:
q840410@qq.com Abstract

'School of Humanities, Shunde . . . . .
Polytechnic, Deshengdong Road In this paper, a class of fourth-order nonlinear neutral dynamic equations on time

528333 Foshan, PR. China scales is investigated. We obtain some sufficient conditions for the existence of
nonoscillatory solutions tending to zero with some characteristics of the equations by
Krasnoselskii's fixed point theorem. Finally, two interesting examples are presented to
show the significance of the results.

MSC: 34N05; 34C10; 39A13

Keywords: Nonoscillatory solution; Tending to zero; Fourth-order; Neutral dynamic
equation; Time scale

1 Introduction
In this paper, we consider the existence of nonoscillatory solutions tending to zero of a

fourth-order nonlinear neutral dynamic equation

Ru(t,x(t)) +f(t,x(h(2))) =0 (1)

on a time scale T with sup T = oo, where

x(t) + p()x(g(t)), k=0,
Ri(t,x(0)) = { ra_x(OR2 | (&, %(t)), k=1,2,3,
RE (8, x(1)), k=4

and ¢ € [ty, 0o)7 with £, € T. Moreover, throughout this paper we satisfy the conditions as
follows:

(C1) r; € Cra([£g, 00)T,(0,00)),i=1,2,3;

(C2) p € Cui([to, 00)7, [0, 00)) and lim;— 0 p(£) = po € [0, 1);

(C3) g,h € Cy([t0, 20)T, T) and lim;_, oo g(£) = lim—, o6 h1(t) = 00;

(C4) f € C([tp, 00)1 x R,R) and xf (¢, x) > 0 for x # 0;
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(C5) n; = lim,_, o Hi(g(2))/H;(t) € (0, 1], where

*® Au ® AusAu
mo- [ - [ / LAl
t 7’3(”3 r Mz)Vs Ms

and

Hy(t) = / / / AuiAusAus
7’1(141 ra(u2)r3(us)
if H;(ty) < 00, i = 1,2, 3, respectively.

In recent years, the research on nonoscillation of dynamic equations on time scales has
made some progress. The scientists have provided some sufficient conditions which guar-
antee that the equations have nonoscillatory solutions with certain characteristics. We
refer the reader to [1-6] for details of the theory of time scale, and [7-22] with the ref-
erences cited therein for the achievements on the existence of nonoscillatory solutions of
nonlinear neutral dynamic equations on time scales.

A solution x of (1) is called eventually positive (or eventually negative) if there exists
T € [ty, 0o)r satisfying x(£) > 0 (or x(¢) < 0) for t € [T, 00)t. The existence and asymptotic
behavior of nonoscillatory solutions of a class of nonlinear neutral dynamic equations on
time scales similar to (1) have been studied successively. Without loss of generality, only
the eventually positive solutions are considered. For the first-order case, Zhu and Wang
[22] investigated

(x(t) + p(£)x(g(0))) > + £ (&, x(h(2))) =

Gao and Wang [8], Deng and Wang [7] considered the second-order case

(r(6) (x(0) + p()x(2(6))) )™ +£ (£, %(n(2))) = 0

under different assumptions ftzo 1/r(t) At < oo and ftzo 1/r(t) At = oo, respectively. Then,
the third-order case

(1) (O (x(®) + pOx(2®))) ) ) +£ (£, %(h(2))) = 0 )

was studied in [15, 19, 21], and the higher-order case was considered in [17, 18, 20]. To have
a deeper understanding of the asymptotic behavior of nonoscillatory solutions of these
equations, Qiu [16] studied (1) with some conditions. In their works, different groups of
eventually positive solutions of the equations are summarized. For each case, an appro-
priate Banach space is introduced and Krasnoselskii’s fixed point theorem is employed to
present some sufficient conditions (or necessary and sufficient conditions) for the exis-
tence of these solutions.

We note that the case tending to zero is an important type for nonoscillatory solutions
of the equations. However, the asymptotic behavior of this type is more complicated than
those of other cases. It is obvious that the results of the existence for nonoscillatory solu-
tions tending to zero are not satisfactory in [7, 8, 15, 20, 22]. Some special sufficient con-
ditions are provided but not enough to be applied universally. Therefore, new methods
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should be found to study nonoscillatory solutions tending to zero of the equations. Mojsej
and Tartal'ova [23] were concerned with a third-order nonlinear differential equation

(l% (%x/(to ) +q@)f (x()) =0, t>a, 5

where f satisfies the Lipschitz condition. The authors obtained some nice sufficient condi-
tions to ensure that (3) has a solution x with lim;_, . x(¢) = 0 meeting some characteristics.
Inspired by [23], Qiu [24] investigated the nonoscillatory solutions tending to zero of (2)
when g(¢) > ¢t for ¢ € [y, 00)T, by employing a Banach space

BC[To,00)r = {x € C((To, 00, R) : sup [x(t)| <oc], @)

te[Tp,00)T

where C([Ty, 00)T, R) is the set of all continuous functions that map [Ty, co)t into R and
1l = Sup;ezy,00), [¥(2)]. According to Krasnoselskii’s fixed point theorem, some new re-
sults are presented. However, considering the cases such as g(¢) = ¢ — 2, g(¢) = ¢/3, and
g(t) =t + cost for t € [£y,00)T, the conclusions in [24] are not applicable when g(¢) > ¢ is
not fulfilled eventually, especially for [7, 8, 15-22]. Afterwards, Qiu et al. [25] studied (2)
under g(¢) < ¢ for t € [£y, 00)r and partially solved the problem. In this paper, we continue
to relax the constraint and unite the cases of the function g. Provided that H; have been
defined for i = 1,2, 3, note that they are all strictly decreasing on [¢y, 00)r. For the case that
g(t) > t is not satisfied eventually, the condition 7; = 1 should be satisfied for i = 1,2, 3,
respectively.

In the following, Krasnoselskii’s fixed point theorem (see [26]) is presented in Lemma 1.1,
which will be used in the next section. Then, we show the relation between Ry and x in
Lemma 1.2 (see [24, Lemma 2.5]).

Lemma 1.1 Suppose that U is a contraction mapping, V is completely continuous, and
Ux + Vy € Q holds for all x,y € Q, where U,V : Q — X are two operators, X is a Banach
space, and 2 is a bounded, convex, and closed subset of X, then U + V has a fixed point
in Q.

Lemma 1.2 Suppose that x is an eventually positive solution of (1). If there exists a constant
a > 0 satisfying lim,_, o Ry (¢, x(t)) = a, then we have

lim x(¢) = .
t=eo L+po

2 Main results

In this section, we present some sufficient conditions for the existence of eventually posi-
tive solutions of (1) under different assumptions. Firstly, suppose that the function f (¢, x)
is nondecreasing with respect to x, then we have Theorems 2.1-2.4.

Theorem 2.1 Assume that the function f(t,x) is nondecreasing with respect to x, Hy(fp) <

00, and

f / uj f(u01 ZHI(I’I(MO))) L2720 2P IVRRON) Aty Ay Ay < 00, (5)

ri(u1)ra(u2)
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then there exists Ty € [ty, 00) such that (1) has two eventually positive solutions x, and
xy tending to zero, which satisfy that Ro(t,x;(¢)) > 0, Ri(¢,x:(2)) <0, i = 1,2, Ry(t,%1(£)) <O,
R3(t,x1(2)) < 0, Ry(t,x2(8)) > 0, and Rs(t,x5(t)) > 0 for t € [T, 00)T.

Proof Take p; satisfying po < p1 < (1 +4p)/5 < 1, then there exists Ty € [to, 00)T such that

5p1 -1 <O <p<l, p(t)HI(g(t)) . Bp=Dm

4 H] (t) - 4 ) te [TO’ OO)T’ (6)

and

/°° / /ulf(uo72H1(h(M0))) At Auty Aty < L2
To JTo JTo - 4

() ro(us)

Choose T; € (T, 00)T such that g(t) > To and k(t) > T, for t € [T, 00)t. Define a Banach
space BC[ Ty, 0o)t as (4), 21 = {x € BC[Ty, 00)T : H1(£) < x(t) < 2H;(£)}, and two operators
U, Vi: Q1 — BC[Ty, 00)r as follows:

(U1x)(T1), t e [To, Th)T,

(Uhx)(t) =
3piniHi(2)/2 - p(t)x(g(t)), t € [T1,00)T,

(Vix)(Th), t € [To, Th)Ts
(Vix)(t) =  3H,(¢)/2

uz ruz rur  fuox(h(up)))
+ft o, WAquulAuzAug, t € [T1,00).

The proof that U; and V; satisfy the conditions in Lemma 1.1 is similar to those of [7,
Theorem 2.5], [8, Theorem 2], [15, Theorem 3.1], and [22, Theorem 8], so it is omitted
here. Therefore, there exists x; € 1 such that (U7 + V1)x; = x1, and then, for ¢ € [T, o0)T,

we obtain
OE wm(t) ~ (D)1 (g(0))
f f f A CUEICC)) NN @)
7, JT1 J1y r1(u1)ra(uy)rs(us)
Since

/ / /_ u f(uo,x1(h(”0))) A NN
7 JN

Ty r1(u1)ra(ua)rs(us)

<H1(t)/T /; “ f(uoyx1(/’l(uo))) 2OV Ny Ay Ay

. ri(u)ra(u)

<H1(t)/T /T /:1f(u0,2H1 )))AquulAuz

ri(ur)ra(us)

for t € [T, 00)T and

“ ,2H (h
lim Hl(t/ / fluo. 2H, )))AquulAuQ:O
{—o0 n Jn Jn r1(u1)ra(u2)
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in view of (5), by Lemma 1.2, we derive
lim x;(¢) = lim Ro(t,%1(2)) =
t—00 t—00

Moreover, for t € [T7, 00)T, it follows that

Ro(t,x1(2)) = M H;(¢)
/ / / A BN NN
T J1n JT ri(un)ra(us)rs(usz)
Rl(t,xl(t)) M

/ / u f(uo,x1(h(”0))) [ Ao, X1 SU0))) \ 1A sy Aty < 0,
T, JTh

Ty r1(u1)ra(uy)

Rz(t,xl(t)) = —/T ul]MAquul <0,

T r1(u1)

and

R (t xl(t) f(uo, (h(u())))Au() <0.

On the other hand, we define another operator V1:Q; — BC[Tp, 00)r as follows:

(V1x)(T1), t € [To, Th)T,

(Vix)(t) = { 3H1(£)/2

+LOO fu3 f MAMQAL&AL@AM& te [TI,OO)'[[‘.

T1 ri(un)ra(ug)rs(u

8)

Similarly, there exists x, € ; such that (I/; + V1)x, = %9, and then, for ¢ € [T}, 00)T, we

obtain

MHl<t) p(Ox2(e()

/ / f " f(ug, %0 (M (o)) 0 XAUON)) L Aay Avty A,
Ty

7, ri(u)ra(ug)rs(usz)

x%(t) =

It follows that
lim x,(¢) = lim Ry (£, %5(¢)) =
t—00 t—00

For t € [T}, o0)T, we obtain

Ro(t,xZ(t)) > 0, Rl (t,xz(t)) <0, Rz(t,Xz(t)) > 0, R3 (t,xz(t)) >0

The proof is complete.

)

Page 5of 16
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Theorem 2.2 Assume that the function f(t,x) is nondecreasing with respect to x, Hy(tp) <
00, and

/ / uy f(uO,ZHl (h(uo))) 220 20N A g Ay Ay < 00, (10)

ri(u1)ra(us)

then there exists Ty € [ty, 00)T such that (1) has two eventually positive solutions x, and
xy tending to zero, which satisfy that Ro(t,x;(t)) > 0, Ry (¢t,x:(2)) <0, i = 1,2, Ry(t,%1(£)) <0,
R3(t,x1(2)) > 0, Ry(t,%2(¢)) > 0, and R3(t,x2(t)) < 0 for t € [Ty, 00)T.

Proof Take p; satisfying po < p1 < (1 + 4py)/5 < 1, then there exists Ty € [ty, 00)T such that
(6) holds and

/ / “ f(uo, 2H: (h(uo))) 1-pim
To 4 .

————————— AugAu1 Auy <
To r1(u1)ra(us)

Define the same T3, BC[ T, 00)1, 1, and U; as in Theorem 2.1, and an operator V| : Q; —
BC[T)y, o0)r as follows:

(V{x)(Tl); te [TOr TI)T’
(Vix)(2) = { 3H(£)/2
+j;00 ;13 fuz le ”ﬂLhuO))L)AMoAMIAMQAug, te [Tl,OO)'ﬂ‘.

(u1)ra(ug)r3(

Then there exists 1 € €1 such that (U; + V])x; = x1. For ¢ € [T, 00)T, we obtain

331 +P1771)

x1 () = Hi() - p(£)x1(g(2))

S (o, 21 ((u0))
/ /;1 / /;1 i’1(1/tl)r2(u2)r3(u3) —————————AugAus Auy Aug,

which means that (8) and

Ro(t,xl(t)) >0, Rl (t,xl(t)) <0, Rz(t,xl(t)) <0, Rg (t,x1 (t)) >0

for t € [T, 00)T.
Define another operator \_//1 : Q1 — BC[ Ty, 00)r as follows:

(V0)(Th), t € [To, To)r,
(Vx) () = { 3H,(8)/2
+ft°° fuo: fuz le %AMOAMIALQAM& t e [T1,00)T.

ul V2 MZ r3
Then there exists x, € 7 such that (U7 + \_//1 )x2 = x5, and then, for ¢ € [T, 00)T, we obtain

P 1) plema(e0)

/ f / “ f(ug, %2 (h(uo))) Sl 2(hWo)) N A A

7 r(u)ra(uz)rs(us)

x%(t) =
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It follows that (9) holds and
Ro(t,xz(t)) >0, R1 (t,xz(t)) <0, Rz(t,xz(t)) >0, R3 (t,xz(t)) >0
for t € [T}, 00)T. This completes the proof. O

Theorem 2.3 Assume that the function f(t,x) is nondecreasing with respect to x, Hy(ty) <
00, and

/ /‘”1 S (10, 2H5(h(u9)))

————————" AugAu; <00, (11)
ri(u1)

then there exists Ty € [ty, 00) such that (1) has two eventually positive solutions x, and
xy tending to zero, which satisfy that Ry(t,x:(t)) > 0, Ri(¢,x:(£)) < 0, Ro(t,x:(2)) >0, i = 1,2,
R5(t,x1(t)) > 0, and Rs(t, x,(t)) < 0 for t € [T1, 00)T.

Proof Take p; as in Theorem 2.1. Then there exists T € [£y, 00)r such that

5p1 -1 Hy(g(t)) _ (5p1—1)na
4 Sp(t)fpl < 1! P(t) Hg(t) > 4 ) te [T07OO)T;
and
/ “ f(uo,2H2(h(uo))) AugAuy < 1 —pmn
Ty JTo ry(u1) 4

Choose the same T7, BC[ T, 0o)t as in Theorem 2.1, Q4 = {x € BC[Ty, 00)1 : H(t) < x(¢) <
2H,(t)}, and two operators U, V5 : Q5 — BC[ T, 00)r as follows:

Ux)(Th), t € [Ty, Th)T,
(L) (£) = (Upx)(Th) [To, T1)T
3p1maHa(t)/2 — p()x(g(2)), te[T1,00)T,
(Vox)(T1), t € [To, Th)T,
(Vox)(t) = { 3Hy(2)/2
S [ SR O) < Aug Ay Ay Aus, ¢ € [Th,00)r.

Similarly, U, and V; satisfy the conditions in Lemma 1.1. Then there exists x; € Q23 such
that (U5 + Va)x1 = 1. For t € [T1, 00)T, it follows that

x(f) = M Hot) - plo)x (g(0)

/ /_ / uy f(uo,x1(h(”0))) S FVIIOD) A sy Ay Aty Auss.
Ty

1, ri(u)ra(u)rs(us)
Since
00 [e%) uj f(uo,x1(h MO)))
/t /”3 /T1 / V1(u1)r2(u2 rg(u3)A“0AM1Au2Au3

<H2(t) ulf uo,xl ))) Aquu1

Ty Vl(ul)rz(uz)

Page 7 of 16
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< Hy(0) / /”lf(uo,sz )y
T T1

r1(u1)ro (1)

for t € [T, 00)T and

lim Hz(t)

t—00

/°° m}MAqum =0
Ty

7, ri(u)r(u)

by virtue of (11), by Lemma 1.2, we obtain (8) and

Ro(t,xl(t)) >0, Rl(t,xl(t)) <0, Rz(t,xl(t)) >0, R3 (t,xl(t)) >0

for t € [T, 00)T.
On the other hand, define V5 : Q5 — BC[Tp, 00)t as follows:

(Vax)(Th), t e [Ty, T,
(Vax)(t) = { 3Hy(t)/2
+ftoo fuo: fuz /Tl %AquulAuzAug, te [Tl, OO)T.

Dra(u2)r3(us3)

Similarly, there exists x, € 2, such that (I; + V2)x, = x5, and then, for ¢ € [T}, 00)T, we
obtain

3(1 +P1'72)

%y(t) = Hy(t) - p(t)x(g(t))

/ / / “ [ (uo, x2(h(u0))) o)) N Ay Aus,

7 T (u1)ra(u2)rs3(us)
which implies that (9) holds. For ¢ € [T}, 00)T, we derive
Ro(t,%2(2)) >0, Ry (t,%2(2)) <0, Ry(t,%5(t)) > 0, Rs(t,%2(2)) <0
The proof is complete. O

Theorem 2.4 Assume that the function f(t,x) is nondecreasing with respect to x, Hs(t) <
0, and

/ S (w0, 2H3(h(u0)) ) Ausg < 00, (12)

then there exists T1 € [ty, 00) such that (1) has an eventually positive solution x tending to
zero, which satisfies that Ry(t,x(t)) > 0, Ry (¢, x()) < 0, Ry(¢,x(£)) > 0, and Rs(t,x(t)) < 0 for
te [Tl: OO)T'

Proof Take p; as in Theorem 2.1. Then there exists T € [ty, 00) such that

Hy(e(®) _ (5p1— s
Hs(t) — 4

5[)1—1
4

Sp(t)§p1<1r P(t) ) te [TO:OO)T)

and

/wf(u0,2H3(h(u0)))Au0 < #
T

0
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Choose the same T7, BC[ Ty, 00)T asin Theorem 2.1, Q3 = {x € BC[ Ty, 00)t : H3(t) < x(f) <
2H3(¢)}, and two operators Us, V3 : Q3 — BC[ T, 0o) as follows:

(Usx)(Th), t € [To, Th)T,
3p1msH3(t)/2 — p()x(g(2)), te[T1,00)r,

(Usx)(t) =

(V3x)(T1), t € [To, T1)T,
(Vax)(t) = { 3H5(8)/2
+ftoo fuo: fuz f MAMOAM:{AMZAM:{, te [Tl,OO)']I‘.

r1(u)ro(ug)rs(u

Similarly, Us and V3 satisfy the conditions in Lemma 1.1. Then there exists x € Q3 such
that (U3 + V3)x = x. For t € [T, 00)T, we obtain

S (o, x((uo)))
/ / f /T1 ’”l(ul)rz(uz)ra(us)AMOAulAMZAM&
Since

(o, %((uo)))
/ / / /n r1(u1)r2(u2)r3(u3)AquulAuzAu3
<H3(t)/T S (o, x(h(uo))) Aug SHg(t)L 1 (1400 2H3 ((110))) At

for t € [T1,00)T and

(e ¢]

tEIIoloHS(t)L f(uo,zHg(h(MQ)))AM() =0

1

by virtue of (12), similarly, we can conclude (8) and
Ry (t,x(t)) >0, Ry (t,x(t)) <0, R, (t,x(t)) >0, R (t,x(t)) <0
for t € [T}, 00)r. This completes the proof. O

Secondly, we obtain Theorems 2.5-2.8 based on the assumption that the function f (¢, x)
satisfies the Lipschitz condition on an interval.

Theorem 2.5 Assume that H(ty) < oo. If there exist a constant L > 0 and two functions
q € Cia([to, 00)T, (0, 00)) and fy € C([0,2H;(t)], R) such that

xf (2,%) <xq(t)fo(x), ¢ € [to,00)T, (13)
[f (t,21) = f(t,22)| <L - q(0)lx1 = %], %1% € [0,2H1(t0)], (14)

/ / / _ M) N A Ay < 00, (15)
to r1(ur)ra(uz)
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then there exists Ty € [ty, 00) such that (1) has two eventually positive solutions x, and
xy tending to zero, which satisfy that Ro(t,x;(t)) > 0, Ry(¢t,x:(2)) <0, i=1,2, Ry(t,x1(£)) <O,
RS(tl‘xl (t)) <0, RZ(ter(t)) >0, and RS(ter(t)) > Ofor te [Tlr OO)T'

Proof Take p; satisfying po < p1 < (1 +4po)/5 < 1. There also exists Ty € [y, 00)T such that
(6) holds and

1—
/ / / q(MO) ————— AupgAui1 Auy < min{ prin ,1 },
To JTo JTp 1 (u1)ra(us) 4K

where K = max{|fp(x)| : x € [0,2H1(¢y)]} > 0. Then define the same T, BC[Ty, co)T, 1, U1,

and V7 as in Theorem 2.1. Proceeding as in the proof of Theorem 2.1, there exists x; € ©;

such that (L7 + V7)x1 = x1, and we arrive at (7). Since

f / / “U f(ug, %1 (h(uo))) S O AugAug Ay Aus
T T

. r1(u)ra(us)rs(usz)

<H1(t)/; /; /:1 q(u())ﬁ)(xl(h(u())))AquulAuz

rl(ul ro(u)

q(uo)
<K -Hl(l’) AquulAuz
n Jnn Jn ri(u1)ra(u2)

for t € [T, 00)T and

Jim K - Hi ¢ //f _ 400 A Ay =0
n Jnn Jn r1(u1)ra(us2)

in view of (15), by Lemma 1.2, we obtain (8) and
Ro(t,x1 (t)) > 0, R1 (t,xl(t)) < 0, Rz(t,xl(t)) < 0, R3 (t,x1 (t)) <0

for t € [T, 00)t. Similarly, we deduce the remaining conclusions as in Theorem 2.1. This

completes the proof. O

In views of Theorems 2.2-2.5, we can also obtain Theorems 2.6—2.8 respectively when
f(t,x) satisfies the Lipschitz condition on an interval. The proofs are similar to those of
Theorems 2.2—2.4 and thus are omitted.

Theorem 2.6 Assume that H,(ty) < co. If there exist a constant L > 0 and two functions
q € Ci([to, 00)T, (0, 00)) and fy € C([0,2H;(%y)], R) satisfying (13), (14), and

/ / / 9(to) —————— AugAu; Auy < 00,
1(u1)ra(u2)

then there exists Ty € [to, 00)r such that (1) has two eventually positive solutions x, and
%y tending to zero, which satisfy that Ro(t,x;(t)) > 0, Ri(¢t,x:(2)) <0, i = 1,2, Ry(t,%1(£)) <O,
R3(2,%1(2)) > 0, Ry(t, x2(8)) > 0, and R3(t,x,(t)) < 0 for t € [T, 00)7.
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Theorem 2.7 Assume that Hy(ty) < co. If there exist a constant L > 0 and two functions
g € Ca([to, 00)t, (0,00)) and fo € C([0, 2H,(%)], R) satisfying (13),

[f(t,1) —f(6:22)| < L - q(@)lx1 — %], %1,%2 € [0,2Hs(80)],

and

0o pul u
/ / q(uo) AugAu; < 00,
to to r (ul)
then there exists Ty € [ty, 00)T such that (1) has two eventually positive solutions x, and

xy tending to zero, which satisfy that Ry(t,x;(t)) > 0, Ry(¢,x:(£)) < 0, Ry(t,x;(¢)) >0, i = 1,2,
R5(t,x1(t)) > 0, and Rs(t, x,(¢)) < 0 for t € [Ty, 00)T.

Theorem 2.8 Assume that Hs(ty) < 0o. If there exist a constant L > 0 and two functions
qce Crd([tOr OO)T; (0’ OO)) llVld_ﬁ) € C([O, 2H3(t0)]7R) Sﬂtlsf)’l”lg (13):

[f (t,21) = f(t,22)| <L - q(0)x1 = %], x1,% € [0,2H3(t0)],

and

oo
/ q(10) Aug < 00,

to

then there exists Ty € [ty, 00) such that (1) has an eventually positive solution x tending to
zero, which satisfies that Ry(t,x(t)) > 0, Ry (t,x(¢)) < 0, Ry(¢,x(2)) > 0, and Rs(¢t,x(t)) < 0 for
te [TI: OO)T~

In addition, we also have the following conclusion.

Theorem 2.9 Assume that one of the following conditions

/ B _ o, (16)
0 13(u3)
* A
/ / uzAug = 00, (17)
ro(u2)r3 M3)

and

/ / / AulAuzAug -0 (18)

71 (u1)ro ()3 (ua3)

holds, then (1) has no eventually positive solution x, for which Ry, Ry, and R are all even-

tually negative.

Proof Suppose that x is an eventually positive solution of (1) and there exists Ty € [ty, 00)T
such that, for ¢ € [Ty, 00)T, we have

x(t)>0, Ry(tx(1) <0, Ry(t,x(2)) <0, Rs(t,%(t)) <0
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There also exists T7 € (T, 00)t such that g(t) > To and h(£) > T, for ¢ € [T, 00)r. Sub-
stituting u for ¢ in (1) and integrating (1) with respect to uy from T; to u;, where
u; € [o(T1),00)T, we have

ui

Ry (u1,%(u1)) — R3(Th, x(T1)) = —/T f (w0, x(h(u0))) Aug < 0,

1

which implies that

RZA(ul,x(ul)) < 1% (19)

Integrating (19) with respect to u; from T; to u,, where u; € [0(T}1), 00)T, we have

ot <5 o -2

By analogy, we obtain

Ry (t,(1)) < Ro(T1,(T1)) +R1(T1,x(T1))/T rf(zz)

AusAu
+R2 Tl, Tl f / 2 3
nJn 2 Mz)'"s us)

AulAugAug
+R3(T1,x(T1))/ /Tl /Tl rl(ul)l’z(uz)r3(143)

If one of (16)—(18) holds, then we derive Ry(t,x(¢)) — —oc0 as t — oo. However, we have
Ro(t,x(t)) = x(2) + p(t)x(g(t)) > O for ¢ € [T1, 00)r. It causes a contradiction. This completes
the proof. O

3 Examples
In this section, two interesting examples are provided to illustrate the conclusions.

Example 3.1 Let T =J;-,[2n - 1,2n]. For t € [3,00)r, consider

AN A\ A\ A
(ta<tﬂ(t2<x(t)+ p(t)x(t—coint )) ) ) > rtox(t—2)=0, 20)

where p satisfies (C2). Here, we have ry(t) = t%, ry(t) = t#, r3(t) = 2, g(t) = t — cos(nt)/m,
h(t)=t-2,f(t,x) =t -x, and £y = 3. Moreover, we obtain

/ 43 :/ 2 < 00, Hl(t)=/ i<—, t € [3,00)T,
2
w T3(us) Js  u3 ¢ uz 2

and n; = lim,_, o H;(g(2))/H;(t) = 1. Hence, it fulfills conditions (C1)—(C5). Since f(t, x) is
nondecreasing with respect to x, when « >3 and 8 > 1, or « <3 and 8 > 4 — o, we have

/ / “ [ (uo, 2H (h(uo))) 220 200 A vt Aty At

ri(u1)ra(u2)
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“2 AulAuz
AquulAuz < — ﬂ 00,
u1u2 a -2

which means that (20) has two eventually positive solutions x; and x; tending to zero
in terms of Theorem 2.1. Moreover, there exists T} € [y, o0)r such that Ry(z,x;(£)) > 0,
Ry(t,x;(£)) <0,i=1,2, Ry(t,x1(£)) < 0, R3(t,x1(£)) < 0, Ry(t,x2(¢)) > 0, and R3(£,x5(£)) > O for
t € [T1,00)T.

When « > 3 and 8 > 4 — «, it follows that

f / “ f (o, 2H (h(u0))) AuogAuy Auy < _/ /OO AulAuz

r1(u1)ra(u2) u§u ﬁ

Hence, we deduce that (20) has two eventually positive solutions satisfying the conclusions
of Theorem 2.2.

When o« > 3 and B > 1, we obtain H,(3) < 0. Then there exists a constant M > 0 such
that

® Auy Au
Hi(t) = / / 2l _p,
”2”3

from which it follows that

f°° “ f (o, 2H> (h(uo)))

rn Ml)

Au1
<2M —Aquu1 <4M

Note that 77, = 1. Therefore, (20) has two eventually positive solutions fulfilling the results
of Theorem 2.3.
When « > 1 and 8 > 3 — «, we obtain H3(3) < oo,

Aui AuyAu
./ [ ,/ — 2 - o(t'=7), ns =1,
uf u2u3

Au ()Aul

and

/ f(uo,ZHg(h(uo)))Auo = / O(%M)AMO <00,
to 3

Uy

where the conclusions of Theorem 2.4 are satisfied.

On the other hand, consider conditions (16)—(18). Obviously, (16) does not hold here.
Then (17) is satisfied when o € R and 8 < 1, and (18) holds when o <1 and 8 € R, or
a >1and B <2 -«. By virtue of Theorem 2.9, if these conditions of & and g are satisfied,
then we can conclude that (20) has no eventually positive solution x, for which R;, R, and

R are all eventually negative.
Example 3.2 Let T = [1,00)g. For ¢ € T, consider

o (1B (+3 INININ x3(t) _
(e (P (2 (x(0) + p(Ox(e + 1)) ) )) + — - 0, (21)
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where p satisfies (C2). Here, we have ri(£) = t%, ry(t) = P, r3(t) = 3, g(t) = t + 1, h(t) = ¢,
f(t,x) = x3/t, and ty = 1. Then, we take g(¢) = 1/t and fy(x) = x>
Firstly, for > 1 and B > 1, we have

* du Cdus 1
Hl(t()) :/ & :/ _3 =7 m= 1)
7 1

o T3(u3) uy 2

[f(t x1) —f(t, x2)| <l — xo] - |x1 + X1%7 +x2|

1
<3.-
- t

. |x1 —x2|, X1,%X € [0, 1],

and

e " duy duy d
/ / / q(MO) dugy duy du, —f / / Gt Gth ity Mz < 00,
o Jin Jn "1(“1)”2(142) uoul u2

from which we get the conclusion of Theorem 2.5. On the other hand, fora > 1and 8 > 1,

we derive

“I duy du, d
/ / f q(MO) duo duy duy _/ / / G dth atha u2 <00
Ml 7’2 Lt2 MQM M2

Hence, the result of Theorem 2.6 is obtained.
Secondly, for & > 1 and B > 1, there exists a constant M > 0 such that

du2 dl/tg / / du2 duB
Hy(t) = <M, =1.
2(fo) = / f 217 '"3(”3) u2 u3 "

Moreover, it follows that

[f (t,%1) —f(£,22)| <12M° - — - |31 = 5], %1,%2 € [0,2M]
and

uy ui
f / 6](140) duod 1_[ / duodul
Lt()Ml

Then we obtain the conclusion of Theorem 2.7.
Finally, we find that

oo oo
d
/ ﬂwww:/ o,
to 1 Up

so the result of Theorem 2.8 seems not to be deduced. However, for « > 1 and 8 > 1, in

view of Theorem 2.4, we have H3(1) < 0o,

o= [ f / Aadedls o), m=1,

us u2 u3
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and
/ f(lt 2H (h(u ))) du / ——— <X
" 0, 3 0 0 O( 3a+35+1)

Therefore, we still derive the result of Theorem 2.4 (or Theorem 2.8).

4 Conclusion

In this paper, we successfully obtain some new results for the existence of nonoscillatory
solutions tending to zero of a class of fourth-order nonlinear neutral dynamic equations
on time scales. Moreover, compared with the existing references, the assumptions of func-
tions f and g are more relaxed. According to this technique, we can continue to study the
existence of nonoscillatory solutions tending to zero of similar forms of higher-order non-

linear neutral dynamic equations on time scales.
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