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1 Introduction

The field of geometric function theory is rich with different types of linear, differential,
integral, and mixed operators. A few linear operators have been formulated in this field,
such as the Carlson—Shaffer operator [1], hypergeometric linear operator [2, 3], and Fox—
Write linear operator [4]. In this note, we present a linear operator formulated by the Airy
functions [5], which are special functions determined by the hypergeometric function of
a complex variable. These functions are solutions for the Airy equation f”(z) — zf(z) =
The class of these differential equations plays an important role in applied sciences such as
optics, economy, and astronomy. The greatest benefit of Airy functions in mathematical
studies is development in the fields of special functions and statistical studies [6]. The

formula of the Airy function of a complex variable is given by
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(a) Au(z),z € OU (b) Au(z)— chaotic behavior

(c) Airy distribution function (d) The modified Airy function Az

Figure 1 Three behavior graphs of Airy A1 (z) and Airy distribution functions respectively
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where the integral is over the open unit disk U/ := {z € C: |zl < 1}, 3"° ~ 5, 32

%, and , W, is the Fox—Wright function having the series

v (a1, R1)  (a2,R) - (ﬂp!Np).z ziF(“1+N1”)"'F(ﬂp+3‘¢pn)2"
o ’ T(by +Byn)---T(by + Byn) n!’

(1B (2B - (uB) | = nl

Moreover, the Airy distribution function of the random variable x is given by the formula

(see Fig. 1)
P(x) = 223 [x Au (x%) - (A1) (x?)]. )

By using the complex probability [7, 8], Eq. (2) can be extended to the complex domain as

follows:

P(2) = 2727 [y Ar(2%) - (A1) (2%)]. (3)
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2 Methods
Let A be the class of normalized functions in U having the series

f(z)=z+Zg0,,z”, zel. (4)

n=2

And let S*, C be the classes of starlike and convex functions respectively. The Hadamard
product (convolution product) is defined by the series

f@*g@) =2+ ez, zel,

n=2

where g(z) =z + Y .-, ¥,2". An analytic function f € U is on subordination with the an-
alytic function g € U represented by f < g if there occurs an analytic function w with
[w(z)| < |z| such that f = (g(w)). In the sequel, we shall use the class of normalized func-
tions A satisfying f(0) = 0 and f/(0) = 1 having the series (see [9])

fz) =Z+Z¢nz”, zel.
n=2

Moreover, two analytic functions f and g in U, the function f is majored by g (f < g)
if there is an analytic function @, |&r| < 1 such that f(z) = @ (z)g(z). Note that there is a
connection between majorization and subordination concepts (see [10, 11]). Under some
conditions, we have f K g & f < g.

2.1 Linear operator
We shall use the Hadamard product to define the new linear operator using the Airy func-
tion of a complex variable z € U. Construct the modified Airy function as follows:

Ai(z) := (3°°T'(2/3)z) Ai(z)

31/31"(2/3) (5)
=Z- (W>Z2 + -+ 0(26).

Define a linear operator A : A — A as follows:

Af(z) = Ai(z) *f(z)

s (6)
=z+ Z(Sn%zn €A,
n=2

where §,, indicates the coefficient of Ai(z). The linear operator (6) is called the Airy linear
operator of normalized analytic functions. It is well known that for %(z) > 0 the Airy func-
tion is convex with 9%(Ai(z)) > 0. We have the following proposition, which indicates that
the linear operator can be formulated by a set of special functions and other properties,
which are easily proved. Therefore, we omit the proof.

Proposition 1 Cousider the linear operator Af(z),f € A. Then it can be formulated by the
following special functions:
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N(Ar(2)) ~0.385116,  9(z) = 0.88405;
/ Ai(z) dz = 3¥3T'(2/3)Ai (2), A1(z) dz| ~ 0.419648,
u u

where G(w) is the Barnes G-function, I,(w) is the modified Bessel function of the first kind,
Ju() is the Bessel function of the first kind, and K is the complete elliptic integral of the first
kind.

2.2 The difference formula
We proceed to defining our class of normalized analytic functions based on the Airy equa-
tion. The Airy equation can be reformulated by the structure

Zf//(z) ZB
~—_ =0, feA.
4 2f'(2)
e LE

Our structure of the class of analytic functions is given by the Airy difference formula

A
W(z):= f'(Z) z_},:ég)

By utilizing the linear operator Af, we have the following class.
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Definition 1 Let f € A. Define the class of analytic functions Ai, satisfying the following

subordination:

1 (") 2
\I/S(Z) = Z < f’(z) - %) < Af(Z)

(zeU,f € A,seR\{0}).

Example 1 Letf(z) = ﬁ, we have the formula

sz((s=1)z+2) (1-2)23
i(zf//(z) _ ZB ) _ (=2)((s-1)z+1) T (s—Dz+1
’ #f'(2)
25\ f'(z) o 2s

(s —3s2 +4s-1)23
(2s)

1
=z+-(3-5)7
z+2( $)z° +

+ %(54 —5¢ +10s> - 11s + 7)25 + O(z(’).
Moreover, we have
318221 (2/3) 2t Z°T(2/3) 6
A = - -V, T =7
/(@) (Z ram e aram) " ))

1 1
* (z +822 + Es(s + 123+ §S(S +1)(s+2)z*

+ 41!3(5 +1)(s+2)(s+3)2° + O(z6))

3Y322I(2/3) 1 z*
raz) a2

1 2°T'(2/3)
- (4—!3(5 +1)(s+2)(s + 3)> EPr(3) +0(2°).

It is clear that the formula

1 (7" 2 ~ ~
lIJS(Z)L'::O = % <W - ﬁ) o = Af(z)|z:0 =0.

And by comparing the coefficients of Af(z) and Ws(z), we have that the unique real root

ofs>—3s>+4s—1=0is

~(0.31767.

1 ( ) >1/3 . (%(_9 + \/@))1/3
- 3(-9 + 4/93) 3203

As a conclusion, we have

W) < Al ——), $<031767,z€ L.
(1-2)

Note that the function —=5; is called the generalized Koebe function, which is an extreme

(1-2)
function in U for some values of s.

+(=s*/2+ 25" = 3s + 3)*
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Our investigation is based on the following result which can be located in [9].

Lemma 2 Suppose that p1(z) is analytic in U and p,(z) is convex univalent in U with
P1(0) = p2(0). If

1
p1(2) + ;(p{ (2)) < p2(2)
for a nonzero complex constant number k with R(k) > 0, then p1(z) < pa2(2).

3 Results

In the result section, we present the sufficient condition for functions to be in the class
Aig.

Theorem 3 Let f € A, and for some constants s € R\ {0} define the functional
1/2zf"(z) 2°

(@) = Z(}C/(z) ~7@ )
f(@)

Then Vs(z) < Af(z) if one of the subordinations occurs:
o 1+5(2¥(2)) < (1 +2)12,s > max{|so|, |s1]}, where

_@(1+V2+log) -logl+v2) _ ((og)-1)
) (32PT (2/3)A1(1) - 1) C T EPTEBAI-) + 1)

S0

e 14 s(z:f,ig) < (1 +2)"2,5 > max{|ss|, |s3|}, where for some m € N

6(—1 + /2 +log(2) — log(1 + +/2))
- 21og(3) + 3log(I"(2/3)) + 3log(Ai (1))’
6(1 - log(2)) ‘
|(6m + 3)m — i(log(9) + 3log(A: (-1)T'(2/3)))|’

$2

Vi (2)

{
o 1+s(z e

) < (1 +2)2,s > max{|s4], |ss|}, where

113 x 3731(2/3)A:(1) _ 3x3%P0(2/3)Ai(-1)
©250(323T°(2/3)Ai1(1) - 1)’ %= 5(-1—32BT(2/3)A1(-1))’

S4

Proof 1 Casel: 1 +s(zW/(z)) < (1 +2)V2.
Define a function F; : U — C formulating by

2
Ez)=1+=((1+2)"*-log(1+ (1 +2)"?) +log(2) - 1).
s
Obviously, the analytic function F;(z) achieves F;(0) = 1 and satisfies
1+5s(zF)(2)) = (1 + 2" (7)

Thus, we obtain §(z) := s(zF.(z)) = (1 +z)"/? — 1 is starlike in {/. Consequently, by Lemma 2,
it yields

1+ s(z\IJS/(z)) <1+ s(st’(z)) = W,(z) < F(2).

Page 6 of 10



Ibrahim and Baleanu Advances in Difference Equations (2021) 2021:366 Page 7 of 10

To complete this argument, we must prove that Fs(z) < Af(z), or equivalently, Fy(z) <
Au(z). Evidently, the function Fs(z) is increasing in the interval (-1, 1), which fulfils the
inequality Fs(-1) < F(1). Since

Ja(3) + 11 (3) ~~(3°r(3) Jarien < A
3 3 o

2 I 2 .y 2
<F() < 32/3r(§>A,(1) ~ M

where s > max{|so|, |s1|} such that

_(@21+v2+log2) —log(1+42)  _ (log2)-1)
- (3231 (2/3)A1(1) - 1) ’ LT (32BT(2/3)A1(-1) + 1)

So
then we obtain
Wi(z) < Fs(z) < Af(z) = Y(2) < Af(2).

This indicates that f € Au.

Casell: 1 + s(z\ig((zz))) < (1 +2)V2. Construct the function € : I — C as follows:

Q,(z) = exp(%((l +2)'2 —log(1 + (1 +2)"?) +1og(2) - 1))

The function €2,(z) is analytic in U having €25(0) = 1, and it is a solution of the differential

equation

1 +s<z§;((z"))) —(1+2", zel. 8)

By considering F(z) = (1 + 2)/2 — 1, which is starlike in I/ and &(z) = F(z) + 1, we have
m(z@’(z)) - m(zwz)) >0
§(2) §(2)

Again by Lemma 2, we have

1+ S<Z\is/((zz))> <1 +S<Z§f((;))> = W(2) < Q(2).

Consequently, we get

_]_1/3(§) +J13(3) %—<32/3F<%>>A1(—1) Q1)
3 3
Lys3(3) - Ls(3)

<)< (32’3r(§>Az(—1> ~ -
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whenever s > max{|s;|, |s3|}, where

6(—1 + /2 +log(2) — log(1 + +/2))
- 21log(3) + 3log(I"(2/3)) + 3log(Ai(1))’
6(1 —log(2))
|(6m1 + 3)m — i(log(9) + 3log(Ai (-1)I'(2/3)))|

$2

S3 =
This indicates that the subordination inequalities
Wi(z) < Qs(2) < Af(z2) = Wilz) < Af(2).

Hence, f € Ai,.
Caselll: 1 + s(f:z—s((j) < (1 +2)Y2. Consider the function d; : U — C by
1

%= 21 9 togl + (15 ) log@ — 1)’

Clearly, J5(z) is analytic in U such that .(0) = 1, and it satisfies

+S(Z§1;((ZZ))) =(1+2)"% 9)

By Lemma 2, one can have

zV!(z) z0,(z)
+S< ) ) <1 +S< 20 ) = W (z) < 04(z).

This implies

@)+ _<32/3r<%)>m(—1> <0,(-1)
3 3 o
3

’

<3, < 32/3r<§>Az(1> ~

whenever s > max{|s4/, |s5|}, where

113 x 3*°1(2/3)A1(1) ~ 3x3%°1(2/3)A1(-1)
T 25032Pr23)AI) -1))

54 T 5(C1-3°Br(2/3)A1(-1)

As a conclusion, we have the consequences
Ui(z) < 05(2) < Af(z) = Wilz) < Af(2).
This leads to f € Ai,. O
Other results are given in the next theorem.

Theorem 4 Letf € A and

1 3
w5 (42 75)
)

")
f2) 74
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If
o Ui(z) € Af(2) and f € C (the class of convex analytic functions in U), then f € A, for
lz| € (0.28,/2 - 1];
o Ui(z) K Af(2) and f € S* (the class of starlike analytic functions in U), then f € A
for |z| € (0.21,0.3);
e feAizandf e Uy, p > 1.65 (the set of all locally univalent functions of order ), then

V() < (AfR),  lzd<(p+1)-Vp?+2p.

Proof2 For the first conclusion, since f is convex and A: is convex in U whenever %i(z) > 0,
then Af € C (see [12]). By [10, Corollary 1], we have W (z) < Af(z), and hence f € A, for
|z| € (0.28,+/2 — 1]. The second part comes from the fact that Af € S*, and hence by [10,
Corollary 2] we get Ws(z) < Af(z) = f € Ai, for |z] € (0.21,0.3). Lastly, in view of [10,
Theorem 3], we have the desired assertion. O

4 Conclusion

From the above study, we formulated a new linear operator utilizing the Airy function.
By using the new operator, we defined a new class of analytic functions and investigated
its properties. We showed that the operator can be approximated by well-known special
functions. Sufficient conditions are studied to be sure that the normalized function f is
recognized in the new class. For future works, one can suggest new classes of analytic
functions involving the linear operator.
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