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1 Introduction

In 2012, Wardowski [3] generalized the Banach contraction principle by introducing a
new type of contractions, called F-contractions, and established a unique related fixed
point theorem. This modification of BCP motivated many researchers to study further
possibilities of its extensions [4—25]. In 2017, Gornicki [26] presented some new fixed
point results for F-expanding mappings. We modify this setting by introducing multiple
F functions. The usage of multiple F functions permits to find solutions for an extensive
range of integral equations.

The nonlinear fractional differential equations have a valuable role in various fields of
science, such as engineering, biology, fluid mechanics, physics, chemistry, bio-physics. For
more details, see [21, 22, 27-37]. After establishing the fixed point theorems for expanding
type mappings, we provide some new sufficient conditions for the existence of solutions
of an integral boundary value problem for a scalar nonlinear Caputo fractional differential
equation with fractional order in (1, 2). We also compare the obtained result with known
ones in the literature. Furthermore, we use our obtained results to find a solution of an
engineering problem, in which the transformed mathematical model of a problem repre-
senting activation of a spring affected by an external force is a boundary value problem for
a second-order differential equation.
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2 Preliminaries
In this paper, N, Ny, R, and R, denote the set of natural numbers, N U {0}, real numbers,
and positive real numbers, respectively. Throughout the paper, every set X taken into ac-

count is nonempty. Wardowski [3] defined the concept of F-contractions as follows.

Definition 2.1 ([3]) Let (X, D) be a metric space. A mapping T : X — X is said to be an

F-contraction if there is a real number 7 > 0 such that, for all x,y € X,
[D(Tx, Ty) > 0 implies 7 + F(D(Tx, Ty)) < F(D(x,y))],

where F: R, =(0,00) — R is a function satisfying the following conditions:

(F1) F is strictly increasing, that is, for all ¢,y € R,, x <y, F(x) < F(y);

(F2) For each sequence {«,}>2; of positive numbers, lim,_. o, = 0 if and only if
lim,,_, oo F(ct;;) = —00;

(F3) There is k € (0,1) such that limg, ¢+ X F(c) = 0.

Denote by F the set of all functions satisfying conditions (F1)—(F3).

Example 2.1 Let F;:R, +— R (i = 1,2,3,4) be defined by
(i) F1(¢) =Int.
(ii) Fo(t) =t + Int.
(iii) F5(¢) = —%.
(iv) Fy(t) = In(£? + £).
Then Fy,F,,F3,F, € F.

Remark 2.1 From the conditions of F-contractions, it is easy to conclude that every F-

contraction mapping is necessarily continuous.

Further, Wardowski [3] stated a modified version of the Banach contraction principle as

follows.

Theorem 2.1 ([3]) Let (X,D) be a complete metric space and T : X — X be an F-
contraction. Then T has a unique fixed point, say x* € X, and for every x € X, the sequence

{T"x},en converges to x™.

For details on F-contraction mappings, see [8, 9, 38, 39]. The concept of F-expanding

mappings is given as follows.

Definition 2.2 ([26]) Let (X, D) be a metric space. A mapping 7 : X — X is said to be
F-expanding if there are F € F and a real number 7 > 0 such that, for all x,y € X,

[D(Tx, Ty) > 0 implies F(D(Tx, Ty)) > F(D(x,)) + t].
3 Main results

Firstly, we introduce two types of double F-expanding mappings that generalized F-

expanding mappings.
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Definition 3.1 Let (X, D) be a metric space. A mapping 7 : X — X is said to be double
F-expanding of type I, if there exist a real number t > 0 and F, F, € F such that, for all
x,y € X, we have

D(sz, sz) >0 and D(Tx, Ty)>0
imply min{F,(D(T?x, T?)), F1(D(Tx, Ty)) }

> o F(D(x,9)) + a1F1 (D(x,p)) + 7, (1)
where

a1 =0,ay = 1, if F,(D(T?x, T?y)) < Fy(D(Tx, Ty))
oy = 11“2 =0, 1fF2(D(T2x; sz)) >F1(D(Tx, Ty)) '

Remark3.1 Forsomex,y € X, the conditions of Definition 3.1 yield either F,(D(T?x, T?y))
> F(D(x,y)) + t or F1(D(Ix, Ty)) > Fi(D(x,)) + T.

Definition 3.2 Let (X, D) be a metric space. A mapping 7T : X — X is said to be double
F-expanding of type II, if there exist t > 0 and F;, F, € F such that, for all x,y € X,

D(T?x,T?y) >0 and D(Tx,Ty)>0
imply min{F,(D(T?x, T?y)), F1(D(Tx, Ty)) }

> ayF>(D(x,y)) + arFi (D(x,9)) + 1, )
where either @y =0 or op = 0 and o7 + ay = 1.

Remark 3.2 For all x,y € X, the double F-expanding mapping of type II will deal with one
of the following two cases (R1) and (R2):

min{F,(D(T?x, T%)), F1(D(Tx, Ty)) } = F2(D(x,9)) + 7, (R1)

min{F,(D(T?x, T%y)), F1(D(Ix, Ty)) } > F1(D(x,9)) + . (R2)

For some, x,y € X, (R1) further yields F,(D(T?x, T%y)) > F»(D(x,)) + t, or, F1(D(Tx,
1y)) = F2(D(x,)) + T.

Similarly, for some x,y € X, (R2) yields Fo(D(T?x, T?y)) > F1(D(x,y)) + t, or, F1(D(Tx,
Iy)) = Fi(D(x,9)) + T.

Next, we introduce triple F-expanding mappings.

Definition 3.3 Let (X, D) be a metric space. A mapping 7 : X — X is said to be a triple
F-expanding mapping, if there exist T > 0 and F, F;, F, € F such that, forallx,y € X, we
have

D(T%x, T?y)>0 and D(Tx,Ty)>0

imply min{F,(D(T?x, T*y)), F,(D(Ix, Ty))} = F(D(x,y)) + . (3)
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Example 3.1 Take Fi(«) = Ina and Fo(«) = Inka, k > 0. Then F; and F, € F.
The double F-expanding mapping of type I will take the form

min{Ink(D(T?x, T*y)),In(D(Tx, 7)) } > o2 Ink(D(x,)) + a1 In(D(x, 3)) + 7.
Condition (F1) allows us to write

Inmin{kD(T2x, T%), D(Tx, Ty)) = Ink*2(D(x,y))" ™ + 7.
By the assumption of the definition, we have a3 + a3 = 1, so

min{kD(T?x, T*y), D(Tx, Ty)) = " k*2D(x, ).
Note that if we suppose (as a particular case) that, forallx,y € X, D(Tx, Ty) < kD(T*x, T?y),
then we have D(Tx, Ty) > e* D(x,y) with oy = 0. That is, T is an expanding mapping. Fur-
ther, if for all x,y € X, D(Tx, Ty) > kD(T?x, T?y), then we have D(T?%x, T?y) > e*D(x, ).

Hence, T is neither a contraction nor an expanding mapping.

Example 3.2 Take Fi(¢) =Ina and Fy(«) = Inka, k > 1. Then Fy, F, € F.
Then, by the definition of a double F-expanding mapping of type II, for all x,y € X, we
have

min{F,(D(T?x, T%)), F1(D(Tx, Ty)) } = a2 F>(D(x,)) + a1 F1(D(x,)) + 7.

Conditions (R1) and (R2) allow us to write

min{F>(D(T?x, T%y)), F1(D(Tx, Ty)) } = F1(D(x,9)) + (4)
or
min{F, (D(T?x, T%)), F1(D(Tx, Ty)) } = F2(D(x,)) + 7. (5)

Relation (4) yields that
min{In(kD(T°x, T?y)),In(D(Tx, Ty)) } > In(D(x,)) + 7.
Condition (F1) allows us to write
Inmin{kD(T%x, T?y), D(Tx, Ty)} = In(D(x,y)) +
so that
min{kD(T?x, T*y), D(Tx, Ty)} > " (D(x,y)). (6)
Relation (5) implies that

min{ln(kD(sz, sz)),ln(D(Tx, Ty))} > In(kD(x,y)) + .
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With the usage of condition (F1), we can write
min{kD(T?x, T?y), D(Tx, Ty)} > € (kD(x,7)). (7)

One may observe that, for all x,f(x) = y € X, relations (6) and (7) produce the sequences
in which the iterates of 7" may have several combinations of expansions and contractions.

Example 3.3 Given Fy(«) = Inkya, Fi (o) = Inkyr, and F(«) = In kat, where k, k1, k > 0, then
F,F,F, e F.
Then, by the definition of a triple F-expanding mapping, we have for all x,y € X

min{F>(D(T?x, T%y)), F1(D(Ix, Ty)) } > F(D(x,y)) +
or
min{In(kyD(T?x, T?y)),In(kiD(Tx, Ty)) } = In(kD(x,)) + .

Condition (F1) allows us to write

In min{kzD(sz, sz),le(Tx, Ty)) = InkD(x,y) + T
or

min{ng(sz, sz), kiD(Tx, Ty)) = e"kD(x,y) + T.

Then either ky(D(T?x, T?y)) > ke* (D(x, y)) or ky(D(Tx, Ty)) > ke* (D(x, y)).
We can define k, = 205, k1 = 221, k1 + ko = 2, where o + ap = 1.

So that we have either
ar(D(T%x, T?y)) = %ker (D))
or

a1(D(Tx, Ty)) = ~ke* (D(x,)).

N =

Both of the above inequalities can be written as
ar(D(T%x, T?y)) + a1 (D(Tx, Ty)) > ke (D(,y)).

That is a reversal of a mean Lipschitzian mapping, and so the fixed point of (3) will be the
fixed point of T'.

Theorem 3.1 Let (X, D) be a complete metric space. Suppose that a surjective continuous
mapping T : X — X is a double F-expanding mapping of type I, and for all t1,t, € R,, there
are o >0 and t >0 such that

Fy(ty) < Fi(t)  implies Fi(t;) < Fo() + 0. (A)

Then T has a unique fixed point in X, and for every xy € X, the sequence {T"xo}5_, con-

verges in X.
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Proof Consider a sequence {x1,x,...} such that, for any xy € X, we have x,,,1 = Tx,, =
T"*1x, for all m € Ny. If, for some m € N, D(x,,, T#,,) = 0, T admits a fixed point.

Let D(x,,, Tx,,) = D(Tx,,-1, Tx,,) > Ofor all m € N.

We will prove that lim,,,—, o D (%), Tx,,) = 0.

For any m € N, we can write

min{Fz (D(T2xm,1, szm)), F, (D(Txm,l, Txm)) }

> aZFZ(D(xm—lrxm)) +oF (D(xm—lrxm)) +T. (8)
Now, we will discuss the two possible cases (C) and (D):

Fy (D(T%m-1, Tam)) = min{ Fy(D(T %1, T*%m) ) Fr (D(T% -1, Txm)) }, (©)
E>(D(T%m-1, T*%m)) = min{ Fy(D(T %1, T*%m) ) Fr (D(T%m-1, Txm)) }. (D)

If (C) holds, then by the conditions of Definition 3.1, inequality (8) will take the form
min{F2 (D(szm—ly T2xm)):F1 (D(Txm—ls Txm))} = Fl (D(xm—lyxm)) + 7. (9)
Relation (9) further yields

min{E> (D(T*%m-1, T*%m) ), F1 (D(T % -1, Txm)) }

> min{Fy(D(T%m-1, Tm)), Fr (D1, %m)) } + T (10)

Therefore, the possible existence of (C) implies the existence of (10).
Similarly, if (D) holds, inequality (8) will take the form

min{F>(D(T* -1, T*%m) ), F1 (D(T %1, Txm)) } = Fo (D1, %)) + T (11)
If Fo(D (%1, %m)) = F1(D(%,-1,%m)), then (11) can be written as

min{F> (D(T*%m-1, T*%m) ), Fr (D(T%p-1, Txm)) } = F1 (D@1, %)) + 7. (12)
If F>(D (-1, %m)) < F1 (D (%1, %)), then condition (A) allows us to write

min{F> (D(T*% -1, T*%m) ), Ft (D(T%p-1, Txm)) } = F1 (D@1, %)) =0 + 7. (13)
Combining inequalities (12) and (13),

min{F> (D(T*%m-1, T*%m) ) F1 (D(T % -1, Txm)) } = F1(D&me1%m)) + im0 + T,
where

-1 if Fy(¢) < Fi(2),
NMm = teR,.
0 ifFK(t) > Fi(),

Page 6 of 25
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The above inequality can be written as

min{Fz (D(T2xm,1, szm)), Fi(D(Txp-1, Tm)) }
> min{Fy(D(T%m-1, Txm)), F1 (D&m-1,%m)) } + 1m0 + T. (14)
Therefore, the existence of (D) implies the existence of inequality (14).
Both cases (C) and (D) yield inequalities (10) and (13) that can be written in the com-

bined form as follows:

min{F2 (D(Tme_l, szm)), F (D(Txm_l, Txm))}

> min{Fy(D(Txm-1, Tm)), F1 (DGm-1,%m)) } + NS0 + T,

where ¢, is either O or 1.
The above inequality can also be written as

min{E> (D(T*%m-1, T*%m) ), F1 (D(T % -1, Txm)) }

> min{Fz(D(szm_z, szm_l)),Fl (’D(Txm_g, Txm_l))} + N Gm0 + T.
Repeating this process, we have

min{F (D(T*%m-1, T*%m) ), F1 (D(T%m-1, Txm))}
> min{Fy(D(T*%m-3, T*%m-2)) F1 (D(T % -3, Txm—2)) }

Nm-1Sm-10 + NmSmO — 2t

min{Fz (D(T2xm,1, szm)), Fi(D(Txp-1, Tm)) }

> min{F,(D(T%x1, Tx0)), F1 (D(Tx1, Txo)) } + Z 1;Gjo + mt
1

or

m— 00

lim min{F>(D(T*%m-1, T*%m)), F1 (D(T%m-1, Tam)) } = Z njgjo — mt
-1

> min{F,(D(T%x1, T*x0)), F1 (D(Tx1, Txo)) }. (15)
Next, we will show that T is bijective.
Let Tx = Ty, so that D(Tx, Ty) = 0.
If D(x,y) > 0, we have
min{Fz (D(sz, sz)),Fl (D(Tx, Ty))} > wyF(D(x,y)) + a1F1 (D(x,y)) + ¢.

So,

min{F(0), F1(0)) = aaF>(D(x,y)) + a1 F1(D(,9)) + ,



Bashir et al. Advances in Difference Equations (2021) 2021:359 Page 8 of 25

which implies that
F,(0) > F,(D(x,9) +t, or Fi(0) > Fi(D(x,)) +t.

Both of the above inequalities are contradictions, and so we have D(x, y) = 0 if and only if
x =y. Therefore, T is bijective.

Consider a mapping 2 such that TQ = QT = I, where [ is the identity mapping.

For a sequence {x1,%,...,%43,...} = {x1, Tx1, LT"2x0, ..}, we can choose X453 = U7, SO
that Q"*2uy = Uypes = %1, Q" U1 = Upes = %0, QUL = Upper = X3, D" Uy = U, = x4. More-

OVer, X3 = uy. It implies that x,,,,0 = Uy, %41 = U3, %, = ua. Hence, inequality (20) yields

min{Fy(D(us, u2)), F1 (D(us, u3)) } - W}gnoo Z njGjo —mt
-1

> mh—{%o min{ Fy (D (2, thmi1))s F1 (D3, thms2)) |
or

m
min{F,(D(Q%u1, Quo)), F1 (D(QPu1, Quo)) } - lim > "m0 —mr
j=1
> lim min{F>(D(Q%wm, QL tm-1)), Fr (D (22 thm, 1)) }.

m— 00

Since o < 7, we have

lim min{F(D(Qtm, L ttm-1)), F1 (D(QPtm, Q1)) } = —00. (16)

m—0Q

Now, equation (16) implies that

lim Fy(D(Q% -1, Q1)) = —00 (E)
or
lim Fy (D(Q -1, 21t) ) = ~00. (F)

Condition (F2) among (E) yields that

lim D(Qup-1, Q) =0,

m—> 00

or equivalently,

lim D(Q U1, Lttyn) = im D(tprs1, Qtyna1) = Him D (s, Qtyy) = 0.
m— 00 m— 00

m— 00

Condition (F2) yields

lim D(Q -1, Ltty) = im D(tysz, Qutys) = 1im D(tty, Qusyy) = 0.
m— 00 m— 00

m— 00
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Therefore, from (21) we get

lim D(u,,, Q) = 0. (17)

m— 00

Now, we will prove that the sequence {u,,}5,_; is a Cauchy sequence. On the contrary,
suppose that there exist ¢ > 0 and sequences {g(m)};°; and {h(m1)},>_; of natural numbers
such that

g(m) > h(m) > m, D(ttg(m), Woom)) = €
(18)
D(tgm)-1, Up(m)) <& forallmeN.

We further suppose that h(m) is greater than g(m) by [(m).

Now, we can write

& < D(ug(mys thy(m))
=< D(ug(m)r Mg(m)—l) + D(”g(m)—l; Mh(m))
< D(tUg(my, Ugim)-1) + &

= 'D(ug(m)_l, Tug(m)_l) + €.

That is,

&= D(ug(m): Z'if](m)) < D(ug(m)—l: Tug(m)—l) t+é€. (19)
The above inequality along with (19) yields

Lim D atg(m), tyom) = &-
Further, from (17) there exists N € N such that

& e

D(tgimy, Thgom) < 1 and  D(uy(m), Tthym) < 2 for all m > N. (20)
Next, we claim that

D(ug(m), uh(m)) = D(ug(m)+1, Mh(m)+1) >0 forallm > N. (21)
On the contrary, suppose that there exists » > N such that

D(utg(r)+1, Up(r)+1) = 0. (22)

It follows from (18), (20), and (22) that

&= D(ug(r); ub(r)) = D(ug(r)» ug(r)+1) + D(”g(r)ﬂ: uh(r))
=< D(ug(r)’ ug(r)+l) + D(ug(r)+1; uh(r)+1) + D(uh(r)+1) uh(r))

= D(ug(r)¢ Tug(r)) + D(ug(r)+1¢ Mh(r)+1) + D(uh(r)) Tuh(r))
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That is a contradiction.
Next, we suppose that, for some X (), Xe(m) € X, We have s = Xp(m and upm) = Lem)
such that Ug(m)-1 = Txb(m), Uh(m)-1 = Txt(m), Ug(m)-2 = szb(m),ub(m),z = szt(m)-
Therefore, relation (21) with the assumption of the theorem gives

D(Xo(m)> Xe(m) = DEbgmy+1,¥e(my+1) >0 implies

min{F2 ('D(szb(m), szt(m))), F (D(Txb(m), Txt(m))) }

> aa Py (%pm)s Xe(my) + €1 F1 (D (Ko(mys Xe(m))) + T (23)
Now, we will deal with two possible cases of (23):

E>(D(T*%60m> T*%eim))) = Fo(®o0mys Xem)) + T
or

Fl (D(Txb(m): Txt(m))) = Fl(xb(m)’xt(m)) + 7.
Both of the above inequalities will take the form

E(D(QPugim-1, L%y (m-1))) = Fo (R sgim-ay, Q*tpim-0) + 7
or

Fi(D(Qqg0m-1) L hen-))) = F1(Q ug0m), QA utiyom) + 7.

So that we have the following contradictions: F,(g) > F,(¢) + T or Fy(e) > Fy(¢) + t.

oo

Therefore, {1,,}52, is a Cauchy sequence. The completeness of (X, D) proves that {u,,};°,

converges to some point #* in X. Now, the continuity of Q implies that
D(Qu,u) = lim D(Quiy, thy,) = lim D(Uppe1, Usm) = D(u*’ u*) =0.
m— 00 m—> 00

Therefore, 2 has a fixed point * in X and Qu* = u* so that u* = Tu*. Now, for the unique-
ness, let us suppose that 7" has more than one fixed point. That is, there exist two distinct
u,ve Xsuchthat Tu=u #v="Tv.

Therefore, D(u, v) = D(Tu, Tv) = D(T?u, T?v) > 0 with relation (1) implies that either

Fy(D(Tu, Tv)) = F1(D(w,v)) + © > Fy (D(u,v)) = F1(D(Tu, Tv)) (24)
or
F, (D(Tzu, Tzv)) >F, (D(u, V)) +1t>F (D(u, V)) =5 (D(Tzu, TZV)). (25)

Both relations (24) and (25) are the contradictions, and so we have a unique fixed point. [J

Theorem 3.2 Let (X, D) be a complete metric space. Suppose that a surjective continuous
mapping T : X — X is a double F-expanding mapping of type II, and for all t,t;,t, € R,,
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there is o > 0 such that o < t and

Fy(t) < F1(¢) implies F(t) < F5(t) + o, (B)
Fi(t) < Fy(t) implies F5(t) < F1(t) +o. (B)

Then T has a unique fixed point in X, and for every xy € X, the sequence {T"xo},c_, con-
verges to a definite number.

Proof Consider a sequence {x1,%5,...} such that x,,,1 = Tx,, = T x, for any xp € X,
forall m € Ny. If, for some m € N, D(x,,, Tx,,) = 0, T will admit a fixed point. Let
D%, Txy) = D(T -1, Tx,,) > Ofor all m € N,

If, for all x, y € X, relation (R2) holds, then the analysis of the previous theorem yields

min{F (D(T*%m-1, T*%m) ), F1 (D(T%m-1, Txm))}
> min{E (D(T%m-1, Tm)), Fr (D@m1,%m)) } + 7.

The above inequality can be written as follows:

min{Fz (D(szm,l, szm)), F (D(Txm,l, Txm)) }
> min{Fz (D(szm_z, szm_l)),Fl (D(Txpm-2, Txm_l))} +T.

Repeating this process, we have

min{F> (D(T*%m-1, T*%m) ) F1 (D(T % -1, Txm)) }
> min{Fz (D(szm_g, szm_g)),Fl (’D(Txm_g, Txm_z))} + 21,

min{E> (D(T*%m-1, T*%m) ), F1 (D(T %1, Txm)) }
> min{F,(D(T%x1, T*x0)), F1 (D(Tx1, Txo)) } + m.

Now, the analysis similar to the previous theorem yields

min{F,(D(us, uz)), F1(D(ug, u3)) } — mt

> mh—{%o min{ Fy (D (2, thmi1))s F1 (D3, thms2)) |
or

min{F> (D(Q%u1, Quo) ), F1 (D(Qu1, Qo)) } — mt
> lim min{F>(D(Q%wm, QL tm-1)), F1 (D (22 thm, L thm-1)) },

m—0Q

lim min{Fy(D(Qtm, Qtm-1)), F1 (D(Qthn, L thyu_1)) } = —00. (26)

m—> 00

If, for all x, y € X, relation (R1) holds, then we can write

min{Fy (D(T%%p1, T*%) ), Ft (D(T %1, T2)) } = Fi (D1, %)) + 1m0 + T,
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where

-1 if Fy(¢) < F1(2),
NMm = teR,.
0 if Fy(t) > Fi(2),

The above inequality will take the form

min{E> (D(T*% -1, T*%m) ), F1 (D(T%m-1, Txm)) }

> min{Fz(D(Txm_l, Txm)),Fl (D(xm_l,xm))} + N0 + T
That can be written as

min{Fz (D(T2xm,1, szm)), Fi(D(T%p-1, Txm)) }

> min{Fz (D(szm,z, szm,l)),Fl (D(Txpm-2, Txm,l))} + 0 +T.
Repeating this process, we have

min{F> (D(T*%m-1, T*%m) ) F1 (D(T%m-1, Txm)) }
> min{Fy(D(T*%m-3, T*%m-2) ) F1 (D(T%n-3, Txm—2)) }

+ Np_10 + N0 + 27
min{Fy (D(T*%n-1, T*%m) ), F1 (D(T% -1, Txm)) }
> min{F,(D(T%x1, T*x0)), F1 (D(Tx1, Txo)) } + Z N0 +mt.
j=1

So that

min{F2 (D(QZMI, Qzuo)),Fl (D(qul, quo))} - 113)1;0 Z nj0 —mt

j=1
> lim min{Fy(D(Q i, L tt-1)), Fr (D (L1t L th-1)) }-
Since o < 7, we have
lim min{F(D(Q2tm, L tm1)), Fr (D (21, Q1)) } = —00. (27)

m— 00

Therefore, relations (26) and (27) imply that
. 2 2 _
W}l_r)noon(D(Q U1, LUy)) = —00.

or,

lim Fy(D(Q w1, 2)) = —o00.

m—> 00
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Now, using the analysis of the previous theorem, relations (R1) and (R2) yield that

Fy() > Fy(e) + 1, (28)
Fi(e) = Fi(e) + 1, (29)
Fy(e) > Fi(e) + 1, (30)
Fi(e) > Fy(e) + . (31)

As 1 > 0, relations (28) and (29) are contradictions.

Now, we consider relation (30)
Fy(e) = Fi(e) + .
Using condition (B’), we have
Fi(e) +o0 > Fi(e) + 1.

It is a contradiction, as T > 0.

Similarly, F;(¢) > F,(g) + t, which is a contradiction: o < 7.

The contradictions of relations (28)—(31) prove that {u,,},~_; is a Cauchy sequence. The
completeness of (X, D) proves that {u,,},- ; converges to some point #* in X.

Now, the continuity of 2 implies

D(Qu,u) = im D(Quty, ) = 1im D(sprs1, ) = D(u*,u*) = 0.

Therefore, Q2 has a fixed point #* in X and Qu* = u*. So that u* = Tu*. Now, for unique-
ness, let us suppose that 7" has more than one fixed point. That is, there exist two distinct
u,v € X such that Tu = u # v = Tv. Therefore, D(u,v) = D(Tu, Tv) = D(T?u, T?v) > 0, and
the assumption of the theorem leads to the following four possibilities:

F (’D u, V)) F (D (Tu, Tv) ) >F; (D(u, V)) +1, (32)
E(D(w,v)) = H(D(T?u, T*v)) > F(D(u,v)) + 7, (33)
FZ(D(u, v)) ( (Tzu, T?y )) (D(u, v)) +T (34)

implies o + F; (D(u, v)) = F1(D(u,v)) + 7,
F (’D(u, v)) =F (D(Tu, TV)) > Fz(D(M, v)) +T (35)
implies o + F; (D(u, V)) >F (D(u, v)) +T.

All the four relations (32)—(35) are contradictions, and so we have a unique fixed point. (]

Theorem 3.3 Let (X, D) be a complete metric space. Suppose that a continuous mapping
T : X +— X is a triple F-contraction, and for allt,t,,t, € R,, there exist 0 >0 and t > o
such that F(t1) < Fi(t,) implies Fi(t;) < F(t;) +o,i=1,2.

Then T has a unique fixed point in X, and for every xy € X, the sequence {T"xo} e,
converges to a definite number.
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Proof Consider a sequence {x1,%y,...} such that x,,,1 = Tx,, = T"*'x, for some x, € X and
for all m € W. If, for some m € N, D(x,,, Tx,,) =0, T has a fixed point.
Let D(x,,,, Tx,,) = D(Txy,-1, TX,,) > Ofor all m € N.
We will prove that lim,,,_, o, D(x,,, T%,,) = 0.
For any m € N, we have
min{E>(D(T*% -1, T*%m) ), F1 (D(T%m-1, Txm)) } = F(D X1, %)) + 7. (36)
If F(D®m-1,%m)) = F1(D®-1,%m)), inequality (36) can be written as follows:
min{F> (D(T*%m-1, T*%m) ), FL (D(T%m-1, Txm)) } = F1(DXm-1,%m)) + T (37)
If F(D(%y-1,%m)) < F1(D(%1-1, %)), condition (A) allows us to write
Fl (D(xm—lyxm)) = F(D(xm—lvxm)) to.
Then inequality (36) can be written as
min{Fz (D(szm,l, T2xm)),F1 (D(Tx-1, Txm))} > F1(D(p-1,%m)) —0 +T. (38)
Combining inequalities (37) and (38), we have

min{F(D(T*%m-1, T*%m) ), F1 (D(T %1, Txm)) } = F1 (D1, %m)) + G0 + T, (39)

where ¢; is either 0 or —1.
Next, we will consider the following two possible cases:

Fi (D1, %m)) = min{ Fy(D(T %1, Tm)), F1 (D1, %m)) } (40)
or

Fy(D(T%-1, T)) = min{ Ex (D(Tx—1, Tm)), F1 (D (X1, %m)) }- (41)
If (40) is true, inequality (39) will take the form

min{E> (D(T*% -1, T*%m) ), F1 (D(T%-1, Txm)) }

> min{Fz(D(Txm_l, Txm)),Fl (D(xm_l,xm))} +Gio+T. (42)

If (41) is true, we have Fy(D(Tx,,-1, T%,)) < F1(D(X1-1, %1m))-
So that relation (41) can be written as

min{Fz (D(szm_l, szm)),Fl (’D(Txm_l, Txm))} >F (D(Txm_l, Txm)) +Gio+T.
Moreover, condition (41) will change the above inequality in the following form:

min{E> (D(T*%m-1, T*%m) ) F1 (D(T %1, Txm)) }
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> min{Fy(D(T%n-1, Tm)), Fr (Dm-1,%m)) } + Gi0 + T. (43)
Combining (42) and (43), we have

min{F (D(T*%m-1, T*%m) ), F1 (D(T%m-1, Txm))}

> min{FZ(D(Txm—b Txm))rFl (D(xm—l:xm))} + Gio + T.
That is equivalent to

min{Fz (D(T2xm,1, szm)), Fi(D(Txp-1, Tm)) }

> min{Fz (D(szm,z, szm,l)),Fl (D(Txpm-2, Txm,l))} +Gio +T.
Repeating this process, we have

min{E> (D(T*% -1, T*%m) ), F1 (D(T %1, Txm)) }

> min{Fz(’D(szm_g, szm_z)),Fl (D(Txpm_3, Txm_z))} +Gil10 + GO +2T

min{Fz (D(T2xm,1, szm)), Fi(D(Txp-1, Tm)) }

> min{F,(D(T%x1, T*x)), F1 (D(Tx1, Txo))} + 0 Z Gj +mT.
=1

Now, the analysis similar to the previous theorem yields that

min{Fz (D(ug, I/lz)),Fl (D(u4, ug))} — W}l_r)noo Z Gjo —mt
j=1

> lim min{FZ (D(um+2r Mm+l))rFl (D(um+3r Mm+2))}

m— 00

or

min{F2 (D(Qzul, Qzuo)),Fl (D(qul, quo))} — 113)1(1)0 ZSJO' —mT

j=1
> lim min{Fy(D(Q i, L tn-1)), Fr (D (L1t L thn-1)) }-
As 7 >0, we have
lim min{F(D(Qtm, L tm-1)), F1 (D(QP 1, Q1)) } = —00. (44)

m— 00

Therefore, relation (44) implies that

lim F(D(Q 1, 2 tyn)) = —00

m— 00

or
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lim Fy(D(Q w1, ) = —o00.

m— 00

Using the analysis of the previous theorem, we will have
min{F,(g), F(g)) > F(e) + t.

That yields either Fy(g) > F(e) + t or F1(¢) > F(g) + 7. Now, with the usage of condition
(B), we can write Fy(g) > F(e) + T or Fy(¢) > F(e) + o, which implies, F5(g) > F5(¢). It is a
contradiction. Similarly, F;(g) > F(e) + t. Also, it yields a contradiction.

Thus, {1}, is a Cauchy sequence. The completeness of (X, D) proves that {u,,}55

converges to some point u* in X. Now, the continuity of © implies

D(Qu,u) = lim D(Qu,,, ) = 1im D(Qutyi1, ) = D(u*, u*) =0.
Therefore, Q2 has a fixed point #* in X, that is, Qu* = u*. So that u* = Tu*. Now, for unique-
ness, let us suppose that 7" has more than one fixed point. That is, there exist two distinct
u,v € X such that Tu = u # v = Tv. Therefore, D(u,v) = D(Tu, Tv) = D(T?u, T?v) > 0 with
min{F,(D(T?u, T*v)), F1(D(Tu, Tv))} > F(D(u,v)) + T implies that either

F; (D(u, v)) =F ('D(Tu, Tv)) > F(’D(u, V)) +7T> F('D(u, V)) +o0>F (D(u, V)) (45)
or

F, (’D(u, v)) =F (D(T2u, TZV)) > F(D(u, V)) +7> F(D(u, v)) +o>F (’D(u, v)). (46)

Since both relations (45) and (46) are contradictions, the mapping 7 has a unique fixed
point. g

4 Applications to Caputo fractional differential equations
As applications of our work, we will study the existence of solutions of Caputo fractional
differential equations of the fractional order in (1, 2) with an integral boundary condition.
The main condition in the problems studied in [1] (see Theorem 3.2 therein) and [2] (see
Theorem 12 therein) is associated with sufficient small Lipschitz constant. We will use a
less restrictive condition than the Lipschitz condition by applying our obtained fixed point
theorem.

For 1 <t <2 and a Caputo fractional derivative ¢ Dfx(¢) = ﬁ fat (t - s)1°x"(s) ds, con-

sider a nonlinear Caputo fractional differential equation
ng (x(t)) :f(t,x(t)) forte (o, B) (47)

with an integral boundary condition

s
x(a) =0,x(8) = / x(s)ds (x<i<p), (48)
where, for some A € (@, 8), (1) € R and «, 8 are given real numbers such that 0 < « < B.
Let Q = C([o, 8], R) be endowed with a norm [|x[| (g g1 = SUP;c(q, 51 1%(5)|-
For any x,y € 2, we define W(x,y) = llx =yl 5)-
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In order to assure the existence of solution of nonlinear Caputo fractional differential

equation (47), we consider the following fractional differential equation:
CDi(x(t) =g(t) forte (a,B). (49)

Kilbas [40] proved that the following function

1 t
x(t) = Re) /(; (t—s)""g(s)ds

Z(t—a) ’ -1
T —aP =26 -l () / (B-5)""gls)ds
- (t 05) -1
(=) =2(8 - a)(v) / / (s—§)""g(&)dé ds (50)

represents the solution of boundary value problem (48) and (49) for g € 2, based on the
following presentation of the solution:

x(£) = %/{; (t-s)""g(s)ds —dy —do(t - ).

Next, we will define a mild solution of (47) and (48).

Definition 4.1 The function x € 2 is a mild solution of boundary value problem (47) and
(48) if it satisfies

1 [t .
x(t) = o /(; (-9 T (s,%(5)) ds

2(t —a)
+
(A —a)* =2(8 - a))I(x)

2(t —a) -
T (=)’ 28 Oé)F(t)// &) T(5,x(8)dsds, tela,pl. (51)

B
/ (B=9)""T (s, %(s)) ds

For any function u € 2, we define a surjective mapping Y : 2 — Q by

Y (u)(t) = %t) / (t—5)""T (s, uls)) ds

2(t—a)

t 1
+(()\—05)2—2(,3 Olr(t) TS, ()) S
_ 2(t —a) et
((k—a)z—z(ﬂ—a))r(t)/a /a(s €) T (&, u(€)) dE ds (52)

fort € [«, B].

Now, we establish the existence result as follows.

Theorem 4.1 Suppose that
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(i) There exist a constant K > 0 with

K(,B—ot)t<1+ 2K(B —a) <1+ A—ot)) € (0,00) 53)
['(1+v) Q2B -a)-(r-a)?) L+t

and a function T € C([o, B] x R, R) such that
|T@x) - Ty <Klx-yl", xyeR,t€[apl,

wherer € (0,1];

(i) There exists a function xy € Q2 such that W(xo, Y(xo)) > 0, where the operator Y is
defined by (52);

(iii) For any two functions x,y € Q such that W(x,y) > 0, the inequality W(Y (x), Y(y)) >0
holds;

Then boundary value problem (47) and (48) has a mild solution.

Proof Note that any fixed point of the mapping T is a mild solution of boundary value

problem (47) and (48). Now, let x,y € Q be such that W(x,y) > 0. By condition (i), we
obtain

REOIGERIGIG]

<L ! _ el _
) fa (=9 T (s,5(5) = T (s, 9(5)) [ Ws

' 28 - oc)z(—t (_Aoi)af)r(t) f (1= 9T (s,4(5)) = T (s,5(5)) | Ws
" - oe)z(—t (_)Loi)a)Z)F(t) : ( /a (=0T (620) - T (6.50) !Wt> Ws
= % (: (£ =) xls) — y(s)| " ds
"= j)li(t(; - L)z)p(t) / gt =) [x(s) - ()| ds
2K (¢ - )

’ ’ _ g\l _ r )
T RB-0) - G-I L (fa (s = &) |x(§) - »(8)|" d¢ | ds

- (K(t—ot)t . 2K(t - a) ((,3 -~ (A—a)1+t))|| i
) QB -a)-(-)HlE\ ¢ ) AL

KB -a) 2K(B — ) A—a
= (“ ; (1+ ))nx—yn;o
I'(1+v) QB -a)-r-a)?) 1+t

:A”x_y”;o’ te[a)ﬂ];

where

A:K(ﬁ_o[)c (1+ 2K(B — o) <1+ )\—a)) € (0,00).
I'(1+v) Q2B -a)-(*-a)) 1+t

Page 18 of 25
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Therefore,

|76 =10 < Allx =1L

(54)

The conditions of the theorem imply that Y'(x) # Y (y) if and only if x # y. Therefore, T

Q2 — Q is a bijective mapping. There exists x : & — € such that Yy =1 = x7T (I the

identity mapping).

Next, we suppose that f = Y (x) and &z = Y(y) such that x (f) =x and x (k) = y.

So that

If =kl < Al x () = x )],

That implies that

1/r
-2l = (5) v-m

Take « > A, so one writes

1/r
@) -xhl = (5 ) - m

Moreover, (55) further implies that

1 1/r .
||x2(f)—x2(h)||ooz(x) [x() - xh)]

(G+73)
1 r r2 2
> (X) If = mI.

So that

1,1
)

(
l L K r2 )
MR PROESEC]N ><X) If =
Relation (56) yields that

In ()" x (F) = x (W) , —1n(A> +In|lf - Al

Likewise, relation (56) can be written as

2(h)||;o > ln<%> + —ln( ) +In||f - h||1/’

> —ln<A) +In||f — k|

In i+

(55)

(56)

(57)

(58)

(59)

Let Fy(z) = lnic(“%)(z)',Fl(z) = In(x)""(2), and F(z) = In(z)"". It is easy to verify that

F,Fl,Fz eF.

Page 19 of 25
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Combining relations (57) and (59), we have

min[E OV (20 200) EL OV G, x0) ) = 2 ) + OV ),

Therefore, x : @ — Q is a triple F-expanding mapping, and the operator x has a fixed
point in . That is, there exists a function x* € C([«, 8], R) such that x* = x(x*). This
implies that Q(x*) = x*. The function x* is a mild solution of boundary value problem (47)
and (48). a

Example 4.1 Consider the nonlinear Caputo fractional differential equation

$DL75 (x(t)) = arctan(,/|x(¢)| + €' cost) +sint  fort € (2,3) (60)

1
Vit + 14
with the integral boundary conditions

25
x(2) =0, x(3) = / x(s) ds. (61)
0
Here, v = 1.75. Also,

1
T (t,x) = ———— arctan(y/|x| + €’ cost) + sint
Vit + 14 ( )

and

|T(t,x) - Tty < (% + 1),/|x—y|,

where

K(ﬁ—a)t( 2K (B — o) < A—a))
A= 1+ 1+
I'(1+v) Q2B -a)-(-a)) 1+t
_(F+1) 2(2 +1)3.25
B r(2.75)( 175 275

) € (0,00).

Note that A > 1. Therefore, Theorem 4.1 guarantees the existence of a solution of bound-

ary value problem (60) and (61).

Remark 4.1 Note that boundary value problem (60) and (61) is also studied in [1] (see
Example 5 therein) and [2] (see Example 3.3 therein). Based on the obtained fixed point
theorems, we used the weaker conditions for the right-hand side part of the equation and

found the existence of a fixed point for K > 1 and A > 1.

5 An application to integral equations
As another application of our work, we will consider an engineering problem in which the

transformed mathematical model of a problem representing activation of spring affected
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by an external force is a boundary value problem for a second-order differential equation.
That is,

i + %u = H(w,u(w));  u(0) = 0,i(0) = a,

where H : [0,1] x R* — R* is a continuous function and 7 > 0.

Conversion of the given problem into the following integral equation is well known:
T
u(t) = / H(,u(0))G(t,1v), tel[0,1]. (62)
0
Define the Green function G(t, tv) as

(t+w)er™™ jfo<m<rt<],
G(t, ) =
0 if0<t<w<l],

with a constant t = 7(c, m) > 0.
Let X be the set of all continuous functions from [0, I] into R*. For any arbitrary U € X,
define

U, = sup {|U(v)[e}.
vel0,1]

Define D : X x X — [0, 00) by

D(x,y) = max{|lx[l, Iyl }

forallx,y € X.
Now, in order to find the existence of a solution to the integral equation, we consider a
function g : X — X defined by

g(u(v) = /O H (10, 1()) G, ) (63)

forallue X and ¢ € [0,1].
We will prove that there exists some v € X such that g(v(t)) = v(t). That is, the fixed point
of the F-expanding mapping is a solution of integral equation (62).

Theorem 5.1 The nonlinear integral equation (58) has a solution if the following condi-
tions hold:
(@) H(ro, u(10)) is an increasing function in its second variable;
(b) H(wo,u) > kt%e%u,k > Osuch thatet > 1 + ﬁ, where T >0, t,10 € [0,I], and u € R*;
(c) g: X — X is a surjective continuous mapping.

Proof For all v e X, we have

(V)] = g(v()) = /0 H (10, v(10)) G(t, o) dio.
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Now, using conditions (a) and (b), we can write

|g(v(m))’ > k/ rzef‘v(m)’G(t,m)dm
0
=k / 2" [v(1)| (¢ + t)e’ "™ dro
0
- k/ T2e" ™72 [y(1v)| (¢ + t)e” ") div
0

T
:k/ 2e7 ™ ||v|, (v + 10)e ™) dro
0

T
= ktzefe"Hvlltf X (v + w)e™™ div
0

e’t v et 1
_ 2 vT+4T -z -
=kt“e ||V||T<2 . i + =

=k v||, (2vtett —tT -+ 1
T

= ke’ e ||v||, (2tT —rre T 1+ e7).

Therefore,

e | g(v())| = ke v, (2t = 1+ (1 —vT)e ™).
Using condition (b), one gets

2ttt —1+(1—-rr)e ™ > 1.
That is,

le()], = ke vl
Likewise, for w € X, we can find that

lgw) |, = ke [wll..
Since

max{|igvll,, lgwll, } = max{ke" ||[v]., ke |w] },
we have

Digv,gw) = ke" max{|[v],, [wl }.
Equivalently,

D(gv,gw) > ke D(v,w). (64)
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Therefore,

ln<%D(gv,gw)> >In(D(v,w)) + 7. (65)
Now, relation (64) also implies that

D(g*v,g°w) = K> D(v, w).
That is,

1
ﬁD(gzv,gzw) > e D(v, w).

Thus,
ln<%D(g2v,g2w)) > In(D(v,w)) + 2.
We deduce
ln<%D(gzv,g2w)) > ln(’D(v, w)) +T. (66)

Define Fi(x) = In 7, Fo(x) = In ;—2, and F(x) = Inx. So that inequalities (65) and (66) take the

form

E(D(Tv, Tw)) = F(D(v,w)) + T and Fo(D(T%, T?w)) > F(D(v,w)) + .
Both of the above inequalities can be written as

min{F; (D(Tv, Tw)), F2(D(T?v, T*w))} = F(D(v,w)) + 7.

Therefore, the fixed point of the above triple F-contraction is the solution of problem
(62). O

6 Conclusion

In this article, we generalized F-expanding mappings by using multiple F functions and
certain conditions on the mapping. These conditions allow us to deal with the class of
mappings whose iterates expand in general, but some of their iterates may contract as
well. Moreover, with the usage of multiple F functions, we presented an idea that allows
to use weaker conditions for several fractional type differential equations. The new gen-
eralizations of F-expanding mappings and the corresponding results will break open new
grounds for the researchers working in the field as they will be able to find the existence

of solutions of an extensive range of differential equations.
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