Latif Advances in Difference Equations (2021) 2021:371 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-021-03517-3 a SpringerOpen Journal

RESEARCH Open Access
()]

Hermite—-Hadamard-type inequalities for
geometrically r-convex functions in terms of
Stolarsky’s mean with applications to means

Muhammad Amer Latif'”

"Correspondence: mlatif@kfu.edu.sa

'Department of Basic Sciences, Abstract

Deanship of Preparatory Year, King . . . . L

Faisal University, Hofuf 31982, In this paper, we obtain new Hermite-Hadamard-type inequalities for r-convex and
Al-Hasa, Saudi Arabia geometrically convex functions and, additionally, some new Hermite-Hadamard-type

inequalities by using the Holder-iscan integral inequality and an improved
power-mean inequality.

MSC: Primary 26D15; secondary 26A51; 26E60; 41A55

Keywords: Hermite—Hadamard's inequality; Stolarsky’s mean; Convex function;
r-convex function; Holder’s inequality; Holder-Iscan inequality

1 Introduction
The convexity of a mapping £ : k — R is defined as follows. A function R:k - R, # #
k C R, is said to be convex on k if

Kury + (1 —wn1) < uf(rr) + (1 - wh(n)

forall z1,9; ek and u € [0, 1].
A number of papers on inequalities were published using convexity, and one of the most
interesting inequalities in mathematical analysis is as follows:

PR 1 i A6) + Al
ﬁ(’%) <= /) Ry dey < M (L.1)

where R:k € R — R is a convex mapping, and j,i € k with j < i. Inequalities (1.1) are
known as the Hermite—Hadamard inequalities and hold in the reversed direction if £ is
concave.

Modern mathematicians attempt to concentrate their efforts on obtaining novel gener-
alizations of convex functions, which has resulted in novel proofs and noticeable exten-
sions, propositions, and improvements. For new Hermite—Hadamard-type inequalities
and various applications, we refer the interested reader to a number of books and papers
[1-5, 8—26], and the references therein.
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Pearce et al. [18] introduced the notion of r-convex function as follows.

Definition 1 ([18]) For r € R, a function R: k C R — R, = (0,00) is said to be r-convex
if

D& (1) + (L= DK ()]7, 770,
R+ @Q=m) <1 11 A !
S )R (), r=0,
forallyy, 1, € kand A € [0, 1], where Ax; + (1 —A)y; and & (1) 817 (,) are, respectively, the
weighted arithmetic mean of two positive numbers r; and 1; and the weighted geometric

mean of R(r1) and K(n).

Many authors studied the properties of r-convex functions; we refer the interested read-
ers to [5-7, 23, 25]. A number of inequalities of Hermite—Hadamard type related to 7-
convex functions are proved in [23] and [25].

Xi and Qi [25] defined geometrically r-convex functions and established some new
Hermite—Hadamard-type inequalities for them.

Definition 2 ([25]) For r € R, a function £:k € R, — R, is said to be geometrically

r-convex if

R (1) + (1= DR ()]7, 70,

R ™) <
)8 (), r=0,

forallry,9; ekand A € [0,1].

It is clear that a geometrically r-convex function becomes geometrically convex for r = 0
and GA-convex for r = 1.

Remark 1 ([25]) If R(xr1) is a decreasing geometrically r-convex function on k € R, then
(1) is also r-convex on k. Conversely, if R(r;) is an increasing r-convex function on k,
then R(r;) is geometrically r-convex on k.

Remark 2 ([10, Theorem 16, p. 26.]) If the right-hand side in Definition 2 is denoted by
M, (R(x1), K(n1)), then

g:nrl (ﬁ(Pl)! ~Q(UI)) = mrg (ﬁ(?l)r ﬁ(Ul))

for r1, r, € R with r1 < ry. Consequently, if r1, r, € R with r; < ry and £(r;) is a geometri-
cally r;-convex function on k C R, then R(r;) is geometrically r,-convex on k.

Remark 3 ([25]) Let R:k € R, — R, be a geometrically r-convex function for r € R,
let g(u) = R(e*), and let u € Ink = {Inu : u € k}. Then g is r-convex if and only if R is
geometrically r-convex.

The purpose of this paper is to provide new geometrically r-convex inequalities of the
Hermite—Hadamard type by new methods.
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2 Main Results
Proposition 1 Forr € R, let R: [j,i] € R, — R, be a geometrically r-convex function,
and let R € L([j,i]). Then

. . r+1y_ r(; r(s 1+%
E(RG), Ry, + 1) + SRR
v ﬁ(i)E(ﬁ(]’)’ ﬁ(i)’ 0; 1); r= O,

(2.1)

where E(u,v;r,s) is Stolarsky’s mean defined by

E(u,v;r,s) = [M}ﬁ, rs(r—s)(u—v)#0,
s(vi —u")
Ve —uf 3
E(u,v;0,s) = [m] , s(u—v)#0,

1 u'N\ T
E(u,v;r,r) = —1<u—) , rlu—-v)#£0,
7 \V

e v
E(u,v;0,0) = Juv, uv,

E(u,u;r,8)=u, u=v,
L(u,v) is the logarithmic mean defined by
E(u,v;0,1) = L(u,v),
and A(8(j), 87 (1)) is the arithmetic mean of K (j) and K’ (i) for (u,v) € R?, (r,5) € R>.

Proof By the geometric r-convexity of £ we have

Casel: Forr=0,

Zi nﬁ(j%i%)du< L n[ﬁ(j)]%[ﬁ(i)]% du
nJo 0

_ VRE)(K(3E) - R(G))

~ In&3) - In8G)

= VRWDE(RG), /();0,1). 2.2)

Case II: Suppose now that r # 0. Then

Let

(”2;“>ﬁr(j) ‘ <”2—+n“>ﬁr(i) _—
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Thus
L v 1 RG)
Z US ———r
2n Jo K1) - 8G) Jaw )87 0)
= E(8(), R (i);r,r + 1)

 TRG) - AR G), K D))
A DRO-RG)

1
91 dy

where A(R'(j),R"(i)) is the arithmetic mean of R"(j) and R’(i), and the result is
achieved. a

Lemmal Let R:k C R, =(0,00) - R be a differentiable function on k°, and let j, i € k°
withj <i. If R € L([j, 1)), then

K@) + 8() 1 / P R(r) d
-1 . 51
2 Ini-InjJ; ©n
] ._] j " n—u +u n-u  n+u n+u  n—u n+u  n—u
= m4 zn’/ u[j Tn ilT_ﬁ/(j Tn i o0 )_jwi n ﬁ/(jwiv)]du, (2.4)
n 0
Proof Let
= ujm i i u
1 72 A J '(j

and

lni—lnj " ntu  n-u niu  n—u
ko = 5 uj i ﬁ/(jwiw)du,
4n 0

By integration by parts we have

lni—lnj n-u , ntu n—u , n+u

k; = / iz f(j7in)du
_ L / ud[ R 15)]

1 NS TSty
= iﬁ(l)—ﬂ/o‘ ﬁ(} W 2n )du

1 iR
= / ) g (2.5)
Ini-Inj J 5 n

Analogously, we have

S0, 1), 06

2=t — -
2 Ini—Inj Jj I

From (2.5) and (2.6) we get the required identity. O
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Lemma 2 For u,v >0, we have

1 T uw neu 1 v[E M,V;O, 1 2, uZv,
To(u’v) = 2—/ uny2mn duz 2\/_[ ( 2)] ?/
nJo

EM, u=yv,

n—-u n+u

1 n
R,(u,v) = ﬂ[ uy v 2 du
0

w-n[EGuv,0,1)12
Inv-Inu

+ E(u,v; 0, %), uv,

iu, u=yv,

and

1 " A—u p+u
S, v)=— | wlum v du
0

4 [E(wy0, 5)1*—u(inv=Inu+1)  (4+inv—inu)E(u,v,0,1) uv
(Inv—In )2 Inv-Inu ’ ’

u, u="v.

A=

Proof The proof follows from a straightforward computation.

Lemma 3 For u,v>0and r € R with r #0, we have

1
1 ["[(n- v
- nou u + nru V| du=0(u,v;r),
2n Jo 2n 2n
1 " G
il u n-u u + nrd Vi du=0,1(uv;r),
2n Jo 2n 2n

and

1
1 [ —u +u r
— | u? 1 u + " V| du=06,,(u,v;r),
2n Jo 2n 2n

where
E(uviryr+ 1) 4 MA@l T
O(u,v;r) = L ey ’
% , r=-1,
2n[E" (u,v;r,2r+1)-A(u” V" )E(u,v;r,r+1)]
v'—u”
+ 2+ )2 = @ra ) LAWY ) +rAGE )T )
(D)2 =) ’
On1(u, V1) = 2”[V'1+A(u‘1,v‘1)1n[A("(_V1—"f__lu)]_K‘z(u_l’v_1)ln poA ) )
n[zm[A(u‘%,v_%)]+2V%A(u_7,v_7)—lnv—2]
(1;%7,[%)2 ’

1
it

u#v,
r#—l,—%,
uFv,r=-1,
u;«z’v,r:—%,
u=v,
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1
42 r[(r+ 1) @r+ D =272 (A )34 7 ]
(r+1)(2r+1)(3r+1)(v' —u")3 uv
4% r[2r+ D) AW V) =2u(r+ D] LA’ V) ’
(r+1)2r+1)("—u")3 r#-1,-1 -1
4 [[AW VP Eysrr+ 1)+ [E(uysr,2r+ 1))+ P Ty
+ (Vr_ur)Z ’
2 [1-4vA~ Ly D+ A Ly D12 [3-2In[A@ Ly )]
VZ(V—I,M—I)S
ugv,r=-1
42 [A(w Ly )2 Inv 7! ’ ?
- (V—l_u—l)B ’
T TR B T e
9n,2(”¢ v; r) — 4n“[A(u 2,v 2)Inv+2A(u 1,v3 YIn[A(u" 2,v 2)]]
"2y 2 1
1 (111 7”1 ) M#V7V=—§;
4%y 2 (WA 2 v 2))%-1)
- 1 1 ’
(v 2-u"2)3
11 2 11
2n2uvi6In[A(y” 3 ,v"3)]+3v3 [A(u” 3 v 3)]%)
1 1
3_43)3 1
P uv,r=-z,
2Inv-12v3 A(u” 3,v 3)+9
1 1 ’
3(v3-u3)3
éu, Uu=v

Proof The proof is obvious when # = vand when u #vand r = -1, —%, —%.
Suppose u #vand r # -1, —%, —%. Then we have

1
1 1u rou u + rru v rdu
2n Jo 2n 2n
2 [A(, VY2 = 2mrv L (2r + VAW,V + 2nr(r + 1)1
- (r+1)2r+1)(v" —u")?

mr[AG,v))> T
T )@+ DO — )2
2u[E(u, v;r,2r + D™ = 20A(u", V)E(u, v;r,r + 1)
i Vi —u”"
2ur(r + Du?*t = 2nr(2r + D" TA(u”,v")
(r+1)2r+1)(v" —ur)?

1
1 (! - v
S 1 N (il PO i IV R
2n Jo 2n 2n

and

81’121"3 [A(ur’ Vr)]3+% 4rn2vr+1 [A(Mr, Vr)]Z
= — +
r+1)Q2r+1)@r+1)(v —u)? r+ 1 —u)3
8n2rv2’*1A(u’, Vr) 4n2rv3r+l

C2r+ D) —w)3 " Br+1)(v —u)?
_AnPr[(r+ 1)Q2r + D - 277 A, VY37
- r+1)Q2r+1)@r+ 1) —u")3
4nr[2r + DA, V) = 2u(r + 1] A, V)
" r+ D)@r+ DV —w)?

A [[A’ V) 2E(u, v;r,r + 1) + [E(u, v; 1, 2r + 1)]*1]
+ (Vr _ ur)2 :

We now establish new Hermite—Hadamard-type inequalities for geometrically r-convex

O

functions. We believe that our results provide a refinement of the results proved in [25].
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Lemma 4 For u,v >0,

1
1- 1+
f 2 T Sf luudu’
0

1

1-u

lou Liu _
uy 2 y2 duf/ un Myt du,
0

S~

and
1 1-u  l+u 1
/ Wuz vz du 5/ Wl du.
0 0
Proof 1t is obvious. 0

Lemma 5 Foru,v>0andr e R withr #0,u € [0,1], we have

1 i 1 .
/0[<1_Tu>u’+<1;u)v’} duf/o [(1-wu" +w/]" du,

1 i 1 1
Au[(?)u’+<1;u)v’] du§/0 u[(1-wu” +w']" du,

and

1 1— 1 % 1
/0u2|:<Tu)ur+( ;u)v{| duf/o [(1 N +uv]

Proof 1t is obvious. 0

~ =

du.

Theorem 1 Let R:k C R, =(0,00) = R be a differentiable function on k°, wherej, i € k°
withj<iandr e R, r#0. Suppose that R € L([j,i]) and |R'|1 is geometrically r-convex on
lj,i] for ¢ = 1. Then

R +RG) 1 /‘R(n) 4
2 Ini-InjJ; ©n

_ (lni—lnj){[

= P [ (1861 [ G)[750)]

x [1G + D01 (|R G| [R D7) + G- j)

x (|8 R[50 + [0 (KD |RG)[50)]

x [1G + D0 (|8 D)% [RG)|% )

+ G- D0 (| DR G) %)) 7). 27)

Proof From Lemma 1 and the power-mean inequality we have

A(i) + £() 1 P R()
2 _lni—lnj/, I d“‘

Ini—Inj
4n?
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n 1-1 n
.n—u 'n+u q .n—u .n+u
x{(/ u]2n12n> (/HJZ"IZ”
0 0
n 1*% n q
n+u 'n—u ‘n+1l 'n—u ‘}’H-u .n—u
+(/ uj 2n12n> (/ uj 2 i 2 ﬁ/(, 2n i 2n )|‘I) } (28)
0 0

Since |R'|7 is geometrically r-convex on [j, i] for ¢ > 1, using Lemma 3, we have

n
/ujﬂg;‘i%wj%i%)w
0
"onu e [ (A=W g Lu, o ’
S/ uj 2n i 2n 5 ‘ﬁ(])| + | — {ﬁ(l)’ du
0 n 2n
/” (n—u, n+u,)
< u )+ 1
0 2n 2n

x [(%)\ﬁ/(j)r’f + <%ﬁ“)|ﬁ/(i)|"’] " du

=1+ D01 (|RG)| % [R D)% 7) + (- )0n2(| R G)

’

q

’

R (i)

%r) (2.9)

and

n
/ W | R )
0
n 1
JUES TSIty n+u 1 e | T n—-u sonirg | "
5'/0 uj 2 i |:( - )’ﬁ(])‘q_'_( o )‘ﬁ(l)‘q] du
1
" n+u, nm-u, n+u\, g (A=U\| . g |
5/0 ”( an )" 2n ‘)[( 2n )’R(’” +( 2n )‘ﬁ(‘)‘ ] w

= n(j + D01 (|RD[% [RG)[%7)
+ G- D02 (R D] [RG)| %) (2.10)
Using (2.9) and (2.10) in (2.8), we get the required result. a

Corollary 1 We observe that for n = 1, we obtain

dr

/) +8G 1 /‘ﬁ(n)
2 Ini-Inj J; n

q

’

- (Ini - Inj)
- 4
x [G+ 1)1 (|RG)

({1 (IR |7 @] %))

LRG| 5r) + G-j)

q

R[5+ [ (R D[ R G)Gr)]
q’ iﬁ/(i) q; 7')

q;r)]%}, (2.11)

X 91,2(|.ﬁ/(j)
x G+ Do (| R ()

+ (G- D012 (|[R D)% []G)

where 011 (|8 ()%, |8 ()% ) and 612(|1R (1)|2, |R (j)|9;7) can be evaluated using Lemma 3.

Page 8 of 25
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Corollary 2 Suppose the assumptions of Theorem 1 are satisfied. If g = 1, then

£34) + £G) 1 /i A(
j

1)
- iy
2 Ini—Inj

b

- (Ini—Inj)
T 4n?

{1+ D01 (|R G, [KD];7) + 01 (|F D], |RG)]s7)]
+ (I_J)[Gn,Z(’-ﬁ/()) ’ ﬁ/(l) ;r) _gn,Z(’R/(i) ’ ﬁ,(]) ;7‘)]}. (212)
Corollary 3 Lettingn =1 and q =1 in Theorem 1 gives
R(i) + R() 1 FR)

2 Ini-Inj f, s

_ (Ini—Inj)

- 4
X {G+D[011(|RG)], [RD]r) + 01 (RG] [KG)]7)]

| R (@)

+ (1 -)[012(|7G)

;r) =012 (| R ()

R ()

i)} (2.13)

’

Theorem 2 Let R:k C R, =(0,00) = R be a differentiable function on k°, wherej, i € k°

withj<iandreR,r#0.Suppose that 8 € L([j,i]) and |R'|7 is geometrically r-convex on
lj,i] for g > 1. Then

R(i) + R() 1 / FA) J
- . 131
2 Ini-Inj J; ©

- (Ini—Inj) a4

R [R7i)] 4 [6,0(|R6)

! R[5

q q

+ [Ra(i77,577)] 71 [B (R D)%, |RG)

Q

q;r)]%}. (2.14)

Proof From Lemma 1 and Hélder’s inequality we have

’ R(i) + R(j) 1 / ' K1) dr,
)

2 _lni—lnj 31

1 1

Ini—Inj ngiu) gl =2/ _ i
< ) /ujz;q(qA)izn(q—l) du /u|ﬁ/(j%i%)|qdu
4n? o o
n ) gln-u) -3/ rn i
n+u n—u
+</ Uj 21(a-1) § 2n(q-1) du) (f u|ﬁ/(j2nizn)|qdu) } (2.15)
0 0

Since

[
0

" n-—u . n+u s 17 ;
S/O u[( o >|ﬁ(])| +(7>’ﬁ(1)| ] du

=210, (|RG)|", | R @)% 7),

(2.16)
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n
/ u|® (5 i )|  du
0

n n+u /e |7 n—u S |7 %
<[y 5]

=2n0,1 (|[R @)%, |7 G)| %), (2.17)
no gn-u)  glnu) 4, 4
/ wj 21 i 20D du = 2nR, (j41,i41), (2.18)
0
and
n gntu) gq(n—u) 4 g
/ wj 2@ i 206D du = 2nR, (1771,j4T). (2.19)
0
Inequality (2.14) is proved by applying (2.16)—(2.19) in (2.15). a

Theorem 3 Let R:k C R, =(0,00) = R be a differentiable function on k°, wherej, i € k°
withj<iandreR,r#0.Suppose that 8 € L([j,i]) and |R'|1 is geometrically r-convex on
lj,i] for g > 1. Then

I1)
! d;l
15t

£34) + £G) 1 /i A(
2 Ini—Inj J;

Ini—1Inj
4n?

+ (i = )01 (| R G)
x [nG +1)0 (| R ()

([94G,D]"7 [ + DO (| &G)

q, }ﬁ/(i)}q; 7")

q

0]

q

’

LA]T + [9,65)]

q; V)

R (i)

G- )01 (|RG) ~.r)]7). (2.20)

R ()

Proof From Lemma 1 and Hélder’s inequality we have

‘fi(i) + R(j) 1 /i £(r1) J
- . 51
2 Ini-InjJ; ©n

Ini—1Inj
4n?

1-1
" 4w meu 4 " onou meu
X ualjomjm du j2niom
0 0
1-1
"4 mu nu 9 " opru e
+ ualj2n i 2 du jaim
0 0

Since | /|7 is geometrically r-convex on [j,i] for g > 1, we obtain

n

Jha-u o ntu

/ ) 2n ] 2n
0

1
S/ n—uj+rz+ui I’l—u’ﬁ,(j)|rq+n+u|ﬁ,(i)|rq du
0 2n 2n 2n 2n

=n(+DO(|RG)|% |RD|57) + G- )01 (|RG)

1

RS )

1
/(55 }"du> ! } (2.21)

n-u  nt+u

R i )| du

q

| R ()

’

“r) (2.22)



Latif Advances in Difference Equations (2021) 2021:371 Page 11 of 25

and

‘/nj”ﬂ‘i”z_n” |2 i )|  du
0

1

"n+u, n-u n+u n—u T
< . . ﬁ/. rq ﬁ/' rq d
_/0 < 2n )T 2n 1)|: 2n | (’)| * 2n | (l)| ] "

=n(+DO(|RD|% [RG)|%r) + G- D0.1(|FD|% [RG)

%r). (2.23)

We also observe that

"4 pu mru " g [n-u, n+u,
urtjmim dqu< [ uaT j+ i|du
0 0 2n 2n

_ i1 (g-Dllg - Di+ (54 - 3)j

= ﬂn(':i)r (224')
2(3¢-2)2g - 1) ’
and we similarly obtain
ey 1 1 5g-3
" n-u | ptu - — —-1)j —3)i
/ Wi gy = @ D= Di+ Gg =3, o (2.25)
0 239 -2)(2q-1)

Applying (2.22)—(2.25) in (2.21), we obtain the required inequality (2.20). O

Theorem 4 Let R:k C R, =(0,00) — R be a differentiable function on k°, where j, i € k°
withj<iandr e R, r#0. Suppose that ! € L([j,i]) and |R'|1 is geometrically r-convex on
lj,i] for g = 1. Then

R(i) + R() 1 / K1) dh'
)

2 Ini-Inj I
Ini—1Inj
4nd
x {[21*Ro(j 1) - 2nR,,(j,i)]1’5 [7*G+ Do (|RG)|% R D] %r)

q

—2nj6,1 (|G|, | £ () TG r)]7

Lr) + G- )02 (|RG)
q; V)

r)]7 + [2nR, )]0

q

’

+ [2nR, G, )] [ + D1 (| RG)

(i)

q

’

+ (i = )01 (| RG)

R (1)

q

’

q

’

Q=

x [ + 00,1 (|2 G)

KG)|%r) + G =)0 (| R @)

()

)]

+ [212Ro(0,j) — 21R, ()] 7 [ + DO (| K@), | KG)| 1) - 2mi

R ()

RG)[%r)]

q

’

Q=

q

X 01 (| R/ @)] " [RG) )

) + (= D0 (|7 ()

). (2.26)

Proof From Lemma 1 and the improved power-mean inequality we have

K@) + RG) 1 P R(r)
2 _lni—lnj/j 0 d“‘

Ini—Inj
4nd
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1

% ﬁ/( nznu ln;nu ) |q du) q

1
-7 n
(n u)’ n2r:‘ ln;r:.‘ du) </ (n — u)] n2nu ln;nu
0

1-1
q n-u  niu
2n12n du u] i 2n
0 0

1-1
n+u |, n—u a ntu ,n-u
(n u)’ 2 2n du) (/ (n - u)] on i 2n
0

+

1
ﬁ,( n2"u lngnu ) |q du) q

1
ﬁ/(jn;nulnzy:l”qdu) q

n+u 1_% " n+u  n—u / n+u  n—u q %
u]TlT du / ymizm [R(jin )| du) b (2.27)
0
Since | /|7 is geometrically 7-convex on [j,i] for g > 1, by Lemma 3 we obtain

n-u  n+u

R(jzin)|"du

n
/ (- w)j 55
0

j n+u n—u, ,.irq MN+U _ . rq%
/m u)< )[ UG ) } du
=n*(+1)0(|RG)|%, |ﬁ/(i)| 57) = 2101 (R G| [R D)% r)
+ G- D02 (|G| [R D)%), (2.28)

—u

/(n—u)]yg_ul%_wﬁ’( ez 1£2_)|qdu
0

/(n u)<n+u n-u )I:Vl+u|ﬁ/()|rq |ﬁ/()|rqi|

=n(j + D)0 (| (i ()|%57) - 2ni0,, (R D] | R G)|%r)
G)|%7), (2.29)

K515 )| du

+ (=)0 (| R D

" JH-u nru
uj 2n 1 2n
0
;

5/ u(n—uj+n+ui>|:n—u|ﬁ,(j)’rq n+u‘ﬁ, ‘ } Ju
0 2n 2n 2n
= nj + 0,1 (R G [R D7)

(i)

+ (i_j)en,l(|ﬁ/ j)|?

%), (2.30)
and

n
f u) ngnulnznu |ﬁ( nﬁll”Znu)Vdu
0
1
n _ _ ¥
S/ u<n+uj+n ul>[n+u’ﬁ,()|rq u|ﬁ/(i)‘rq] Ju
0 2n 2n 2n
G)|%r)
()

= n(j +1)0,,1 (|8 @)|”

+ (J _i)en,1(|ﬁ/ i)|’

%r). (2.31)
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We also observe from Lemma 2 that

/O n(n —w)j T iT du=21nRo(j,i) — 2nR,(j, i) (2.32)

and
/0 n(n —w)j i du=2n*Ro(i,j) - 2nR,(i, j). (2.33)
Applying (2.28)—(2.33) in (2.27), we obtain the required inequality (2.26). O

Corollary 4 Suppose that the assumptions of Theorem 4 are satisfied and q = 1. Then

A() + &KG) 1 L R(r)
‘ 2 _1ni—1nj/j I d“'

Ini—1Inj

= 5 127G+ DO (1RG), |R D7)
+(n=1)G - D[0n1 (| D [RG]57) - 01 (RG], |R @) |57)]
+ G = D[6u2 (1G] [R D7) = 62K D[R G )]}- (2.34)

Theorem 5 Let R:k C R, =(0,00) = R be a differentiable function on k°, wherej, i € k°
withj<iandr e R,r#0. Suppose that ! € L([j,i]) and |R'|1 is geometrically r-convex on
[j,i] for g > 1. Then

R + K() 1 / FR() J
-1 . 91

2 Ini-Inj J; n©
< Ini—1Inj

1
23

(Palins2]7 [ (RG] |G

q,
(2n) )

+ [1aGoisp)]?

N

+ 0n,1(|ﬁ/(j) q’ ﬁ/(i)

)]
4T+ [Paliip)]?

Lr) + 0,1 (|7 @)

x [6,1 (|RG)|%, |/ ()

QU

q

’

x [0(]8' ()

()

LR6)

)]

+ [l i) [0 (R D% R G577, (2.35)

wherep™ + g = 1.

Proof From Lemma 1 and the Holder—Iscan inequality we have

‘ﬁ(i) + () 1 /i fler)
-1 . 151
2 Ini-InjJ; ©n

Ini—Inj
4n?

x {(/0 (1 _u)(uj%i%)"duy (/0 6! —u)|ﬁ’(j%i%)|qdu)q
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n .}‘l*ll .Vl+'Ll p % n / .}’l u n+u q %
+</ u(u] 2n12n) du) </ u|ﬁ( 2n i 2n )| du>
0 0

1
([o-awspa) [y
0

1 1
([urya) ([ ora)')
0

Since || is geometrically r-convex on [j,i] for g > 1, by Lemma 3 we obtain

/ (1-w[&( o 1n2+;‘)|qdu
< /0 <1—u)[”2—;“|ﬁ/(i)|’q+%\ﬁ’(i)r‘f] du
q;r)

= 2n0(|ﬁ/ )|

(®)

7, r) +2n6,1 (|8

(i)

and

/ (1 —w)| & (515 ) du

g _ n+u )| /ooy |7
s/ou u)[ L] ]
)

= 2n9(

Lr) + 2n9n,1(|ﬁ'(i)|q, E40)

‘We also observe that

—u , ntu

holj s p) = / (1= w55 du
0

n —
5/ up(l—u)(n uj‘"+l/l+uif”>du
0 2n 2n

P B+p-nlp+ D)) +((p+3)2p+3)—n(p +1)(2p +5))¥]

).

2p+1)(p+2)(p+3)
onliji ) = /0 (1- )5 15 ) du

" +u -u
5/ w(1—wu) 1 i© + 1 i¥ | du
0 2n 2n

B +p-nlp+ D))’ +((p +3)(2p +3) —n(p + 1)(2p +5))j]

20+ D(p+2)(p+3)
n n _
/ u(uj%i%)pduff w2 T R
0 0 2n 2n

PP+ (2p + 5)]
 2(p+2)(p+3)

= W, i; p),

’

’

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

Page 14 of 25
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and

n n
ST TY n+u, n—-u,
uw(ujzr iz fdu< | w | ——j + i?
0 0 2n 2n

P22 + P (2p + 5)]
_ = u,(i,i; ). 2.42
22w+ 3) Pn(i, s p) (2.42)
Applying (2.37)—(2.42) in (2.36), we obtain the required inequality (2.35). O

Theorem 6 Let R:k C R, =(0,00) — R be a differentiable function on k°, where j, i € k°
with j < i. Suppose that 8 € L([j,i]) and |R'|? is geometrically-convex on [j,i] for g > 1.
Then

R + 8() 1 /i Rl '
-1 . 51
2 Ini-Inj J; ©n
- Ini—1Inj

- 2n
& [Raoi)] 1 [Ra(i] R )|

(RG] [RAGIF G 1| R D) ]

/G)[)]7}). (2.43)

Proof From Lemma 1 and the power-mean inequality we have

| R(i) + R() 1 / ' K1) v,
)

2 _lni—lnj I

n+u  n-u

+j 2n i 2n

Ini— lnj " JH-u | ntu
< u[] i 2n
4'712 0

_1
Ini— lnj " JH-u  piu ! q " JH-u | piu
< uj 2 i 2n du uj 2n i 2n
4n? 0 0
1-1
n 7 n
JESTRR/TY L mru n-u
+(/ u]anzndu> (/u]anZn
0 0

Using the geometric convexity of |[R'|7 on [j,i] for ¢ > 1 and Lemma 2, we have

" S By
/ u, 2n 1 2n
0

< (' (R0 T (K0 v
0

n-u  n+u )

ﬁ/(jwi 2n

n-u  n+u )

ﬁ/(j i 20

1
q
1 du>

1
ﬁ/(j”z*;‘i”z;‘)|qdu>q}. (2.44)

n-u  n+u

R i7)| du

1 [ F oo [N R ]y |4
=2n<ﬂ/0 u(GlRG[) > (R0 d“)

iR @)|"). (2.45)

= 2R, (i| % )

Similarly, we have

[ )
0

n+u

< [ (WS (R0 (20T
0

Page 15 of 25
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L7 1 B o [0
~on( 5 [ w6 (o) )

=2nR,(i| R @)|%j| 7 G)|"). (2.46)

q)j

Moreover, from Lemma 2 we also obtain
n n-u  n+u
f uj 2 i 2 du=2nR,(j,i)
0
and

n+u

n
/ Wi du = 2nR,(i,j).
0

Using the last two inequalities, (2.45) and (2.46) in (2.44), we obtain the required inequality
(2.43). 0

Corollary 5 Under the assumptions of Theorem 6, if q = 1, then

K@) + 8() 1 / " R() 4
-1 . 151
2 Ini-InjJ; ©

Ini—Inj
<
- 2m

R {)]) + R (i| 8 (@)

i ARG} (2.47)

(R, (|8 G)

Theorem7 Let R:k C R, =(0,00) - R be a differentiable function on k°, wherej, i € k°
withj < i. Suppose that 8 € L([j,i]) and |R'|1 is geometrically-convex on [j,i] for q > 1. Then

R({) + R iR
+RG) 1 / g) i
)

R (RO X)), 249

Proof From Lemma 1 and the Hélder inequality we have

/) +8G) 1 /‘R(n)
2 Ini-Inj J; n

lni—lnj " NS Tty
< u[] i 2n
4n? 0

1 1
Ini—Inj " g-u)  qnew) -2 " n-u , mru 1
< ) / wj 20D 2401 gy / u|ﬁ'(j7i7) |qdu
4n? 0 0
- 1
n ) qln-u) " S/ AL neu (g a
+ / Wj 2@ 21Dy / u|ﬁ (]717) du . (2.49)
0 0

_=
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Using the geometric convexity of [R'|7 on [j,i] for g > 1, we have

[ o
0

< /0 w(|RGH|) 7 (D) du=21R, (|8 G |RE)|Y). (2.50)

Similarly, we have

(R du

[l au = [u(s6))
0 0

= 2nR, (|8 ®|% |7 G)|"). (2.51)
Also, we observe that
n qn—u) qn+u) 9 q
/ uj2iq-1i21a-1) dy = 2uR, (j a1, iqfl) (2.52)
0
and
n q(ntu) gn-u) 9 49
/ wj 2@ i 2@ du = 2nR, (171,j4T). (2.53)
0
Using (2.50)—(2.53) in (2.49), we obtain the required inequality (2.48). O

Theorem 8 Let R:k C R, =(0,00) — R bea differentiable function on k°, wherej, i € k°
with j < i. Suppose that & € L([j,i]) and |R'|1 is geometrically-convex on [j,i] for q > 1. Then

(i) + £() 1 P R(1)
| 2 _lni—lnj_/i 11 dh'

(ni—lnj) [ q=1\"7 g
< () (o))

+[To (1|8 @)|% 57|/ G)|")] i }. (2.54)

Proof From Lemma 1 and Hélder’s inequality we have

/) +8G) 1 /‘R(n)
2 Ini-Inj J; n

Ini—Inj " n-u , ntu n—u , ntu ntu , n—u ntu , n—u
< ™ ) u[j i 2n ﬁ’(jvi 2 )+jWi n yy(jwiw)]du
n 0

o 1-5
= ([ ) (oo

o([lom e ysgra)) (2.5
0
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Since |R'|7 is geometrically convex on [j, i] for g > 1, we obtain

n
| )
0

f/ G515 (R > (1K@ du
0

- [0 @R o))

= 2nTo (§| R G)| %, 17| R ()| ") (2.56)

and

n
[ )
0

ntu
2n

(1R@[) 7 du

" .H%ﬁi 'Hiﬁi q /G q
< [ @) (o

- [l F o)) du
0
= 2nTo (i |/ (@)|%, 4|/ G)|"). (2.57)
Applying (2.56) and (2.57) in (2.55), we obtain the required inequality (2.54). O

Theorem 9 Let R:k C R, =(0,00) = R be a differentiable function on k°, wherej, i € k°

with j < i. Suppose that & € L([j,1]) and |R'|1 is geometrically convex on j,i] for ¢ > 1.
Then

K@) + £() 1 /i R(r1) d,
j

2 Ini-Inj I

Ini—Inj
<
- 2n?

x [nRo G| G) [, 3| @D]) - Ra (R G| R D)])]7

+ [RaG, D] 7 [Ru G| 2G)

Q-

{[1RoG, 1) - Ry )]

iR @[] + (RG]

1

RG] + [1Rolio) - Rulir)] 7

x [Ra(i| @)%

x [nRo(i| R @)|%, |8 G)|%) —Rn(i|ﬁ’(i)|",j|ﬁ’(j)|’1)]5}. (2.58)

Proof From Lemma 1 and the improved power-mean inequality we have

K@) + RG) 1 P R(r)
l 2 _lni—lnj/j s

Ini—Inj
4nd

" n-u  n+u 1_% " n-u  nt+u n-u  n+u %
x{(/ (n—w)j inu> (/ (n-wjzim ﬁ/(jWiW)Vdu)
0 0
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1
RO )

n 1—% n
 nu mru L n-u ntu
+</ u]2n12ndu) (/u]2n12n
0 0
1-1
" L Atu p-u g " L Htu n-u
+ (m—wj2niz du (m—u)j2nim
0 0
n 1*%1 n
L mu n—u L mu -
+</ u]2n12ndu> (/ uj 2n i 2n
0 0

Since || is geometrically convex on [j,i] for ¢ > 1, using Lemma 3, we obtain

1
6%’

1
ﬁ/(j%i”z‘—;‘)vdu)”}, (2.59)

n-—u  nt+u

R i )| du

[ oy
0
< [ (-Gl @R F
0
= 21" Ro (j| £ j) R (i)
[[o-wyses
0
" _ . ﬁ/ |9
5/0 (n—w)(j|RG)|")

=21 R (i| R/ (i)

LilRG))7) - 2nR, (5|8 G)| % i

), (2.60)

n+u  n—u

R i )| du

ntu
2n

(%)) 7 du

RG)|") - 2nR,(i| R @)|",j| /' G)

1 9, (2.61)

/nuj”z%«“i% (7 1% )| du
0

< [ w6 F (0" F a
0

=2nR, (j| R G)|", iR (@)

N, (2.62)

and

/n wj i ’ﬁ’(j%i%)‘qdu
0

< [ Gl (20 F
0

=2nR,(i| & (i)

319 G)|Y). (2.63)

We also observe from Lemma 2 that

/O n(n —w)j T is du=21nRo(j,i) — 2nR,(j, i) (2.64)
and

/0 n(n —w)j i du=2n*Ro(i,j) - 2nR, (i, j). (2.65)

Applying (2.60)—(2.65) in (2.59), we obtain the required inequality (2.58). O
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Corollary 6 Under the assumptions of Theorem 9 and q = 1, we have the following in-
equality:

K@) + 8() 1 /i Rl
- . 151
2 Ini-InjJ; ©n
Ini—Inj
=

m '(i)]) + Ro(i| R (D).

G)))}- (2.66)

{Ro(j|RG)] i

Theorem 10 Let R:k C R, = (0,00) = R be a differentiable function on k°, where j,
i € k° with j < i. Suppose that & € L([j,i]) and |R'|? is geometrically convex on [j,i] for
q>1. Then

/i) +8G) 1 /iﬁ(n) "

2 Ini-InjJ; n
< 1(“2‘”;21“’ ([26. 52 [To(|RG) %, [ @])
+ R(|R G R D[] + [, sp)]?
x [Ral |8 G|, [F D] + [1 w]
x [To(| @I K] + R (RO |7 G])]
+[Mn<i,j;p>]%[zen<|a'<i> ’ <j>|")]%}, (2.67)

wherep™ +q7! =

Proof From Lemma 1 and the Hélder—Iscan inequality we have

K@) + RG) 1 P R(r)
‘ 2 _lni—lnj/j 0 d“‘

Ini—Inj
- 4n?

(oo > .

1
" n+u  n— u JhHtu - ll 5
+ f u(uj 2 iz ) < ’R’ i o du) } (2.68)
0 0

Since || is geometrically convex on [j,i] for g > 1, using Lemma 2, we obtain

1
" 1
+ ( 1- u) i 1’12nu i du) ( 1-uw) |ﬁ j i ) |q du) !

/ 1-u ’ﬁ (] o 1n2+nu)}qdu
0

/ - ()™

C(RM[T) P du
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q

’

=2nTo (|8 ()

KD|) +2nR, (|8 G)

LR @7 (2.69)
and

/ A-w|R (i) | du
0
n%-”u

= [Ca-a (w6 F (K@) au
0

=2nTo (|8 (i) !

)

LIRG|") +2nR, (|8 (1)

gG)[%). (2.70)

We also observe that

n—-u  n+u

Misp) = [ (-1
0

" —-u +u
5] uP(l—u)(” i+ = ip>du
0 2n 2n

B +p-—np+1)j +((p+3)2p+3)—nlp+1)(2p +5))i’]

)’ du

= 2.71
20+ D(p+2)(p +3) ( )
n
Jnlip) = / (1— ) (515 ) du
0
5/ up(l—u)(n+uj1’+ n_ui">du
0 2n 2n
B +p-np+ )P +((p+3)2p +3) - nlp+1)(2p + 5))i”] 272)
- 20+ (P +2)(p +3) ’ ’
n n
‘%.% pd < pl n—u, n+u,p
/(;u(u) i ) u_[)u (—2n)"+ 2n1
2P +iP(2p + 5)]
= = n ., .; 5 2.73
2w +3) iy i p) (2.73)
and
n n _
f u(uj B im ) du < / up+1(—n+ujp 2 ui")
0 0 2n 2n
2P +§2(2p + 5)]
= =5 n ., ‘; . 274‘
2w +3) n (L, 3 p) (2.74)
Applying (2.69)—(2.74) in (2.68), we obtain the required inequality (2.67). O

Remark 4 From Lemmas 4 and 5 it obviously follows that for # = 1, the results presented

in this paper provide improvements of the results established in [25].

3 Applications
In this section, we apply some of the established inequalities of Hermite—Hadamard type

to construct inequalities for special definite integrals that cannot be evaluated analytically.

Page 21 of 25



Latif Advances in Difference Equations (2021) 2021:371 Page 22 of 25

Theorem 11 [7] Let ¢ be a twice continuously differentiable real quasiconvex function on

an open convex set S C R". If there exists a real number r* such that

. ZIV2ip(r1)z
_ _ 3.1
T s V)P 3.1)

whenever zT Vé(x1)z # 0, then ¢ is r-convex for every r > r*. The function ¢ is r-concave if

the supremum in (3.1) is replaced by infimum.

Remark 5 1f ¢ is r-convex and increasing on an open convex set S € R”, then ¢ is geo-

metrically r-convex on S.
Theorem 12 Let0<j<i< 7, r € R, and let n be a positive integer. Then

(Ini—Inj)In(secisecj) r(Ini—Inj)?

2 4n?

tanj tani tani tanj
X {Vl(j +i)|:9n,l<—]) _;_r) +9n,1<—)_’;_r):|
r r r r
.. tanj tani tani tanj
+(1_]) 9n,2 — I _Qn,Z — T
r r r r

i PR T . . s 1002
S/ In(secry) diy < (Ini—Inj)In(secisecj) s r(lni - Inj)
j n 2 4n?

.. tanj tani tani tanj
x 1 1G+ )| Op1 | — —-1 ) +Oua| — — -
roor ror
.. tanj tani tani tanj
N R P TN | o
ror ror

where 6,1 and 0,5 are defined as in Lemma 3.

Proof Let R(r1) = M for r; € (0, 7) and r € R with r #0. Then

, tan
f)= o
r
Thus
, tany
)| == .

By using Theorem 11 we get that 7* = —r is a (—r)-convex function increasing on (0, 7) and
hence on [j,i] C (0, 7). We get inequality (3.2) from the inequality of Corollary 2. O

Theorem 13 LetO<j<i<1,reR,r+#0,and let n be a positive integer. Then

(Ini-1Inj)e' +¢&) (Ini-Inj)?
2 4rnd

X {2n2(i +1)0 <re",rei;—%> +(n-1)(-1i)
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i L i L
X |:9n,1 <re,r ;——) —9,,,1<re’,re;——)i|
r r
o | |
+(j—1) [9,,,2 (re’,re‘;——) — 062 (re‘,re’;——)]}
r r

ion Ini—Ini)(e + &
< e_dh<(n1 nj)(e' +¢&)

i 0 - 2

Ini - Inj)? Co1
RRULEEL) g PRCTIRRY S
4rn3 r

A | A |
+(m-1)(-1) |:9,,,1 (re‘,re’; ——) — 0,1 (re’,re';——>:|
r r
o | o1
+(—1i) I:H,,,z <re’, re'; ——) ) (re‘, re; ——>] } (3.3)
r r

Proof Let R(r1) = re*! for r; € (0,1), r € R with r #0. Then
’R’(zcl)’ =re'l.

By using Theorem 11 we get that r* = —1. Thus
|ﬁ/(?1)f =ret!

isa (—%)—convex function increasing on (0, 1) and hence on [j,i] C (0, 1). We get inequality
(3.2) from the inequality of Corollary 2. O

Theorem 14 Let O <j<i<oo,reR,re€[-1,00U(0,1], g > 1, and let n be a positive
integer. Then

oy o Ini—Inj
[AG51) - LG = ——

o {[RaG, D] 7[R (171757041, e ]

1 1
n [R,,(i,j)]lfq [Rn(|r|qiq(’—1)+1, |r|qjq(r—l)+1)] i } (3.4)
Proof Let R(r1) =1} forr; >0, r € [-1,0) U (0,1]. Then

ek )" = o < [ o)

for A € [0,1], £1, 91 >0, and ¢ > 1, that is, |R/(x1)]7 = |r|qzc;1(r_l) is geometrically convex on

[j,i] for g > 1 and r € [-1,0) U (0, 1], where j, i > 0. Hence inequality (3.4) follows from
Theorem 6. 0

Corollary 7 Suppose that the conditions of Theorem 14 are fulfilled and q = 1. Then

Ini—Inj

A0 - L7 <

{Ra(Irli", 17137) + Ry (1711, I71j7) }- (3.5)
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Theorem 15 Let 0<j<i< 00, q > 1, and let n be a positive integer. Then

1 ior

Ini—1Inj Jj x_l

Ini —
<

G770 [R (e, e7)] 7). (3.6)
Proof Let R(x;) = €*1 for r; > 0. Then
’ﬁ/(?é‘)iik)v _ [e;h%—l]q < [e/\p1+(14)m]q _ (|~Q(?1)|q)k(|ﬁ/(\)1)|q)17A

for A € [0,1], r1, 91 > 0, and ¢ > 1, that is, |R'(r1)|7 = 7! is geometrically convex on [j, 1]
for g > 1, where j, i > 0. Hence inequality (3.6) follows from Theorem 7. d
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