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1 Introduction
We discuss the viscoelastic wave equation with nonlinear damping, logarithmic source,
and delay terms

Uy — Au+kx Au+c; |ut(t)|q_2ut(t) + 62|ut(t - r)\q_zut(t -1)

=|ulfuln|u| inQx(0,7), (1.1)
u=0 ondQ x(0,7T), (1.2)
u@©)=uy, w(0)=u; inQ, (1.3)
ut-t)=jo(t—1) forte(0,1), (1.4)

here 2 C R” is a bounded domain with smooth boundary 92, k * Au = fot k(t —s)Au(s) ds,
the kernel function & : [0,00) — (0, 00) is a C!-function with

kK(t)<0 and 1—/ k(s)ds:=k; >0,
0

7 > 0 is time delay, the coefficients c¢; > 0 and ¢, € R satisfy 0 < |c2| < ¢1, and the exponents
q > 2 and p > 2 are specified later.
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Many researchers have studied parabolic or hyperbolic equations with logarithmic non-
linearity [2, 4, 7, 13, 15]. For the physical application of this nonlinearity, we refer to [1, 6].

In [4], the authors discussed a strongly damped equation,
Uy — Au— Auy = |ulP2uln |u|

with Dirichlet boundary condition. They showed that the solutions with subcritical and
critical initial energy blow up in a finite point under suitable conditions. Moreover, they
estimated bounds of the blowup time. The authors of [7] proved similar results to those of
[4] for the equation with memory. Most work dealing with wave equations with logarith-
mic nonlinearity is associated with a strongly or linearly damped mechanism, and blowup
results are investigated by virtue of the potential well method and Levine’s concavity tech-
nique [12].

On the other hand, time delay effect arises in many natural phenomena depending not
only on the present state but also on some past occurrences. Thus, partial differential
equations with time delay have become an active area of research in resent years. For the
physical application of the time delay, we refer to [3, 18]. Recently, Kafini and Messaoudi

[8] considered the wave equation with linear damping and delay terms
Uy — Au+ crug(t) + coug(t = T) = k|ulPuln |u

with Dirichlet boundary condition. They established a blowup result of the solution with
negative initial energy by adapting the energy method. While there are many studies on
the existence and asymptotic stability of the solutions of wave equations with delay, there
are relatively few studies on blowup. We refer to [5, 10, 16, 17, 19] and [9] for stability
and blowup of equations with delay, respectively. Motivated by this pioneering work [8],
in this article, we study blowup phenomena for the nonlinearly damped viscoelastic wave
equation (1.1)—(1.4) with logarithmic source effect and time delay in the velocity. Due to
the presence of nonlinear dissipation instead of strong or linear damping terms, we cannot
apply the concavity method. Thus, by applying the energy method, we establish a blowup
result of solutions with not only non-positive initial energy but also some positive initial
energy. And, it is worth to mention that there are few works dealing with viscoelastic wave
equations with nonlinear damping and logarithmic source terms.

Here is the outline of this paper. In Sect. 2, we present notations, hypotheses, and aux-
iliary functions and lemmas. In Sect. 3, we establish a blowup criterion of solutions with

not only non-positive initial energy but also some positive initial energy.

2 Preliminaries
Throughout this article, (-, -) denotes the scalar product in Hilbert space L(R2). || - ||, repre-
sents the norm in the space L"($2). Moreover, || - ||y denotes the norm of a normed space Y.
C > 0 represents a generic constant. If there is no ambiguity, we omit the variables ¢ and
x.

We let the function y be as in [16]

y(x,0,t) =uy(x,t —ot) for(x,0,t) € 2x(0,1) x (0, 7).
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Then problem (1.1)—(1.4) reads

t
Uy — Au+ / k(t — s)Au(s) ds + c1 |7 2u, + ¢ |y(x, 1,¢t) |q_2y(x, 1,¢t)
0

= |ulPuln|u| inQx(0,7), (2.1)
(%, 0,t) + Yo (x,0,8) =0 for (x,0,t) € 2 x (0,1) x (0, T), (2.2)
u=0 onaQx(0,7), (2.3)
1(0) = uyp, u;(0) =u; in L, (2.4)
¥(0) = jo(lx,—0T):=y9 inQx(0,1). (2.5)

By the arguments of [7, 9], we can state the well-posedness.
Theorem 2.1 Let (uo, u1,y0) € Hy(Q) x L*(Q) x L1(2 x (0,1)), ¢ > 2, and

2(n —

2<p< ifn>3, 2<p<oo ifn=1,2.

Then problem (2.1)—(2.5) admits a unique local solution (u,y) with u € C(0, T; H}(2)) N
CY0, T;L%(Q)) and y € L*(0, T; L1(2 x (0,1))).

Our goal is to find a blowup result to problem (2.1)—(2.5). For this, we will often use the

embedding
1 _ oo ifn=1,2
Hy(Q2) — L"(2), where2<r<r:=
2t ifn>3,
and Young’s inequality
1 1 .
ab<-a" +—b", (2.6)
r r*
where
1 1
a,b>0, rre>1, —+—=1
r o r*

Also, we need the lemmas below, which are proved by Kafini and Messaoudi [8], to esti-
mate logarithmic nonlinearity.

Lemma 2.1 For ¢ € LP(Q) N H} (), we have
ol < C(llpll5 +IVl3) for2<s<p.

Lemma 2.2 For ¢ € LP*(Q) N Hy(Q) with [, |9’ In|¢|dx > 0, we have

(/ I¢|p1nl¢ldx>p SC(IIV¢|I§+/ |¢|’”1n|¢|dx) Jor2<s=<p.
Q Q
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Lemma 2.3 For ¢ € LP(Q) N H)(Q2) with [, |¢|”In|¢|dx > 0, we have

II¢|I§SC<||V¢II§+_/QI¢I”IHI¢>Idx)'

To establish our desired blowup result, we impose the following assumptions:
(H,) Letl<n<s5.
(Hp) Let p satisfy

2<p<oo ifn=1,2;

2<p<mm{ ) ,% ifn=3,4,5.

(H,) Let g verify

242
max{2, #} <g<p. (2.7)
p*-2p+4

(Hx) Let k satisfy

p(l-21)- 2
/ k(s)ds < ———— pi-1)-2+1 (2.8)
where
0<a<?=2  gopPi=H (2.9)
p 2

From (H,), there exists 1 > 0 satisfying

2<p<pt+pu<oco ifn=1,2;

(2.10)
2<p<p+u< P 2 ifn=23,4,5.
This implies
HY(Q) — LF(Q).
Put Dy be the embedding constant with
[@llpsn < Dol Vol ¢ € Hy (). (2.11)
We let D = % and define a continuously differentiable function K as
K@) = -2 gy Lo (2.12)

eup 2
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and put
1 5 1 P*/‘-Z
eu P i
SK:( p) (—) , (2.13)
p+u D
11 pr (1) s
e pri— pHi—
Kinax = <_ - )( o ) (—> . (214)
2 p+u)\p+u D
Lemma 2.4 For p > 2 and p > 0, the function K satisfies
(i) K(0)=0,

(i) limg_, oo K(§) = —00,
(iii) K'(&)>0o0n (0,&x), K'(§) <0 on (&g, 00),
(iv) K has the maximum value K.y at Eg.

Proof The results (i) and (ii) are clear. Since

K'(§) =& (1 - %g?*w), (2.15)

we have K'(&x) = 0, K'(§) > 0 on (0,&x), and K'(§) < 0 on (£x, o0). Thus, K has the maxi-
mum value

Dr 1
K(£x) = - A
(%-K) enp K 2 %-1(

- l_D’;ﬂl P2 £2
2 eup oK K

2(p+1)

11 pis 1\ it
pu— ptu—
2 p+uJ\p+nun D

O
We also need the following auxiliary result in the proof of our main theorem.
Lemma 2.5 Forp>2,u>0,and0< X< ’%2, the &g and Ky, verify
» (?%_ 5 (p (12_ M 1) < Ky 2.17)
Proof First, we claim
A= (p2—2p+,up+2u)—kp(p+u—4)>0. (2.18)

Indeed, if p+ u <4, itisclear that A>0.If p + > 4,

. {p—Z p2—2p+up+2u} p-2
min N = .
p pPp+p—4) p
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This means

pP=2 _pP-2p+pp+2u

O<Ai< <
p pp+u—4)

So, we also have A > 0 if p + > 4. The result (2.18) implies

11 1 (pa-n
5_p+u_2p(1—)\)< 2 _)

_ WP =2p+pup+2p) - dpp+ -4
Ap(p + n)(1-2)

>0,

which gives

&k p(1-1) 11 )
0<2p(1_)‘)( ) —1)<<2 p_+/t)$K_Km”x' -

3 Blowup results
In this part, we search a blowup result of the solution to (2.1)—(2.5) inspired by the ideas
in [8, 14].

We define the energy to problem (2.1)—(2.5) by

1 1 ! 1 1
E(t) = §||ut||§ + 5(1 —/0 k(s)ds)||Vu||§ + 5(/<o Vu) +;||u||§
1 1
__/ |u|pln|u|dx+$r/ ||y(o,t)||qdo, (3.1)
pJa 0 1

where

(ko Vu)(z) = fo k(e - 5) | Valt) ~ Vats) |5 ds

and

@-Viel _, el 52)
Lemma 3.1 Under the conditions of Theorem 2.1, the equation

@50 = (1l + [y0.01D) - 27l + (K 0 Va) <0 63

is fulfilled for some y; > 0.

Proof Taking the scalar product (2.1) by u; in L2($2), we get

d (1 1 !
E(Euutnﬁ + EIIWH%) - /0 k(e = 5)(Vauls), Viu (1) ds

— il - s / 1, 0) |y, 1,0y 1, ) e + / a2 e .
Q Q
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Using the estimate

1d 1d
/ wlulP2uln |u|dx = = — |u|”1n|u|dx— ——||u||p
Q

pdt p>dt
and
—/tk(t—s)(Vu(s),Vut(t)) ds
1d t 1
=53 {(koVu) (/0 k(s)ds)||Vu||2}+Q||V ||2—§( o Vu),
we get

d _
S E® =—au® 1% / w6, )|y, 1, 8)| " y(x, 1,2) dx
t a o
k(t) 1 d ! 4
- IVu ull3 + 2( w)+5(51/0 ||y(o,t)||qda). (3.4)
Using (2.6) with % + 011 =1, we have
q-2 |02|(q_1) q | e q
—Cy !y(x,l,t)‘ y(x, 1, Dug(x, t) dx < —” (1,2 || H u,(t) ”q. (3.5)
Q q q
From (2.2), we find
9 1 1 9
—/ Hy(a,t)”qdcr :// q|y(x,a,t)|q_ y(x,0,8)y:(x,0,t)do dx
at Jo 1 eJo

1 1 ~
= _;/ / 0I|y(x,o,t){q 2y(x,cr,t)y(,(x,o*,t)a’odx
aJo

1 1d
:_—/ / —|y(x,o,t)|qdadx
T JaJo do

1 1
- Lol « 2o
L) e P (3.6)

From (3.4), (3.5), and (3.6), one sees

2| lealg— 1)
d—E(t) ( ¢ - 72 —s)nutng— (s - ZT)Hyu,t)HZ

k(t) 1
- —||Vu||2 ( o Vu).
Letting
-1
ylzmin{q—@—é,f— |Cz|(q )}r
q q

we obtain (3.3) from (3.2). O
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Lemma 3.2 Let (u,y) be the solution of (2.1)—(2.5). If the initial datum (uy, yo) satisfies

E(0) < Knax - and /Il Vuoll2 = &, (37)
there exists &, > & such that

Vki|Vu@®|, =&, t=o. (3.8)
Proof Set

Q= {x e Q| ‘u(x,t)‘ > 1} and = {xe Q| |u(x,t)| < 1}.

Using (3.1), (2.11), (2.12), and the relation (Lemma 2.1, [11])

ar
0<lna<— forr>0,a>1,
e

we derive
1 t , 1 1
E(t) > - 1—/ k(s)ds ||Vu||2——/ |u|1’1n|u|dx——/ |ul? In |u| dx
2 0 pJo rJo,
k 1
> 5’||Vu||§ —— | uprdx
Q3
k] 2 1
> S IVull3 - %nunziz
k] "
> 5||Vu||%— || Vul|5™
eup
= K(VkilIVuls). (3.9)

Since E(0) < Knax, there exists & > & with K(&1) = E(0). From (3.9), we have
K(&) = E0) = K(v/k| Vo). (3.10)
Since K is decreasing on (£x, 00), (3.10) gives

VI Vuolls > &.

To show (3.8), we use a contradiction. Suppose there exists ¢; > 0 such that v/k;|| Vu(t;)||2 <
&:. The continuity of u corresponding to ¢ gives the existence of ¢y > 0 with

%-K < \/E” VM(to)”Z < %‘1.

From this and (3.9), we get

E(to) = K(Vki | Vulto)] ) > K€1) = E(0),

but this contradicts (3.3). O
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Now, we are ready to state our main theorem.

Definition 3.1 We say that the solution (u, y) of problem (2.1)—(2.5) blows up in a finite
time if there exists a time 7%, 0 < T* < o0, such that

i [ u)], = o

Theorem 3.1 Let (H,), (H,), (H,), (Hk), and the assumptions of Lemma 3.2 hold. Further-

more, we assume

& p(1-2) 1
50 < i (5 1) 5

Then the solution (u,y) to problem (2.1)—(2.5) blows up after finite time.

Proof Let E with

- Ex p(1-2) 1
E(0)<E<2k,p(1—/\){k’< 5 —1)—5(1—1(1)}. (3.11)

From this and (2.17), we see

= R p(1-2) Ex(1—ky)
E(O) <E< 2p(1 _ )\') ( D) - 1) - m <I<mﬂx. (3.12)
Define
R(t) = E - E(¢), (3.13)
then
/ / q k(t) 2 1 /
R(&) = =E'@) = va (luellf + | y@ 0 [[}) + == 1Val3 = S (K 0 Vu) = 0. (3.14)

From this, (3.1), (3.12), Lemma 3.2, and the definition of £éx and K,,x, we obtain
- Kk s 1
0<RO)<R(Et)<E-—|IVulls+ = | |ulfln|uldx
2 pJa
21
< Kpax — E—l + —f |u|? In |u| dx
2 pla
2 1
< Kpax — Sk + —/ |ul? In |u| dx
2 pla

D ]
=- g,’;%-/ |u|P In |u| dx
eup pJo

1
< —/ |ul? In |u| dx, (3.15)
pPJa
which also ensures

/ |ul? In |u| dx > 0. (3.16)
Q

Page 9 of 14
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Now, we put
L(t) = R™P(2) + e (u(t), u, (1)),

where € >0 and

2(p-q) | p-a p-2
Pq-1) fﬁfmm{mq—l)’?}'

From (2.1)~(2.5), we get
L(0) = (1 - HRPOR(0) + el —e( - ko) ds) 1Vul
+E/Q|u|pln|u|dx+e/otk(t—s)(Vu(t),Vu(s)—Vu(t))ds
—eq) /Q ulue| 1, dx — ecs fg u, £) |y, 1,0)| " y(x, 1,1) dx.

Using (2.6) with qT L 1, we have

_ I

cilg-1) cix?
X “II ue||d +

—llullf

a / wlu |72y, dx <
Q

and

|c 2|X

llaellF +

_ -1
cz/ u(x, t)|y(x, 1, t)|q 2y(x, 1,t)dx < =2 M
Q q

for any x > 0. From these and the relation 0 < |¢3] < ¢;, we get

clf ulut|q_2utdx+cz/ u(x,t)‘y(x,1,t)|q72y(x,1,t)dx
Q Q

- alg-1) ,il( (c1 +|eal) x4

el + 7L 0)]7) + e

Taking x = (R~ ﬁ(t)) , 0 >0, and applying (3.14), we derive

c1/ ulut|q_2utdx+cz/ u\y(l,t)|q_2y(1,t)dx
Q Q

c1 + el
g7

< @(M)‘ﬁ(nutnz +yanf) + (Rl

Cl(q - 1)9 (
qvi

R)) PR (t) + qGC

-1
— (RW)" ™ ulg.

Using (3.16), (3.15), Lemma 2.3, and (2.6) with 1% + ’% =1, we find

R®)" )

(q-1) 1
< C</ |u|pln|u|dx) </ |ulP In |u| dx + ||Vu||2>
Q

Ty

(3.17)

(3.18)

(3.19)

(3.20)

Page 10 of 14
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q

Blg-1) » 2q
< C</ |ul? In |u|dx) {(/ |u|1"ln|u|dx) + | Vully }
Q Q
Blg-1)+] Blq-1) 2
C</ |ul? In |u|dx) + C(/ |u|? In |u| dx) IVully
Q Q

Bplg-D+q Blg-Dp
p—q
< C</ |#|? In Iuldx) + C(/ Iulplnluldx> +[|Vul)3. (3.21)
Q Q
From (3.18), wesee 0 < B < ﬁ, which gives

q-

IA

2<Pplg-1)+q=p.

Thanks to (H,), we also note the solution # to (2.1)—(2.5) belongs to L**!(2). So, we can
apply Lemma 2.2 to get

(/ |u|”ln|u|dx)
Q
2(p—q) r=q

Similarly, from (3.18), we see 1W—ql) <B=< @D which implies

Bplg-1)+q

5c(||VM||§+/Q|u|P1n|u|dx>. (3.22)

2< B(g - 1)p* <.

pr—q
So, we have
Blg-Dp

(/ |u|pln|u|dx> . sc(||w||§+/ |u|1”1n|u|dx>. (3.23)
Q Q

Inserting (3.22) and (3.23) to (3.21), we obtain

R®O)" T ullg < c(uwn% + / ul? 1n|u|dx>.
Q
From this and (3.20),

01/ |ut|q72utdx+02/ u|y(1,t)|q_2y(1,t)dx
Q Q

cilg-1)0 B C (/ 2)
<——(R(@®) "R+ ulf In|uldx + ||Vu|s ).
== (R®) "R (1) T Q| [P 1n |ul Vull3

Applying this and the estimate

/t k(t - s)(Vu(t), Vu(s) — Vu(t)) ds> —n(koVu)— i (/t k(s) ds) I Vu||§
0 4n \Jo

to (3.19), we get

eci(qg-1)0

an

L' > ((1 -B) - )R‘%)R’(t) +€llu 3
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C
+e/ |u|p1n|u|dx—en(koVu)—%/ |ul? In |u| dx

( / k(s)ds + —/ k(s)ds+ ) IVMII2 (3.24)

Subtracting and adding the term eX fQ |u|? In |u| dx, where A is given in (2.9), and using
(3.1) and (3.13), we get

L= ((1 _p)- ““ZT:”(’)R-%)R’&) . e(l i ”) a2

c 1-4
ren- al? 1n el dz -+ SE 2+ epi - DR
q017t ) Jo p P

1
reerp1-2) [ ote.0]1do +E(P<12- 2

%{h( (12_”—1)——(1 k) - —< }nwn2

+§{k,(’”“2‘“-1)—4i<1 o }nwn2 (325)

- n)(k oVu)—ep(l - A)E

By (Hy), we note

and

k,(p(l_k) —1) ~La_r)so.
4n

Firstly, we take 6 > 0 appropriately large to guarantee

(o
)\,—ﬁ>0
q

and

p1-2) 1 C
~1)-—01-k)- :
kl( 2 ) a0 e 70

Next, we claim

— € p(1-2) 1 C 9
—ep(1-A)E + E{kl( 5 _1>_%(1_k1)_W}”VM“2>O' (3.26)

Indeed, it is seen from Lemma 3.2 that

_ - C
(1 WE+ %{k,<’”(12 2 —1) - 3=k - }uwnz

g, (pa-n 1\ 1 C
—p(l )\,)E 2]{1{/(1( >_E(l_kl)_W}

2

= &, (pA-2) 1 C
> —p(l - A)E + 2—]([ {k[(T — 1) - E(l — k[) - qeq_l }. (3.27)

Page 12 of 14
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From (3.11), we have

—p(1 - A)E+ £ {/q( rQ ;A)—l)—ﬁ(l—k,)}>0

Thus, we can fix 6 > 0 suitably large again to get
£, 5k [ (PL=2) 1
—p(1 - M)E + X1k, -1)-—(1-k
p( ) +2kl J 2 477( 1) 2/( qué:](

This and (3.27) imply (3.26).
Finally, we pick € > 0 suitably small to have

(1_,3)_M>0
qan

and

L(0) = R*2(0) + e(ug, u;) > 0.
Therefore, from (3.25) we arrive at

L'(t) > C(||u£||§+ llaell? +R(t)+/ |u|P In |u| dx + ||Vu||§>, (3.28)
Q

Next, from (3.17), we know
1 1
L7 () < C(R(O) + |(u, )| 7). (3.29)
Using (2.6) with 2(1;_‘9) + 21(1—35; =1, noting 2 < 55 <p from (3.18), and applying
Lemma 2.1, we deduce
1 1
|(u, ut)|1 P < Nully,” ”ut”
1
= CIIMII A

- 25
< C(lluell3 + Mol ™)

< C(lluellz + Nuallty + [V ul13). (3.30)
Combining (3.29), (3.30) and noting (3.16), we derive
LTF(f) < C(R() + llugl5 + Nlaells + 1 Vael|3)
< C<R(t) + o 13 + llaells + (| Vael| 5 + /Q |u|1’1n|u|dx>.
From this and (3.29), we conclude
L= CL (), >0,
(I

which shows that the solution u blows up after finite time 7 < 75.
CBLT-F (0)
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4 Conclusion

In this paper, we considered a viscoelastic wave equation with nonlinear damping and
time delay terms and logarithmic source effect. Under the conditions (H,,), (H,), (H,), and
(Hx), we showed that the solutions with not only a non-positive initial energy but also
some positive initial energy blow up after a finite time by utilizing the energy method.
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