Budak et al. Advances in Difference Equations (2021) 2021:312 ® Advances in Difference Equations
https://doi.org/10.1186/513662-021-03463-0 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

On generalized Ostrowski, Simpson and
Trapezoidal type inequalities for co-ordinated
convex functions via generalized fractional
integrals

Huseyin Budak'", Fatih Hezenci' and Hasan Kara'

"Correspondence:
hsyn.budak@gmail.com Abstract

' Department of Mathematics, . . . . . . . . . .
Faculty of Science and Arts, Diizce In this study, we prove an identity for twice partially differentiable mappings involving

University, Duizce, Turkey the double generalized fractional integral and some parameters. By using this
established identity, we offer some generalized inequalities for differentiable
co-ordinated convex functions with a rectangle in the plane R?. Furthermore, by
special choice of parameters in our main results, we obtain several well-known
inequalities such as the Ostrowski inequality, trapezoidal inequality, and the Simpson
inequality for Riemann and Riemann-Liouville fractional integrals.

MSC: 26D07;26D10; 26D15; 26B15; 26B25

Keywords: Simpson inequality; Ostrowski inequality; Co-ordinated convex function;
Generalized fractional integrals

1 Introduction
The inequality of Ostrowski gives us an estimate for the deviation of the values of a func-
tion from its mean value. More precisely, let f : [a, b] — R be a differentiable function with

bounded derivative. Then the following integral inequality:

(- 4"

1 f 1 ,
P(x)—mﬁf(t)dt’s[z+m](b—a)|v (. (1.1)

is valid for every x € [a, b], which is proved by Ostrowski in 1938. In addition to this, the
constant 1/4 is the best possible.

Simpson’s inequality plays significant role in many areas of mathematics. To be more
precise, the classical Simpson’s inequality is expressed as follows for four times continu-
ously differentiable functions.

Theorem 1 ([12]) Suppose for a mapping f : [a, b] — R which is four times continuously
differentiable on (a, b), and suppose also ||[f®| o = SUP,c(a,) If®(x)| < co. Then one has the
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inequality
1[f(a) +f(b) a+b 1 b 1 @ 4
’5[ 5 +2f< 5 )}_b—a/af(x)dx 5—2880|lf ||oo(b—ﬂ)~

Over the years, many variations of Ostrowski and Simpson type inequalities have been
studied for various function classes, such as convex functions, bounded functions, func-
tions of bounded variation, and so on. Specifically, since convexity theory is an effective
and powerful way to solve a large number of problems from different branches of pure
and applied mathematics, many papers have been dedicated to the Simpson inequality for
convex functions. For instance, Alomari et al. proved some Ostrowski type inequalities
for s-convex functions in [4]. Moreover, Ostrowski type inequalities were studied for dif-
ferent kinds of convexities such as m-convex functions [20], (¢, 71)-convex functions [29],
and /-convex functions [26, 44]. In [41], Set first obtained the Riemann—Liouville frac-
tional version of the Ostrowski inequality for s-convex functions. In addition to this, many
researchers focused on establishing Ostrowski type inequalities for certain fractional in-
tegral operators, such as k-Riemann-Liouville fractional integrals [16], local fractional
integrals [34], Raina fractional integrals [2], generalized k-g-fractional integrals [10] and
Y -Hilfer fractional integrals [5]. On the other hand, several Ostrowski inequalities for co-
ordinated convex mapping in involving double Riemann integrals and double Riemann—
Liouville fractional integrals are introduced in [24] and [23], respectively.

Some authors established several Simpson type inequalities for differentiable and twice
differentiable convex functions [3, 36—38]. Ozdemir et al. proved Simpson type inequali-
ties for co-ordinated convex functions in [28]. In [8, 19, 42], authors obtained some new
Simpson inequalities for Riemann—Liouville fractional integrals. Furthermore, a number
of papers were devoted to Simpson inequalities for other fractional integrals or for func-
tions belong to other convex classes such as p-convex function [1], #-convex function
[27], preinvex functions [31], (m, I, h,)-preinvexity [31], and generalized harmonic con-
vex functions [43].

The inequalities, introduced by C. Hermite and J. Hadamard for convex functions, are
of considerable significance in the literature. These inequalities state that, if / : I — R is
a convex function on the interval I of real numbers and a, b € I with a < b, then

b
F(a;b> - ﬁ a o) dx < F(ﬂ);F(b)'
If F is concave, then both inequalities in (1.2) hold in the reverse direction.

Over the years, considerable number of studies have been focused on obtaining trape-
zoidal and midpoint type inequalities which give bounds for the right-hand side and left-
hand side of the inequality (1.2), respectively. For example, Dragomir and Agarwal first
obtained trapezoidal inequalities for convex functions in [11] and Kirmaci first established
midpoint inequalities for convex functions in [21]. In [40], Sarikaya et al. generalized the
inequalities (1.2) for fractional integrals and the authors also proved some correspond-
ing trapezoidal type inequalities. Igbal et al. presented some fractional midpoint type in-
equalities for convex functions in [18]. On the other hand, Dragomir proved Hermite—
Hadamard inequalities for co-ordinated convex mappings in [9]. The midpoint and trape-
zoidal type inequalities for co-ordinated convex functions were established in [22] and
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[39], respectively. Moreover, Sarikaya obtained fractional Hermite—Hadamard inequali-
ties and fractional trapezoidal inequalities for functions with two variables in [32]. Tung
et al. presented some fractional midpoint type inequalities for co-ordinated convex func-
tions in [46]. In [35], Sarikaya and Ertugral first introduced new fractional integrals which
are called generalized fractional integrals. In addition, they proved Hermite—Hadamard
inequalities and several trapezoidal and midpoint type inequalities for generalized frac-
tional integrals. Moreover, Budak et al. proved Midpoint type inequalities and extensions
of Hermite—Hadamard inequalities in the papers [6] and [7], respectively. In [13], Ertugral
and Sarikaya presented some Simpson type inequalities for these fractional integral op-
erators. For some of other papers on inequalities for generalized fractional integrals, we
refer to [17, 48]. On the other hand, Turkay et al. described the generalized fractional
integrals for functions with two variables. These authors presented Hermite—Hadamard
and trapezoidal type inequalities for this kind of fractional integrals in [47]. For the other
similar inequalities, we refer to [14, 15, 25, 30, 33, 45].

The aims of this paper is to establish some generalized inequalities for co-ordinated con-
vex functions involving generalized fractional integrals. The general structure of the paper
consists of five sections including an introduction. The remaining part of the paper pro-
ceeds as follows: In Sect. 2, we give the definitions of generalized fractional integrals and
relations between generalized fractional integrals and other type of fractional integrals.
In Sect. 3, an identity involving some parameters are proved for partially differentiable
functions. Then we establish several generalized inequalities for mappings whose partially
derivatives in absolute value are co-ordinated convex. With the special choice of the given
parameters, we show that our results reproduce the results proved in the earlier work and
we also give some new trapezoidal and Simpson type inequalities in Sect. 4. At the end of
the paper, some conclusions and further directions of research are discussed in Sect. 5.

2 Generalized fractional Integrals
In this section, we summarize the generalized fractional integrals defined by Sarikaya and
Ertugral in [35].

Let us define a function ¢ : [0, 00) — [0, 00) satisfying the following condition:

1
t
/ ¢ dt < oo.
o ¢t
We consider the following left-sided and right-sided generalized fractional integral oper-
ators:
X
-t
ardpf (%) = / ol )f (Hdt, x>a, (2.1)
s X—t

and

ot —x)
t—x

b
p-Iof (%) :/ f(t)dt, x<b, (2.2)
X
respectively.
Some forms of fractional integrals, namely Riemann-Liouville fractional integrals, k-
Riemann-Liouville fractional integrals, Katugampola fractional integrals, conformable
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fractional integrals, and Hadamard fractional integrals, are the most significant features
of generalized fractional integrals. These important special cases of the integral operators
(2.1) and (2.2) are mentioned below:

Remark 1 If we choose ¢(¢) = t, the operators (2.1) and (2.2) reduce to the Riemann inte-
gral.

Remark 2 Considering ¢(t) = and a > 0, the operators (2.1) and (2.2) reduce to the
Riemann-Liouville fractional 1ntegrals @ f(x) and J§ f(x), respectively. Here, I" is Gamma

function.

Remark 3 For ¢(t) = mt% and «, k > 0, the operators (2.1) and (2.2) reduce to the k-
Riemann-Liouville fractional integrals /7, ,f(x) and J;_ ,f (x), respectively. Here, I'; is the
k-Gamma function.

Generalized double fractional integrals are given by Turkay et al. in [47], as follows.

Definition 1 The generalized double fractional integrals 4 cilpys ard-Loys bocrlpws
b-d-1y,y are defined by

Wwwfx,y)—f/ Pl ”W Dfwdsdr, x>ay>e 23)

ardTof (5,9) = / / ple—1) t) w(s yy)f(t,s)dsdt, x>a,y<d, (2.4)

) //W x)‘/’(y f(t sydsdt, x<by>c, (2.5)
and

,,dmf(x,y)-// ol - x)‘”(s y)f(t s)dsdt, x<b,y<d. (2.6)

Here, f € Li([a,b] x [c¢,d]) and the functions ¢,y : [0,00) — [0, 00) satisfy, respectively,
fol @dt< oo and fol %S)ds«)o.

By using Definition 1, well-known fractional integrals can be obtained by some special
choices. For example;
(1) If we choose ¢(t) = £ and ¥ (s) = s, the operators (2.3), (2.4), (2.5) and (2.6) reduce to
the double Riemann integral
(2) Considering ¢(t) = a), Y(s) = 2~ then for «, B > 0, the operators (2.3), (2.4), (2.5)
and (2.6) reduce to the R1emann L10uv111e fractional integrals ]‘H,pr f(x,9),
It P f(x,y) ]g Cj(x, y) and ]Z 4 j(x, ), respectively.

(3) For o(t) = W and ¥ (s) = for a, B,k > 0, the operators (2.3), (2.4), (2 5) and
(2 6) reduce to the k- Rlemann L10uv1lle fractional integrals J? C+f ), I T j (%),
J (%,y) and J;, _f (x,9), respectively.
For our work to be done in two-dimensional space, we will need the following descrip-
tions.
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3 An identity for Generalized double fractional integrals
Throughout this study, we assume that A;, ; > 0, i = 1,2 and for brevity, we define

du, Ar(x,t) = / Foll - du, (3.1)
0

u

Al(x,t):/ M

0

and
Ao(y,s) = / s Mﬂlu, As(y,s) = / ' Mdu. (3.2)
0 0

Lemma 1l Letf: A :=[a,b] x [c,d] — R be an absolutely continuous function on A such
CAD)
atds
for generalized fractional integrals holds:

that the partial derivative of order

exist for all (¢,s) € A. Then the following equality

Q(a,b,x;¢,d,y)
1 1
—(b-x)(d—) / / (s (6 1) = As(0) (A2 As( 1) — Aa(r,)
0 0
82

X

@f(tx +(1-0b,sy+(1-s)d)dsdt

1 1
—(b—x)(y—c)/ f (MA1(x%1) = A1(%,0)) (128200 1) = As(,9))
0 0
2

d
_ 1-— , 1-
X atasf(tx +(1—t)b,sy+ (1 —s)c)dsdt

1 1
—r—a)d—y) /0 /0 (1115, 1) = A1 (5, 0) (22 A20, 1) = As(rs)
2

a
X mf(tx+ 1-ta,sy+(1 —s)d) dsdt

1 1
+(—a)y—0) /0 /O (1116 1) = Ar( ) (220 1) = As(3,9))

2

?
_ 1-— ) 1- :
X o f (b + (1= a,sy + (1 - s)c) dsdt

where

Q(a, b,x;¢,d,y)
= A1(x DA (5, D[(1 = 1)1 = A2)f (x,9) + (1 = A1)Aof (%, d)
+ 111 = 12)f (B, y) + A dof (b,d)
+ A1, DAy, D[(1 =201 = pa)f (,9) + (1 = M) peaf (x, ¢)
(1= w2 (5,9) + hptaf (b, )]
+ A (% D) A2 D[(1 = )1 = 22)f (%,9) + (1 = 1) Aof (v, d)
+ (1 = Aa)f (@) + padof (a,d)]
+ A (% 1) Ag(, D[(1 = )1 = pa)f (6, 9) + (1 = 1) aof (%, ¢)

+ u1(1 = m2)f (@,y) + papiof (@, c) |
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(A =22) 220, 1) + (1 = p2) A2 (3, D) [, Lof (B, 9) +a- Lo (a,9)]
(@ =AD)A1( 1) + (1= 1) Ag (e, 1))[y+1,/,f(x, d) +y- I f (x,¢)]
=MD D[, Lof (b, d) +1 Lf (@,d) ] = 2 8oy, D], Lof (b, €) +2- Lof (a,0)]
=M D Lyf (0,d) +y- Ly f (b, )| = pa A, D[, Iy f (a,d) +y- 1y f (@, 0)]

Yargs Loy f (0, A) +xpy- Loy f (D, C) +xyi Ly yflasd) +5_y_ 1, 4 f(a,c).

Proof By using integration by parts, we have

2

1 1 8
H1=/0 /0 ()x1A1(x,1)—1\1(96,t))()\2A2()/,1)—Az(y,s))m

xf(tx+ 1-0)bsy+(1 —s)d) dsdt

_ Al(x’ 1)A2()/» 1)
(b-x)(d~y)

+A1(1 = 12)f (B, y) + Airof (b, d) |

(I-22)A2(9,1) AaAo(y,1)

_ R [ f(byy) — 22
G-nd-y . O Gy,
(I-A1)A1(x,1) AA1(x, 1)

_ AW d)— L
b-nd—y 5D od—y,,

P
(b-x)(d—y)

[(1 =20 = 22)f (6, 9) + (1 = 21)Aof (x,d)

L f (b, d) (3.3)
Lyf (b, d)

Ifﬂ:‘//f(b’ d)’

xX+,y+
82

1 1
H, = /0 _/0 (110 1) = A6, ) (12825 1) = Aa(3)5)) dtds

xf(tx +([1-0b,sy+(1 —s)c) dsdt

_ _Al(x, l)Az()/, 1)
(b-x)y-c)

+ (1= w2)f (b,y) + A ptaf (b, )|

s (1-p2)As(y,1) HaAs(y, 1)
(b_x)(y_c) X+ (b—x)(y—c)x+
(1-A1)A1(x,1) MA1(x, 1)
+ —(b—x)(y—c) y_wa(x,c) + 4(b—x)(y—c)y_1¢f(b’c)
1

- (b - x)(y - C) X+,y—

[(1 =201 = p2)f (6, 9) + (1 = A1) paf (%, )

1,f(b,y) + L,f(b,c) (3.4)

IQOJ//f(br C):

1 1 82
fﬁ=£'A(mAﬂ%D—Aﬂ%MOﬂWWD—ANMDgg
X f(tx+ (1—t)a,sy + (1 —s)d)dsdt

_ A DA, 1)
(x—a)d-y)

+ 111 = 22)f (,9) + 1 of (a, d)

(1= )X = 22)f (6, 9) + (1 = p1)Aof (%, d)

Page 6 of 32
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(1-22)A2(3,1) AaAs(y, 1)

F ey N ), e
(1 - p1)Ap(x, 1) 1A (x, 1)
- Lfxd)+ ———— I ,d

- wy+”( " aad—y,, @D

1
- (x—a)d _y) x_,ywaf(a, d),
and

52
M-//mmlmn—lmmwﬁmu)Amwgw
xf(tx+( —ta,sy+(1-s) )dsdt

A1(x,1)Az(y, 1)

T x-a)y-o
+ (1 = w2)f (a,y) + papaf (@, )]
(1 - u2)As(y, 1) s (y, 1)
- mx}pf (a,y) - G-a-0. fwf (a,c)
(1—-p1)A1(x, 1) Ml 1(x, 1)
" a0 20-0 y_lv,f(x, c)— Y y_]ll,f(a, c)
1 Iy yf(a,c).

e—ab-a,.,

By using Egs. (3.3)—(3.6), we have

(b-x)d-y)H,—(b-x)y—c)Hy — (x —a)(d - y)Hs + (x — a)(y -

=Q(a,b,x;c,d,y),

which completes the proof of Lemma 1.

[ = 1) (X = p2)f (,) + (1 = pa) paof (x, )

Page 7 of 32

(3.5)

(3.6)

O

Corollary 1 In Lemma 1, if we choose ¢(t) = t and (s) = s for all (t,s) € A, then we obtain

the equality for the Riemann integral

N(a, b,x;¢,d,y)

=(b-x)>(d- y)2// A =1)(Ay - s)—f(tx+(1—t)b,sy+(1—s)d)dsdt

0)2/ /(M—t(uz s)—f(tx+(1—t)b,sy+(1—s)c)dsdt

- (x—a)d-y) //(pcl—t(kg s—f(tx+( —ta,sy+(1- s)d)dsdt

2

+@—af@—a2ﬂ A(Ml—ﬂWQ—Qam

f(tx+ (L=Da,sy + (1= s)c) dsak.
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Here,

N(a, b,x;¢,d,y)
= (b-x)(d - y)[(1 = 1) (1 = Aa)f (%,9) + (1 = A1)Aof (v, d)

+ 111 = 12)f (B, y) + Aidof (b,d)
+ (b -x)(y = [ (1= 2)(1 = pa)f (3, 9) + (1 = 1) pof (%, )
+ (1= p2)f (b,y) + A aaof (b, €)]
+(x—a)(d-y)[1 - )AL= r2)f (5,9) + (1 — p1)Aof (%, d)
+ 11 (1= 12)f (a,) + pirof (a,d)]
+(x—a)y = [(1 = w1 = p2)f (%, 9) + (1 = 1) paf (, ©)

+u1(1 = p2)f (@,9) + papaf (a,c)]

(A=) + (= o)y / Flty)dt - (1= )b -2)
d
- )e-a) [ fsds
b b
“nald-y) [ feddt-at-0 [ feod

d d b pd
—Al(b—x)ff(b,s)dt—ul(x—a)ff(a,s)ds+f ff(t,s)dsdt.

Corollary 2 In Lemma 1, let us consider ¢(t) = and Y(s) = ﬂ) forall (t,s) € A. Then

we obtain the equality for Riemann-Liouville fmctzonazl integrals

D(a,b,x;¢,d,y)

82
h a+l d ﬁ+1/ / )\‘ —t )\,
=(b-x)""d-y 1 2—$ )atas

f(tx+(1 )b, sy + (1 - s)d)dsdt

—(b-x) oz+1 )ﬂ+1 / / A — t MZ B 82
Btas

xf(tx +(1-0b,sy+(1 —s)c) dsdt

1 1 82
~G-a = [ [ =)o - )5

xf(tx+(1—t)a sy+(1—s)d)dsdt

82
+(x— 01+1 ﬂ+1/ / —t
(x—a) -c) pi =) (o - s atas

x f(tx+ (1 —t)a,sy + (1 -s)c) dsdt,
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where

D(a,b,x;¢,d,y)
= (b=%)"(d = y)"[(1 = 2L = 22)f (,9) + (1 = A1) Aof (x,d)

+21(1 = 12)f (B, y) + Aidof (b,d)

+(b—2)*(y— )’ [(1 = a)(1 = pa)f (x,9) + (1 = A1) paf (x, )

+ M (1= 2)f (b,y) + Mpuaf (b, )]

+ (@ —a)*(d -y’ [(1 - )1 = 22)f (,9) + (1 = p1)hof (x, d)

+ 11(1 = 22)f (@) + ahof (a, d)

+ (= a)* (y = )P [(1 = ) (1 = pa)f (6, 9) + (1 = pa) pof (%, )

+ (1 = ua)f (a,y) + papaf (@,¢)

~Tle+1D(1-212)d =) + (1= )y = )L f 0.9) + i f(@.9)]

T+ D(1 -2l -2 + (1 - )& —a)*)[JF f(x,d) + ]} f(x, )]

— XD (a + 1)(d —y)? [Jef (b,d) + ]2 f(a,d)]

— (e + 1)y = ) [ f (b,c) + T2 f(a,c)]

— (B + )b -2 [JLf(b,d)+ ] f(b,c)]

-l B+ D&-a)[Jf(ad)+] flac)]

+ (e + DB + DL f(b,d) + T2 _f(b,) + T2, fla,d) + J2F,_f(a,c)].
4 New inequalities for Generalized Fractional Integrals
Theorem 2 Assume that the assumptions of Lemma 1 hold. Assume also that the mapping

15 tasl is co-ordinated convex on A. Then we obtain the following inequality for generalized
fractional integrals:

|Q(a, b, x;¢,d,y)|
82
S(b—x)(d—y)[ 1B1 P —f(xy)| + A1By| —— FYEy (x,d)‘
82
+AsB; PYEy ——f(b,y)| + A2B> PYEy f(b d) H
92 92
+ (b—x)(y—c)[AlB4 %f(x,y) +A1B3 mf(x,c)
92 92
+AgB4 3 f(b _)/) +A233 8 8f(b,C):|
92 92
e a)d- y)[A431 |+ Auta| S p d)‘
92 92
+A3B; o 8f( , )| + A3By a7 af(ﬂ:d)H
92 92
+ (x—a)(y—c)|:A4B4 mf(x,y) +AyB3 mf(x,c)
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2

9 fao)

+AsBy 3 3tds

f(a, )/)‘ A3B3

I

otos

Here,

A= f01 A1 A1 (x, 1) = A1(x, 8)| dt,
Ay = fol(l — )| AL(x, 1) — Ay, 8)| dt,
As= [ -0lmAx1) - A1)l dr,
Ag= [} i Ar(x,1) — Ay, 1) dt,

(4.1)

and

B, = /01$|)\.2A2(y,1) — Ay (y,9)| ds,
By = [y (1=8)IAaAs(3, 1) = As(y,9)| ds,
Bs = [y (1-9)lpnafs(y,1) - Ag(y,8)| ds,
By = [y sluafa(y,1) = Ag(y,s)| ds.

Proof By taking the modulus in Lemma 1, we have
’Q(a, b,x;c,d, y)| (4.3)
1 pl
<(b-x)(d—) / / 1 As (6 1) — As (6 0)][12As( 1) — Ag(y, )
0

‘—f (tx+ (1 -t)b,sy+ (1-s)d)|dsdt

ato

1
+(b—x>(y—c)f0 /0 21 (5 1) = A0 B)] 1222505 1) - Aa9)|

’—f (tx+ (1 - 0)b,sy + (1 - s)c) | dsdt

ato

1 1
+ (- a)d—y) /0 /O 12006 1) — A 06, B)] 222505 1) — Aa(,9)]

2

%f(tx +(1-t)a sy +(1-5)d)

X ‘ dsdt

1 1
+(x—a>(y—c)f0 /O 11206 1) = A1 (0 8)| 122890 1) — Ay, )|
2

dsdt.
otos

(tx +(1-8a,sy+(1- s)c)

Since | pTmR | is a co-ordinated convex, we get

1 1
/0 /0 A AL, 1) = A (6, )| A2 A2 (9, 1) = An(y,9)] (4.4)
2

0tos

(tx +(1-0bsy+(1 —s)d) dsdt

1 1
5/0 /0 A AL 1) = A (6, 8) || A2 A2 (3, 1) = Aa(y,s)|

Page 10 of 32
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92 02
X (ts ﬁf(x,y)' +t(l-s) mf(x,d)
+(1-1t)s f(by) +(1-8)(1-5s) —fbd))dsdt
92 92 92
=A1B; o 8f(x,y) +A1B; o af(x,d) +A231 f(b )| +ABy| —— Py 8 f(b, d)’
Similarly, we have
1 el
[ st 1) A1 22041 - 4209) «5)
52
X ‘mf(tx+ (L-1)b,sy + (1 —s)c)|dsdt
02 02 92 02
<AiBy @f(x» B %f(x,c) +AzBy %f(b,y) +AsBs mf(b,c) ,
KfAWMAMmD—mMJWMAﬁ%D—AwHH (4.6)
52
x ‘mf(tx+ (1-t)a,sy+ (1 -s)d)|dsdt
02 02 02 02
<AuB; @f(x,y) +AuBy ﬁf(x,d) +AsBy ?E)Sf(a,y) +As3B, Fasf(“’
and
1,1
/ / |1 A1, 1) = Ay, 8)| | 2 Aa(y, 1) = As(3,9)| (4.7)
o Jo .
X ﬁf(tx+ 1-8a,sy+(1 —s)c) dsdt
2 92
<A4By| — YTy (x,y)‘ AyB; YTy —f(xo)|+ A334 (ﬂ y)‘ AsBs| o ——f(a,0)|

If we substitute the inequalities (4.4)—(4.7) in (4.3), we obtain the desired result. This ends
the proof of Theorem 2. O

Corollary 3 [n Theorem 2, if we assign ¢(t) = t and  (s) = s forall (¢,s) € A, then we obtain
the following inequality for Riemann integrals:

N(a,b,x;¢,d,y)|

_ (b= -yP
- 36

2

fu,ﬂ

[(mf — 31 +2)(243 - 32y + 2)‘ aaa

2

+ (243 = 341 +2) (=243 + 645 = 34y + 1)‘ i

2 )

2
+ (=223 + 6A7 =31 + 1) (243 — 32 +2) ‘ %f(b, y)’

32
+ (=223 + 647 =31 + 1) (=223 + 613 — 32, + 1) ’ FrrrAGLY H
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2

. (b-x)*(y-c)*
3tds

. i ,y>‘

[(2A3 31 +2) (215 — 32 +2)
32
+ (223 = 3h1 +2) (=213 + 613 — 3pa +1) ‘ @ c)‘

+ (=223 + 647 =31 + 1) (215 — 3o + 2)’ o

s by)’

—f(b,¢)
2

0tos

+ (=243 + 647 =31 + 1)(=2u3 + 613 — 3 + 1)‘ Yy

)

N2 )2
+(x a)“(d -y) O y)’

T [(mf —3u1 +2) (245 =342 + 2)'

+ (203 = 31 +2) (=243 + 613 — 3Ay + 1)‘ £ (x, d)‘

atos

f(a, y)‘

+(=2u3 +6pF = 3py +1) (243 - 3A2 + 2)‘ PYE

+ (=2 +6uF = 3p1 +1) (=245 + 613 — 3%y + 1)’ —f(a, d)H

82

0tos

0tos

— 2 —c)?
+%[(2M?—3M1+2)(2H§ 3Mz+2)‘ —fl y)'

2

—f(x0)

]
+ (203 =31 +2) (=243 + 6143 — 3o + 1) ‘ PYEy

32
+ (=208 +6uf = 3p1 +1) (205 - 3uz +2) ‘ ﬁf(a,y)‘

2

d
ﬁf(ﬂ, C)

+ (=2 +6uF —3u1 +1) (=213 + 613 —3ua + 1)‘ :|,

where R(a, b,x; c,d,y) is defined as in Corollary 1.

Corollary 4 In Theorem 2, let us now consider ¢(t) = and Y(s) = (;) forall (t,s) € A.

Then we have the following inequality for Rzemann—Lzouvzlle fractional integrals:

|®(a,b,x;¢,d, )|
<(b —x)a”(d—y)ﬁ“[Cl(%)»l)Dl(ﬁr)\z EYE f(x,y)‘
+ Ci(o, A1)Do (B, 1) FPEy f(x: d)‘
92 92
+ Co(a, A1)D1 (B, 12) 305 ——f(b,y)| + Cala, A1)D2(B, A2) %f(b,d)”

(b= (y - c)f‘“[cl(a J)Dy (B i) | = ,y)l

8t8

82
+ Ci(a, M)Da (B, 1n2) mf(xx c)

+ Cola, M)D1 (B, Mz) f(b )| + Coler, 1) Do (B, ,U«z) f(b c)

)
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+(x—a)*(d -y
+ Ci(at, 11)Da(B, 1)
+ Calat, 1) D1(B, 1)
b (v—a)y™(y— o)1
+ Ci(o, u1)Da (B, 12)

+ Cola, u1)D1(B, 12)

82
1[Cl(OZ u11)D1(B, A2) %f %Y ‘
dtos f Ge )’
32
3195 —f(a,y)| + Cala, 1) Do(B, A2) 5 f(ﬂ,d)u
_Cl(a,m)Dl(ﬁ,Mz) 373 f(x,y)‘
82
%f(x, C)
92 92
3195 —f(a,y)| + Cao(a, 1) Do (B, 112) 3705 —f(a,c)

Here, ®(a, b,x;c,d,y) is defined as in Corollary 2 and

42
Cilo, ) = D,+2§ T+ ﬁ %’
l 1 2 1
Cala, 5) = 24! az ~anS e 3
Dl(,B g) ﬁ+2§ E+ﬁ_%’
Dy(Byc) = +1 B 1+% 1 S
2(B, ¢ ;MS - gasS Tt e 5

I

(4.8)

Theorem 3 Suppose that the assumptions of Lemma 1 hold. Suppose also that the map-
02

ping |%|q, q > 1 is co-ordinated convex on A. Then we get the following inequality for

generalized fractional integrals:

|Q(a, b, x;¢,d,y)|

1 1 »
< (b—x)(d—y)(/o /0 A1 1) = A )| 2 Aa (3, 1) = Ax(y,9)[ dsdt)

S f e d)T + |5 f (b + | (b, )|

2
y (|£—3J(x,y)|q+ | 5635

1 p1 3
+(b—x)(y—c)(/0 /0 |)»1A1(x,1)—Al(x,t)|p|,u2A2(y,l)—Ag(y,s)|pdsdt>

1
q
4 )

(|m @+ | f(x, Q)9 + | 2 f (b, )| + | (b, c)|q)%
4

1 prl »
+(x—a)(d—y)(/0 fo |M1A1(x,1)—Al(x,t)|p|A2A2(y,1)—A2(y,s)|pdsdt>

§ (I%J(x,y)lq + | @A) + | @)l + %ﬂmd)ﬂ)é
4

1 1 »
rr=ao=0 [ [ i - 8160 leata001) - 2ats) dsck

a2 2 2 a2 1
y (|;§—3J(x,y)|q + o f (%, 0|7 + | f (@, 9)|T + |;mf(a,c>|q> a
4 b

where L +
p

é =1 and Q(a,b,x;c,d,y) are defined as in Lemma 1.

1

1

1

Page 13 of 32
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Proof With the help of the Holder inequality and co-ordinated convexity of | 305 L 14, we

have
1,1
fofo|A1A1(x,1)—Al(x,t)H)\zAz(y,l)—Az(%S)! (4.9)
32
ﬁf(tx+ t)b,sy+(1—s)d) dsdt

1

1,1 :
5( / / |x1A1<x,1)—Al(x,t)|”|x2A2(y,1)—Az(y,s>|”dsdt>
0 0

([ [ )

1,1 2
< (/ f [AA1(x 1) = A1, O] |2 Aa (3, 1) = As(y,9)]” dsdt)
0 0

—8)b,sy+(1-s)d)

atos

§ (I%J(x,y)lq S f )|+ | f (b)) + %J(hd)ﬂ)é
- .

Similarly, we get

1,1
//|)»1A1(x,1)—Al(x,t)H,Uvaz(y,l)—Az()’»S)| (4.10)
0

‘—f tx+ t)b,sy+(1—s)c) dsdt

1

1 1 »
5(/ / !klAl(x,l)—Al(x,t)|p|M2A2(y,1)—Ag(y,s)|pdsdt)

('amf %)+ |atasf x,0)|7 + |dt85f (b, y)|1 + |azayf(b ¢ |q)

4
1 1
//‘MlAl(x,l)_Al(x,t)H)»zAz(y,l)—Az(y,s)’ @11)
0 Jo
2
S

1,1 i
5(/ / |ulAl(x,1)—Al(x,t)|"\sz2(y,1)—Az(y,s)l’”dsdt)
0 0

§ (I%J(x,y)lq + I f G )l + | fa )| + %J(M)W)é
4 )

and

1 1
/0 / 11815 1) = A1 (5 8)| 12290, 1) - Aoy, )| (4.12)

i 1— 1—
‘Btaf tx+( ta,sy + ( s)c) dsdt

1

1,1 1
< </ / |14, 1)—Al(xrt)|piM2A2(%1)—A2@,S)|pd3dt)
o Jo

Page 14 of 32
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2 02 02 2 1
§ (Ifmf(x,y)l" I @ AN + |2 f (@)l + |§mf(a,c>|q> .
4

By substituting the inequalities (4.9)—(4.12) in (4.3), we establish required result. O

Corollary 5 In Theorem 3, if we select ¢(t) = t and (s) = s for all (t,s) € A, then we obtain
the following inequality for the Riemann integral:

|N(a, b,x;c, d,y)|

1

1
L= L+ A2\ (L= )+ A8\ P
p+1 p+1

< —x)z(d—y)z(

. (I%J(x,y)lq 1 o, d)| T+ |2 f (b, )] + %ﬂbﬁ)ﬂ)é
4

(1= 2P 4 22N (L= ) 4 ™\ 7
p+1 p+1

+ (b—x)z(y—c)z(

. (I%J(x, N+ 1o f ()9 + |2 f (b, )7 + | (b, c)|q)%
4

(1)t + uﬁ’”)% ((1 )t >

2 2
+(x—a) (d—y)< FrS] FrS]

§ (I%J(x,y)lq + | @A) + | @)l + %ﬂmd)ﬂ)é
4

1 1
(1= )P4 NP (L= o)t 4 b
p+1 p+1

+<x—a)2(y—c)2<

§ (%ﬂx,yw i f (Ol + | f (@, )| + %J(mc)ﬁ)é
- .

Here, X(a, b,x;c,d,y) is defined as in Corollary 1.

Corollary 6 In Theorem 3, Let us consider ¢(t) = % and y(s) = % for all (t,s) € A.
Then we have the inequality for Riemann—Liouville fractional integrals

|®(a,b,%;¢,d,)|

1 1 1 :
g(b-x)“”(d-y)ﬁ*l(/ |)\1-t“|”dt) (/ }Az—s’g|pdt)
0 0

§ (%ﬂx,yw + I @A) + | f (b,5)17 + I%J(b,d)lq>§
4

1 3 1 5
+(b—x)""y—c)P*? (/ ’)»1 —t* |pdt> (/ ‘,LLQ —sf |pdt>
0 0

. (I%J(x,y)lq 1 f O + [ f (b, )| + |- f (b, c)|q)%
4

1 3 1 3
+(x—a)"”1(d—y)ﬂ”(/ |M1—t°‘|pdt) </ |A2—sﬂ|pdt>
0 0
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(lf)tds-fx’y)|q+|f)t8&fx’ |q+|3t85-fay)|q+|dt8&fﬂd )

4

+(x_a)ot+1(y_c)ﬂ+1</l|’ul_ta|pdt>ll’(/l|uz_sﬂipdt)l%
0 0

2 2 92 1
(Im N+ |35 (6, 17 + | o f (@ 7)1 + Ig’wj(a,c)lqy
4 )

where ®(a, b, x;¢,d, y) is defined as in Corollary 2.

Theorem 4 Assume that the assumptions of Lemma 1 hold. If the mapping |% 1, q>1

is co-ordinated convex on A, then we get the following inequality for generalized fractional
integrals:

|Q(a, b, x; c,d,y)|

1 pl 1_%
< (b—x)(d—y)(/o /0 |AMA1(x, 1) = Ay (%, 8)| |2 A2 (3, 1) = Aa(,9)] dsdt)

2

Pt

0tos
q)%
_1

1 pl 1-2
+(b—x)(y—c)(/ / |A1A1(x,1)—Al(x,t)H,ugAz(y,l)—Az(y,s)|dsdt>

q
X (AlB4

+ AlBg
+ Ang

q
+ AlBg

2

9
PP PAGK

q
+AgBl

2

3
s —f(b,y)

q
X (AlBl

2

T fb,a)

+A,B
272 5 t0s

2

d
@f (x,¢)

q
+ AgB4,

2

)
3705 —f(by)

q

S

q)%
1 1 1-
+(x—a)(d—y)(/0 /0 |;L1A1(x,1)—Al(x,t)||A2A2(y,1)—Az(y,s)|dsdt>

32
(A4Bl f(x,y)
+ Ang

1
‘1>q

1 1 1-
+ (x—a)(y—C)(/O /0 |1 A1, 1) = Ay (x, 1) || 2 A2y, 1) = As(3,9)] dsdt)

0tos

2

a5 ©)

=

q
+AyB,

2

d
PYPPARK

q
+A331

2

! f(a 7)

q

2

9
2205 @9

Q=

82 82 q
AuBy| —Ff (%, AuB 3 AsB
X( 4 48tasf(xy) +AuBy TS ®0)) 4 4ata
52 N
+ A3B3 ” 8f(a,c) ) .

Here, Qa, b,x;¢,d,y) is defined as in Lemma 1, A;, i = 1,2,3,4 are defined as in (4.1) and
B;,i=1,2,3,4 are defined as in (4.2).

Page 16 of 32
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Proof Power mean inequality and co-ordinated convexity of | 2L e |q yield

1 1
/0 /O M A1 1) = A, 0)|[A2A2(0:1) = Aa(3,9)] (4.13)

8—zf(tx +(1-t)b,sy+ (1 -s)d)|dsdt

X
‘8t85

1

1 1 l—q
< (/ / A AL 1) = Ay, 8)|| A2 A2 (1) = Aa(p,9)]| dsdt)
0 0

1 1
X (/o /O |A1A1(x,1)—Al(x,t)||A2A2(y,1)_A2(y,s)|

52 a i
x ‘mf(tx +(1-t)b,sy+(1-5)d) dsdt)

1

1 1 l_q
5(/ / |A1A1(x,1)—Al(x,t)||A2A2(y,1)—Az(y,s)|dsdt)

|:/ / (|A A1(x, 1) — Aq(x, t ||A2A2(y 1) - Aa(y,s |ts f(x,
52 q
+ |A1A1(x,1) (x,t)||A2A2(y 1) - A (y, s)|t(1—s) f(x, d)
82 q
+ | AAL(x 1) = Ar(x )| [ A2 A2, 1) — Ao, 8)|(1 - 1)s %f(b,y)
+ | AMAL(, 1) - Al(x,t)szAg(y, 1)
- Ao (y, s)| l—t)(l—s) )dsdt]5
(/ / |)\ A x, 1(x,t)||)»2A2(y 1) Az()/ s)|dsdt>
82 q
X (A131 %f(x,y) +A 1B, YTy —f(x,d)
52 52 N
+AyBy 5705 —f(b,y) +Asz 3595 —f(b,d) > .
Similarly, we obtain
1 p1
f/|)»1A1(x,1)—A1(x,f)||M2A2(J/»1)—Az(y,s)| (4.14)
0
’%f tx+(1—t)b sy+(1 —s)c) dsdt
1 pl 1
< </ / A AL, 1) = Ay(x,8)| |2 As(ys 1)—A2(y,s)|dsdt>
o Jo
32 q 82 q 32 q
(AIB4 f(x,y) +A133 %f(x, C) +AQB4 Ef(b,y)
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2

+A.B
273 9tos

~
F(byo) ) ,

1 l‘ﬂlAl(x: 1) = Ay(x, 0)] |22 A2, 1) = Aa(3,9)] (4.15)
0

’—f (tx+(1—-Da,sy + (1 -s)d)| dsdt

ato

1 p1 1_%
< (/ / |1 A1, 1) = A1, 8)| A2 Az (3, 1) = As(3,5))| dsdt)
0 0

X (A4Bl

+ A3Bz

2

9
2205 D)

q

82
%f(x,y) + A4Bz + AgBl

X
)

atos

2

9
2205 @9

and

1 1
[ [ i n- a1t 0luaa0:1) - 22t) (416)

2

%f(tx +(1-ta,sy+(1 —s)c)

X ’ dsdt

|
Q=

1,1
< (/ / |M1A1(?€,1)—Al(x,t)H,U«zAz()/;l)—Az()’,S)|d5dt>
o Jo

82 q
<A4B4 2595 —f(xy)| +AsBs3 2695 f(x,C)
82 q l
AsB ,
+AsBy S @) + ataf(”c)>

If we substitute the inequalities (4.13)—(4.16) in (4.3), then we establish the desired re-
sult. O

Corollary 7 In Theorem 4, if we take ¢(t) =t and y(s) = s for all (t,s) € A, then we have
the following inequality for the Riemann integral:

N(a, b,x¢,d, )|
1 1
W=+ DI —a+ D7
6

<(b-%*d-y)

QN

82 q
x [(2)5;‘ =31 +2)(223 =34y +2) ‘ prepAR)

82 q
+ (223 = 341 +2)(=243 + 645 —3A2 + 1) ‘ prepAL

+ (=243 + 617 =341 + 1)(243 = 3Aa + 2)‘

0tos

1

ak
)

32
+ (=223 + 647 =31 + 1) (=223 + 643 — 32y + 1) ’ FrrrAGLS
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=

c)? MW =d+) T3 —pa+ DA
2

61

x [(ui’ —3h1 +2) (203 - 3u2 +2)‘

+(b-2(y -

2

0tos

q

—f (%)

32 q
+ (223 = 3h1 +2) (=213 + 613 — 3up +1) ‘ prepALl)
N

2 q

d
+ (=243 + 617 =30 + 1) (203 - 3ua + 2)’ Yoy —f(b,y)

2

+ (=223 + 647 = 3y + 1) (=23 + 63 — 3z + 1)‘ ) ——f(b,c)

atos

q:|}1

2 1\1-1 52 1,1-1
—U1+35) (A5 -+ 35) 9
+(x—a)2(d—y)2(ﬂl 125} 2) 2 2 2

2 q

x [(2,@ —3u1 +2)(223 - 3hs + 2)‘ ? ——f(%,9)

0tos

2

atos

q

+ (203 =31 +2) (=245 + 643 —3A + 1)’ —f(x,d)

2

3
+ (=23 +6uf —3u1 +1) (245 — 322 +2) %f(u ,9)

q

qr

82
+ (=2 + 6] —3u1 + 1) (=245 + 623 — 3%y + 1) ’ 23 @

_1 _1
L —pi+ DT -+ D
61

+(@-a)(y-c

IS

2 q

—f (%)

ad
|:(2,u] —-3u1 + 2)(2,u2 —3uy + 2)' 3705

2 q

]
+ (20 = 3p1 +2) (=243 + 6143 — 310 + 1)‘

oo 50

32
+(=2u3 +6pF —3p1 + 1) (213 — 3z +2) ‘ mf(a

82

s @)

ot
] ’

+(=2u3 +6uF —3p1 + 1) (=213 + 613 — 3ua + 1)‘

where R(a, b, x; c,d,y) is defined as in Corollary 1.

Corollary 8 In Theorem 4, let us consider ¢(t) = and Y(s) = (73) forall(t,s) € A. Then

we obtain the following inequality for Rlemann—Lzouwlle fractional integrals:
|®(a,b,x;¢,d, )|
_1 1
< (b-xHd -y (cl(a, a)+ cz(a,xl))l 7(D1(B,%2) + Da(B, )»2))1 g

f(x,y) + Ci(a, M)Da (B, )Lz)

|:C1 (o, A1)D1 (B, )Lz) f(x,
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q
+ Cylor, A1) Do (B, 1)

2

)

+ Calot, 11)D1(B, A2) dtds

f(by

q:|%

+ (b—x)a+l()’—0)ﬁ+1(c1(%)»1) + Cz(fx,)q)) (Dl(ﬂ W2) + Da(B, 112) )1 q

otos

—

a
+ Ciet, A 1)Ds (B, 12)

q
X |:C1(0(,)»1)D1(ﬂ,/i2)

s’ Y tds f(x’

f(b C)

Q=

+ Cola, M)D1 (B, Mz)

f(b y)

+ Cola, A1)Da (B, Mz)

b (= @) (d — )P (Calets ) + Caletr 1)) 7 (D (B 02) + Dz(ﬁ,kz))l_%’

2 q q
|:C1(0l w1)D1(B,12) 828 —f(%9)| + Cilo, w1)Da(B, A2) 3795 f(x,
82 q %
+ Cy(ar, /le)Dl(ﬁ,)Q) f(ﬂ J’) + Color, 1) Da( B, A2) mf(ﬂ; d) :|

_1
q

+(x—a) My - C)ﬂ+1(C1(% u1) + Cola, M1))17% (D1(B, i2) + Da(Bs Mz))

f(x,y) + Ci(or, u1)Da (B, 1a2) f(x, C)

q];

Here, ®(a, b, x;c,d,y) is defined as in Corollary 2 and C,, C, are defined as in (4.8).

X |:C1((¥:M1)D1(5’M2)

0tos 0tos

q
+ Cylor, u1)Da (B, 1a2)

2

P fa0)

+ Cala, u1)D1 (B, u2) 9tds

f(a 7)

0tos

5 Special Cases

In this section, some special cases of our results are presented and we show that our results
reduce to inequalities obtained in earlier work.

Remark 4 In Corollary 3:
(1) If weassign Ay = Ag = 41 = o = 0 and if I%sf(t,sﬂ < M for all (¢,s) € A, then
Corollary 3 reduces to [24, Theorem 3].
(2) Letusnotethat A=Ay =1 =pur=1,x= ‘”b and y = ﬂl . Then Corollary 3 reduces
to [39, Theorem 2].
(3) ForAi=Ay=pu1 =y = % = ‘”b and y = ﬂ , Corollary 3 is equal to [28,
Theorem 3].

Remark 5 In Corollary 4;
(1) Assume A; = Ay = (1 = 4o = 0 and assume also |%&f(t,s)| <M forall (¢,5) € A.
Then Corollary 4 reduces to [23, Theorem 3].
(2) If we put A1 = Ay = 1 = (o = 1, then we have the following trapezoidal type
inequalities for Riemann—Liouville fractional integrals:

|£‘s(a, b,x;c, d,y)|

2(a +2) 2(B +2)|0tds

« B2+38 | 9
@ +2) 2B+ D)(B+2) @f(x’d)’

5(19—x)"’”(d—y)’[’”[(L P —f( ,y)‘
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a® + 3 B 9?2

e+ D)@+2) 2(8+2) @ﬂb’”‘

a? + 3 B2 +38 82 )‘
t e D@2 2B s B2 |05 ]

+ (b—x)‘”l()/—c)ﬁ“[ (aa+ 226 +2) %f( x,y)
o B2 +3B 92

T @+ 28+ D(B+2) ﬁﬂx’ 9
a? +3a B

" 2a + 1)(a +2) 2(8 +2) atas y)‘

a? + 3 B2+ 38 ‘ 92
T e+ D)(@+2) 208+ 1)(B +2)| otos

o f(b0)

)

2(a+2)2(ﬁ+2) ﬁf( %)

a B2 +3p 32 )’

+ (x_a)ot+l(d_y)ﬂ+l|:

@ +2) 2B+ D)(B+2) @f(x’d

a? + 3a B )
2(0{ +1)(a +2)2(8 +2) 8t83 %Y '

a? + 3 B2 +38 92
e+ Dl +2) 208+ (B +2)‘ f<“'d>H
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(3) Letus consider A; = Ay = 41 = iy = % Then we obtain the following Simpson type
inequalities for Riemann—-Liouville fractional integrals:

’x(a,b,x;c,d,y)|
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d-np
G )+ 2 )]

(y ) [Je.f(b,0) + 2 f(a,c)]

—T'(a+1)

- +1)

(- x)”
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r+ 0 L )+ fla0)

+ Do+ LB + DL fB.d) +T2E, f(b,c) + 28 flad) + T, f(a,0)].

Remark 6 In Corollary 5;
(1) Suppose Aq = Ay = 1 = o = 0 and suppose also |%&f(t,s)| < M for all (¢,s) € A.
Then Corollary 5 equals [24, Theorem 4].
(2) Ifwetake A1 = Ay = 1 = 2 = 1, then we get the following trapezoidal type

inequalities for the Riemann integral:

‘(b—x)(d—y)f(bd (b2~ )f 6,0 + (x — a)(d ~)f (@ )
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b b
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2
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2
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(3) ForAy =Ag =1 =y = %, we have the following Simpson type inequalities for the
Riemann integral:

b-x)(d-
# [47 (6,9) + 2of (,d) + 2f (b,3) +f (b, )]

b- _
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b d
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Remark 7 In Corollary 6;
(1) If weassign A1 = Ay = 1 = o =0and if|%yf(t,s)| <M for all (¢,s) € A, then
Corollary 6 reduces to [23, Theorem 4].
(2) For A1 =Xy =1 = o = 1, the following trapezoidal type inequality for
Riemann-Liouville fractional integrals holds:

|3(a, b, x;¢,d,y))|

1 3 1 i
G-y ([-epa) ([ n-sra)
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1 5 1 ;
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0 0
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where J(a, b, x; ¢, d, ) is defined as in Remark 5.
(3) Considering Ay =Xy =1 = g = % we obtain the following Simpson type inequality
for Riemann-Liouville fractional integrals:
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—t*

Here, x (a, b, x;¢,d, y) is defined as in Remark 5.

Remark 8 In Corollary 7;
(1) Letus consider A; = Ay = 1 = o = 0 and |%&f(t,s)| <M for all (¢,s) € A. Then
Corollary 7 equals [24, Theorem 5].
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(2) For Ay =g = 1 = 1o = 1, we have the following trapezoidal type inequalities for the

Riemann integral:
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inequalities for the Riemann integral:
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(1) Assume A; = Ay = 1 = 4o = 0 and assume also |%§f(t,s)| <M forall (¢,s) € A
Then Corollary 8 reduces to [23, Theorem 5].
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Remark 9 In Corollary 8;

(2) If A1 =Ag = 1 = o = 1 is chosen, then we get the following trapezoidal type
inequality for Riemann-Liouville fractional integrals:
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where J(a, b, x; ¢, d, y) is defined as in Remark 5.
(3) ForAy=Ay =1 =y = %, the following Simpson type inequality for

Riemann-Liouville fractional integrals holds:

|x(a,b,x;¢,d,)|
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82 q

+Cy (0!, %)Dz (ﬁ: %) %f(x: c)
1 1\| 82 1

+ C2 <(x, g)Dl (ﬁ, g) ﬁf(ﬂ,y)

QU

2 q
+Cy (a, %)Dz (,3, %) %f(a,c) :|

Here, x (a,b,x;¢,d, y) is defined as in Remark 5.

6 Conclusion

In this paper, we used the concepts of generalized fractional integrals and proved some
new generalized inequalities for partially differentiable co-ordinated convex mappings. In
addition, we discussed the special cases of the main results. Furthermore, several new in-
equalities of trapezoidal and Simpson type for partially differentiable co-ordinated convex
functions via Riemann and Riemann-Liouville fractional integrals. It is an interesting and
new problem that the upcoming researchers can address similar inequalities for other type
co-ordinated convex functions in their future research. By using the Jensen inequality and
a coordinated concave function in our main lemma, one can obtain new inequalities for
generalized fractional integrals
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