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1 Introduction

In [1], Ulam proposed the universal Ulam stability problem in metric groups. In [2], Hyers
gave the first affirmative answer to the question of Ulam for additive functional equations
in Banach spaces. Since then the Hyers result has produced many significant generaliza-
tions [3—8]. Furthermore, useful non-stability results for various functional equations have
been given by Gajda [9], Bodaghi, Senthil Kumar, and Rassias [10], Alessa et al. [11] and
Karthikeyan, Park, Rassias, and Lee [12].

The theory of stability is an important branch of the qualitative theory of differential
equations. During the last decades many interesting results have been investigated on dif-
ferent types differential equations (for more details, see [13—18]).

A generalization of Ulam’s problem was proposed by replacing functional equations with
differential equations: The differential equation ¢(f,x, x,x",...,2"M) = 0 has the Hyers—

Ulam stability if, for given € > 0 and a function x such that
’(b(f,x,x/,x’/,...,x("))‘ <e,
there exists a solution x, of the differential equation such that |x(¢) — x,(¢)| < K(€) and

lim K(e) = 0.

e—>0

If the preceding statement is also true when we replace € and K(e€) with ¢(£) and ¢(¢),
where ¢, ¢ are appropriate functions not depending on x and x, explicitly, then we say
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that the corresponding differential equation has the generalized Hyers—Ulam stability or
Hyers—Ulam—Rassias stability.

Alsina and Ger [19] investigated the stability of the differential equation x(t) — x(¢). They
proved the following celebrated theorem.

Theorem 1.1 ([19]) Let f : I — R be a differentiable function, which is a solution of the
following differential inequality ||x'(t) — x(¢)|| < €, where I is an open interval of R. Then
there is a solution g : I — R of ¥/ (¢) = x(t) such that, for any t € I, we have ||f () —g(¢)|| < 3e.

This result was generalized by Takahasi et al. [20], who proved the Hyers—Ulam stability
for the Banach space-valued differential equation y/'(t) = Ay(¢). Furthermore, the Hyers—
Ulam stability has been proved for the first order linear differential equations in more
general settings [21-25].

In 2007, Wang, Zhou, and Sun [26] established the Hyers—Ulam stability of a class of
first order linear differential equations.

Many different methods for solving differential equations have been used to study the
Hyers—Ulam stability problem for various differential equations. But some initial condi-
tions have more significant advantage for solving differential equations. In 2011, Gavruta,
Jung, and Li [27] studied the Hyers—Ulam stability for the second order linear differential
equation y” + B(x)y = 0 with initial and boundary conditions using Taylor’s formula.

In 2014, Alqifiary and Jung [28] investigated the generalized Hyers—Ulam stability of

n-1
20+ V() = £(0)
k=0

by using the Laplace transform method. In 2020, Murali and Selvan [29] established the
Mittag-Leffler—Hyers—Ulam stability of the first order linear differential equation for both
homogeneous and non-homogeneous cases by using Laplace transformation. The Hyers—
Ulam stability of differential equations has been given attention, and it was established by
many authors (see [30—34]).

Recently, Murali, Selvan, and Park [35] investigated the Hyers—Ulam stability of various
differential equations by using the Fourier transform method (also [36, 37]).

In this paper, our main intention is to establish the Hyers—Ulam stability and the Mittag-
Leftler—Hyers—Ulam stability of the following second order linear differential equations:

W)+ plu=0 (1.1)
and
u"(£) + pPu = q(t) (1.2)

forall £ € I, u(t) € C?>(I) and ¢(t) € C(I), I = [a,b], —00 < a < b < 00, by using a new integral
transform method, i.e., Aboodh transform method.

2 Preliminaries
In this section, we introduce some standard notations and definitions which will be very
useful to obtain our main results.
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Throughout this paper, F denotes the real field R or the complex field C. A function
f:(0,00) — F is said to be of exponential order if there exist constants A, B € R such that
If(t)| < Ae®® forall £ > 0.

Definition 2.1 ([38, 39]) The Aboodh integral transform is defined, for a function of ex-
ponential order f(t), by

Alfo =3 [ roeta-rFe, =0

provided that the integral exists for some &, where & € (ki, k). A is called the Aboodh
integral transform operator.

Let f and g be Lebesgue integrable functions on (—oo, +00). Let S denote the set of x for
which the Lebesgue integral

o= [ flrgta-oya

exists. This integral defines a function % on S called the convolution of f and g. We also
write &1 = f * g to denote this function.

Definition 2.2 ([40]) The Mittag-Leffler function of one parameter, denoted by E,(z), is
defined as

> 1
Ey(2) = ; mzk

where z, o € C and Re(x) > 0. If we put « = 1, then the above equation becomes

where z,a, B € C, Re(x) > 0 and Re(8) > 0.

Let I,] € R be intervals. Throughout this paper, we denote the space of k continuously
differentiable functions from I to J by C¥(I,]) and denote C*(I,I) by C*(I). Furthermore,
C(1,]) = C°(I,]) denotes the space of continuous functions from [ to J. In addition, R, :=
[0, 00). From now on, we assume that I = [a, b], where —00 < a < b < 00.

Here, we give some definitions of various forms of Hyers—Ulam stability and Mittag-
Leffler—Hyers—Ulam stability of differential equations (1.1) and (1.2).

Definition 2.4 We say that differential equation (1.1) has the Hyers—Ulam stability if there
exists a constant L > 0 satisfying the following condition: For every € > 0 and some u(t) €
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C2(I) satisfying the inequality

|u”(t) + u2u| <e
forall £ € I, there exists a solution v € C2(J) satisfying the differential equation v (£) + u%v =
0 and |u(t) — v(¢)| < Le for all £ € I. We call such L the Hyers—Ulam stability constant for
(1.1).
Definition 2.5 We say that differential equation (1.1) has the Hyers—Ulam—Rassias sta-
bility with respect to ¢ € C(R,,R,) if there exists a constant L, > 0 with the following
property: For every € > 0 and some u(t) € C?(I) satisfying the inequality

| (£) + nPu| < ep(t)

forall £ € I, there exists a solution v € C2(I) satisfying the differential equation v (£) + u%v =
0 and

|u(t) = v()] < Lyes(t)
for all £ € I. We call such L the Hyers—Ulam—Rassias stability constant for (1.1).
Definition 2.6 We say that differential equation (1.2) has the Hyers—Ulam stability if there
exists a constant L > 0 satisfying the following condition: For every € > 0 and some u(¢) €
C2(I) satisfying the inequality

() + n’u - q(t)] < €
for all ¢ € I, there exists some v € C2(I) satisfying v'(¢) + v = q(t) and

|u(t) - v(t)| <Le
for all ¢ € I. We call such L the Hyers—Ulam stability constant for (1.2).
Definition 2.7 We say that differential equation (1.2) has the Hyers—Ulam—Rassias sta-

bility with respect to ¢ € C(R,,R,) if there exists a constant Ly > 0 such that, for every
€ >0 and some u(t) € C2(I) satisfying the inequality

(&) + wPu - q(t)| < ep(t)

forall £ € I, there exists some v € C%(1) satisfying the differential equation v (¢) + u2v = g(¢)
and

|u(t) — v(t)| < Lyea(t)

for all t € I. We call such L the Hyers—Ulam—Rassias stability constant for (1.2).
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Definition 2.8 We say that differential equation (1.1) has the Mittag-Leffler—Hyers—Ulam
stability if there exists a positive constant L satisfying the following condition: For every
€ >0 and some u(t) € C2(I) satisfying the inequality

|t (£) + nPu| < €Eq(2)
for all £ € I, there exists a solution v € C2(I) satisfying v"(¢) + #*v = 0 and
|u(t) - v(0)| < LeE,(0)
for all £ € I. We call such L the Mittag-Leffler—Hyers—Ulam stability constant for (1.1).

Definition 2.9 We say that differential equation (1.1) has the Mittag-Leffler—Hyers—
Ulam—Rassias stability with respect to ¢ : (0,00) — (0, 00) if there exists a positive con-
stant L satisfying the following condition: For every € > 0 and some u(t) € C*(I) satisfying
the inequality

| (&) + u’u| < $()eE, (t)
for all ¢ € I, there exists a solution v € C2(I) satisfying v"(¢) + +*v = 0 and

|u(t) = v(t)| < Lyop(t)eEq ()

for all £ € I. We call such L, the Mittag-Leffler—Hyers—Ulam—Rassias stability constant
for (1.1).

Definition 2.10 We say that differential equation (1.2) has the Mittag-Leffler—Hyers—
Ulam stability if there exists a positive constant L satisfying the following condition: For
every € > 0 and some u(t) € C*(I) satisfying the inequality

|u" () + *u - q(t)] < €Eq(2)

forall £ € I, there exists a solution v € C2(I) satisfying the linear differential equation v"(¢) +
u?v = ¢g(t) and

|u(t) = v(®)| < LeE,(0)
for all £ € I. We call such L the Mittag-Leffler—Hyers—Ulam stability constant for (1.2).

Definition 2.11 We say that differential equation (1.2) has the Mittag-Leffler—Hyers—
Ulam—Rassias stability with respect to ¢ : (0,00) — (0, 00) if there exists a positive con-
stant L satisfying the following condition: For every € > 0 and some u(t) € C*(I) satisfying
the inequality

" (0) + 1P u = q(2)| < p(DeEu(t)

forall £ € I, there exists a solution v € C2(I) satisfying the linear differential equation v"(¢) +
w?v = q(t) and |u(t) — v(£)| < Lyp(t)€E,(¢) for all £ € 1. We call such L, the Mittag-Leffler—
Hyers—Ulam—Rassias stability constant for (1.2).
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3 Hyers-Ulam stability for (1.1)

In this section, we prove the Hyers—Ulam stability, Hyers—Ulam—Rassias stability, Mittag-
Leffler—Hyers—Ulam stability, and Mittag-Leftfler—Hyers—Ulam—Rassias stability of differ-
ential equation (1.1) by using the Aboodh transform.

Theorem 3.1 Differential equation (1.1) is Hyers—Ulam stable.

Proof Let € > 0. Suppose that u(t) € C*(I) satisfies
|u”(t) + u2u| <e (3.1)

for all £ € I. We prove that there exists a real number L > 0 which is independent of € and u
such that |u(£) — v(t)| < Le for some v € C*(I) satisfying v'(t) + u?v = 0 for all ¢ € I. Define
a function p : (0,00) — F such that p(t) =: «”(£) + pn2u(t) for all £ > 0. In view of (3.1), we
have |p(t)| < €. Taking the Aboodh transform to p(¢), we have

u'(0)

Alp) = (8% + 1n?) Afu} — u(0) - P (3.2)
and thus
A - A{p} + u(0) + @'

E2 4 12
In view of (3.2), a function u : (0,00) —> F is a solution of (1.1) if and only if

4(0)
3

=0.

(8% + ) Afuo} — uo(0) -

If there exist constants [ and 1 in F such that £2 + u? = (£ — [)(§ — m) with [+ m =0 and
Im = 2, then (3.2) becomes

A{p} + u(0) + @
E-DE-m)

Alu) = (3.3)

Set

It mt It mt
v(t):u(O)(lel>+u’(O)<e —¢ )
l-m l—-m

We have v(0) = u(0) and #'(0) = v/(0). Taking the Aboodh transform to v(£), we obtain

u(0) 1/ (0) 1

AV =T e —m " T GoDE-m)

(3.4)

On the other hand, A{v'(¢) + u?v} = (62 + u?)A{v} - v(0) - @. Using (3.4), we get
A{V'(t) + v} = 0. Since A is one-to-one and linear, v’ (¢) + u2v = 0. This means that v(¢)
is a solution of (1.1). It follows from (3.3) and (3.4) that

Alp} +u(0) + 2 u(0) + 42 Alp}
A _ A _ — = ’
{u} v} E-D)(E-m) E-DE-m) (E-DE-m)
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It _ mt
A{u(t)—v(t)}:A{p(t)*<e c )}
I-m

The above equalities show that

It mt
u(t)—v(t):p(t)*(e —¢ )

l-m

Taking modulus on both sides and using |p(t)| < €, we get

it _ mt
|u(t>—v(t>|=‘p(t>*(6l ‘ )‘
-m

t I(t—x) _ m(t—x)
/ p(x) (L) dx
0 l-m

t s l(t—x) _ m(t—x)
/ <7e ¢ > dx
0 l-m
for all £ > 0, where

t I(t—x) m(t—x)
e —e
/ (7) dx
0 l-m

1 ‘ ‘ K
< {eR(l)t/ e—R(l)x dx + e'R(m)t/ e—'R(m)x dx} < ,
T |l-m] 0 0 T l-m|

=

<e€

L=

where fot e RO gy and fot e~ Rmx gy exist. Hence |u(f) — v(t)| < ﬁe = Le. By Defini-

tion 2.4, linear differential equation (1.1) has the Hyers—Ulam stability. This finishes the
proof. O

By using the same technique as in Theorem 3.1, we can also prove the Hyers—Ulam—
Rassias stability of differential equation (1.1). The method of the proof is similar, but we
include it for the sake of completeness.

Theorem 3.2 Differential equation (1.1) is Hyers—Ulam—Rassias stable.

Proof Assume that u(t) € C?(I) satisfies
[W(0) + 1u] < () (35)

forall ¢ € I, ¢ > 0 and an integrable function ¢ € C(R,, R, ). We show that there exists a real
number L, > 0 such that |u(£) — v(£)| < Lyeg(¢) for some v € C*(I) satisfying v'(£) + u?v =0
foralltel.

Define a function p : (0,00) — F such that p(t) =: «” () + 12u(t) for all £ > 0. By (3.5), we
have |p(t)| < €¢(2). Now, taking the Aboodh transform to p(t), we have

Alp) = €+ 17) A - u0) - 22, (36)

We know the function u : (0,00) —> F is a solution of (1.1) if and only if

#(0) _
§

(52 + Mz)A{MO} —up(0) - 0.

Page 7 of 18
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If there exist two constants [ and m in F such that £2 + p? = (£ = [)(§ —m) with [+ m =0
and Im = 2, then (3.6) becomes

Alp} +u(0) + ==
A e 7

Let v(¢) = u(O)(le —me” ) + ’(O)(Elt e )- Then v(0) = 4(0) and #'(0) = v/(0). Taking again the
Aboodh transform to v(t), we have

A= O 3.8
M Enem e

Furthermore, A{V"(¢) +u2v} = (€2 + u?) Af{v} —v(0) - @. Thus, using (3.8), we get A{v" () +
u?v} =0, and so v'(¢) + u2v = 0. Applying (3.7) and (3.8), we get

Afp} + u(0) + 40 u(0) + @ Alp}
E-DE-m)  E-DE-m) (E-DE-m)

It mt
Afu(® - v(t)} = A{p(t) x (el:; )}

Therefore, u(t) - (£) = p(t) % (572). Using |p(£)| < €¢(£), we get

t l(t—x) _ m(t—x)
/ (L)d,(t) dx
0 l-m

Afu} - Afv} =

’u(t) - v(t)| <e

for all £ > 0, where

t I(t—x) _ m(t—x)
/ (—> S dax
0 l-m

t t
- 1 {eR(l)t/ D% b (x) dx + €7 m)t/ e R0 ) dx} < Kpp(t)
|l - m| 0 0 |l —m |

Ly =

where fot e RU%¢ (x) dx and f o€ ROmx(x) dx exist for all £ > 0 and an integrable function ¢.
Hence |u(t) — v(t)| < KW €=Lyed(t). O

Theorem 3.3 Differential equation (1.1) has Mittag-Leffler—Hyers—Ulam stability.

Proof Let € > 0. Suppose that u(t) € C%(I) satisfies
|u”(t) + u2u| <eE,(t) (3.9)

for all £ € I. We prove that there exists a real number L > 0 which is independent of € and
u such that |u(t) — v(t)| < LeE,(t) for some v € C?(I) satisfying v'(¢) + n*v =0 forall t € I.
Define a function p : (0,00) — F such that p(¢) =: «”(t) + u?u(t) for all £ > 0. In view of
(3.9), we have |p(£)| < €E,4(t). Taking the Aboodh transform to p(t), we have

u'(0)

Alp} = (€2 + 1*) Afu} - u(0) - (3.10)
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and thus

A{p}+u(0)+w
Al = — 5 £

By (3.10), a function ug : (0, 00) —> F is a solution of (1.1) if and only if

44(0) _
3

0.

(&% + 1?) Afuo} — uo(0) -

If there exist constants [ and m in F such that £2 + u? = (¢ — [)(§ — m) with [ + m = 0 and
Im = p?, then (3.10) becomes

A{p} + u(0) + @
E-DE-m)

Alu} = (3.11)

Set

It mt It mt
We) = u(0)<lel__7rzle> + u’(O)(el:; )

We have v(0) = u(0) and v/(0) = «/(0). Taking the Aboodh transform to v(¢), we obtain

u(0) + ©(0)
d (3.12)

AV e

On the other hand, A{V'(¢) + u?v} = (£2 + u?)A{v} — v(0) - @. Using (3.12), we get
A{V'(t) + v} = 0. Since A is one-to-one and linear, v’(¢) + u2v = 0. This means that v(¢)
is a solution of (1.1). It follows from (3.11) and (3.12) that

Alp) +u(@) + 22 u(0) + “Q Alp)
A=AV = =3 T E D m  EDE—m)

It mt
A{u(t)—v(t)}zA{p(t)*(e —° )}

l-m

The above equalities show that

It mt
u(t)—v(t):p(t)*<e —¢ )

l-m

and by using |p(¢)| < €E,(t), we get

t l(t—x) _ m(t—x)
|u(t) - v(t)| < eEa(t)‘/o (%) dx

m

for all £ > 0, where

t el(t—x) _ em(t—x) 1 t t
/ dx| < SR f e ROx gy | SROM)E f o Rmx g,
0 l-m |l —m| 0 0

b~
Il
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where fot e RO gy and fot e RUmx dx exist. Hence |u(t) — v(t)| < LeE,(t). By Definition 2.8,
linear differential equation (1.1) has the Hyers—Ulam stability. This finishes the proof. [

The following corollary proves the Mittag-Leftler—Hyers—Ulam—Rassias stability of dif-
ferential equation (1.1). The method of proof is similar to the proof of Theorem 3.3.

Corollary 3.4 For every € > 0, let u(t) be a twice continuously differentiable function on 1
which satisfies the inequality

| (2) + 1u| < €p(D)E(2)

forall t € I. Then there exists a real number Ly > 0 which is independent of € and u such
that

|u(t) — V()| < Lyed()E,(t)
for some v € C*(I) satisfying V' (t) + u>v=0forall t € I.

4 Hyers-Ulam stability for (1.2)
In this section, we investigate the Hyers—Ulam stability, the Hyers—Ulam—Rassias stability,
the Mittag-Leffler—Hyers—Ulam stability, and the Mittag-Leffler—Hyers—Ulam—Rassias
stability of non-homogeneous differential equation (1.2).

Firstly, we prove the Hyers—Ulam stability of linear differential equation (1.2).

Theorem 4.1 Non-homogeneous linear differential equation (1.2) has Hyers—Ulam sta-
bility.

Proof For every € > 0 and for each solution u(t) € C2(I) satisfying
() + WPu—qt)| <€ (4.1)

for all £ € I, we prove that there exists a real number L > 0 which is independent of € and
u such that |u(¢) — v(t)| < Le for some v € C2(I) satisfying v"(t) + u?v = q(¢) for all t € I.
Define a function p : (0,00) — F such that p(t) =: u”(¢) + n2u(t) — q(¢) satisfies |p(t)| < e.
Taking the Aboodh transform to p(£), we have

Afp} +u(0) + 22 + Afq)

Alu} = £2 1 112

(4.2)

Equality (4.2) shows that a function g : (0, 00) — F is a solution of (1.2) if and only if

uy(0)

(52 + MZ)A{MO} —up(0) - = A{q}.

If there exist constants [ and m in F such that £2 + u? = (¢ — [)(§ — m) with [ + m = 0 and
Im = pu?, then (4.2) becomes

Alp} +u(0) + “2 + Alg)

A = = —m

(4.3)
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Mt

Set r(t) = ehl:—m and
It _ mt
v(e) = u(O)( e — ) +d (Or(®) + [+ ®)].
—-m
Then v(0) = #(0) and #/(0) = v/(0). Once more, taking the Aboodh transform to v(¢), we
have
1(0) + 2 + Alq)
Ay =— & % 4.4
M= e nE-m @
On the other hand,
A{v”(t) + pozv} = (?;‘2 + ptz).A{V} -v(0) - 1/20)'

By (4.4), the last equality becomes A{v"(t) + u?v} = A{q}. Since A is one-to-one and linear,
V'(t) + u?v = q(t), which shows that v(¢) is a solution of (1.2). Now, relations (4.3) and (4.4)
necessitate that

Alp}

A{M(t) - V(t)} = A{u} - A{V} = m

= Afp(e) ()},

and hence u(f) — v(t) = p(t) * r(t). Taking modulus on both sides of the last equality and

t el(t—x) _ em(t—x)
———— )dt| < Le
0 l—-m

using |p(f)| < €, we get

|u(t) - v(©)| = |p(e) % r(t)| <€

for all £ > 0, where

t el(t—x) _ em(t—x)
J (=)
0 l-m
1 t t K
< {eR(l)t/ e—R(l)x dx+e72(m)t/ e—R(m)x dx} < ,
|l —ml| 0 0 |l —m|

where the integrals fot e R0* dx and fot e R gy exist. Hence |u(t) — v(t)| < ﬁe Le.

Therefore, linear differential equation (1.2) has the Hyers—Ulam stability. d

L=

In analogous way to Theorem 4.1, we have the following result which proves the Hyers—
Ulam-Rassias stability of differential equation (1.2).

Theorem 4.2 Differential equation (1.2) has Hyers—Ulam—Rassias stability.
Proof Let € >0and ¢ € C(R,,R,). Suppose that u(¢) € C2(I) satisfies
(@) + nPu—q(t)| < ed(®) (4.5)

forallt € I. We prove that there exists a real number Ly > 0 such that [u(¢) —v(£)| < Lgep(t)
for some v € C2(I) satisfying v'(¢) + u?v = q(t) for all ¢ € I. Define a function p : (0,00) — F
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by p(t) =: u”(t) + uu(t) — q(¢) for all £ > 0. In view of (4.5), we have |p(t)| < €¢(t). Now,
taking the Aboodh transform to p(¢), we get

_ Alp)+u(0) + “0 4 Afg)

Afu} o (4.6)
In addition, by (4.6), a function u : (0,00) — F is a solution of (1.2) if and only if

(7 + %) Afuo} - 1o 0) - ”6;0) = Alg).
However, (4.6) becomes

Afu) - Alp}+u(0) + “2 + Alg) @)

E-DE-m)

Assume that there exist constants / and m in F such that £2 + u? = (§ — [)(§ — m) with

[ +m =0and lm = 2. Putting r(¢) = e ond

I-m

)/ It _ mt
v(e) = u(O)(%) +u () + [ 9 ®)],
one can easily obtain v(0) = #(0) and #'(0) = v/(0). Taking the Aboodh transform to v(¢),
we have
u(0) + LA Alq}
A{v} = 2T e v (4.8)

¢ -DE-m)

Furthermore, A{V" + u?v} = (62 + u?) A{v} —v(0) - @. By (4.8), we obtain A{v"(¢) + u2v} =
A{g}. The last equality implies that v"(£) + u?v(t) = q(¢). This means that v(¢) is a solution
of (1.2). Hence, by (4.7) and (4.8), we obtain

Alp}

A{u(t) - v(t)} = Alu} - A{v} = m

= A{p(t) * r(t)}.

Thus u(£) — v(t) = p(£) * r(¢). Then, by using |p(¢)| < ep(t), we get

t I(t—x) _ m(t—x)
/ (L)M dx
0 l-m

|lu(t) - v(t)| <€ < Lyedp(t)

for all £ > 0, where

t el(t—x) _ em(t—x)
Ly = fo (—l—m >¢(x)dx
t t
< 1 eR(l)t/ e—R(l)x¢(x) dx + e’R(m)t/ e—R(m)x¢(x) dx < ’C¢¢(t)’
|l —m| 0 0 |l —m|

Page 12 0f 18
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where the integrals fot e R0%¢(x) dx and fot e Rmx g (x) dx exist for all £ > 0 and an inte-
grable function ¢. Hence

Kyo(2)

|l = m|

|u() - v()| < € =Lyed(1).

This finishes the proof. O

By using the same technique as in Theorem 3.1, we can also prove the Mittag-Leffler—
Hyers—Ulam stability of differential equation (1.2). The method of the proof'is similar, but
we include it for the sake of completeness.

Theorem 4.3 Differential equation (1.2) is Mittag-Leffler—Hyers—Ulam stable.

Proof For every € > 0 and for each solution u(¢) € C(I) satisfying
| (0) + 1P~ q(2)| < €Ea(D) (4.9)

for all £ € I, we prove that there exists a real number L > 0 which is independent of € and
u such that |u(t) — v(t)| < LeE,(t) for some v € C2(I) satisfying v'(¢) + u?v = g(t) for all
t € I. Then the function p : (0,00) — F defined by p(¢) =: u”(¢) + u2u(t) — q(t) satisfies
|p(2)| < €E,(¢). Taking the Aboodh transform to p(t), we have

A{p} + u(0) + @ + Alq}

Alu} = £2 1 112

(4.10)

Equality (4.10) shows that a function u : (0,00) — F is a solution of (1.2) if and only if

uy(0)

(&% + 1?) Afuo} — uo(0) - = Afq}.

If there exist constants [ and 1 in F such that £2 + u? = (£ - [)(§ — m) with [+ m =0 and
Im = p?, then (4.10) becomes

~ A{p} + u(0) + @ + Alq}

A = 4.11
a E-DE-m) (1D
Set r(t) = % and
[ m
Wt) = u(0)<letl_7met> +d O)r(®) + [(r = ()]
-m
Then v(0) = #(0) and v/(0) = #/(0). Once more, taking the Aboodh transform to v(¢), we
obtain
0)+ 40+ A
Ay} = M (4.12)

¢ -DE-m)
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On the other hand, A{v"(¢) + u?v} = (62 + u?) A{v} —v(0) - @. By (4.12), the last equality
becomes A{v"(¢) + 1*v} = A{q}. Since A is one-to-one and linear, v"(£) + u%v = g(t), which
shows that v(¢) is a solution of (1.2). Now, relations (4.11) and (4.12) necessitate that

Alp}

A{u(t) - v(t)} = Alu} - A{v} = m

= A{p(t) = (1)},

and hence u(t) — v(t) = p(t) * r(t). Taking modulus on both sides of the last equality and
using |p(2)| < €E,(t), we get

|I/l(t) - V(t)| = LéEa(t))

where L = | fot (%f:(m)) dt| and the integral exists for all £ > 0. Hence linear differential
equation (1.2) has the Mittag-Leffler—Hyers—Ulam stability. d

In analogous way to Theorem 4.3, we have the following corollary which proves the
Mittag-Leffler—Hyers—Ulam—Rassias stability of differential equation (1.2).

Corollary 4.4 For every € > 0, let u(t) be a twice continuously differentiable function on I
which satisfies the inequality

|u”(t) +ulu- q(t)| < e@(t)E,(t)

forall t € I. Then there exists a real number Ly > 0 which is independent of € and u such
that

|u(t) = v(t)| < Lyep(t)Eq(t)
for some v € C2(I) satisfying v'(t) + u*v=q(t) forall t € I.

5 Examples and remarks
In this section, we provide some examples to make it easier to understand the main results

of this paper.

Example 5.1 We consider the following homogeneous linear differential equation of sec-
ond order:

u’(t) +u(t) =0, (5.1)

where u? = 1, with the initial conditions %(0) = #/(0) = 1. Letting p(¢) = u”(£) + u(¢) in The-
orem 3.1 and taking the Aboodh transform, we get

u'(0)

P(g) =£°U(E) - —u(0) + U(§).

By the initial conditions, we have A{u} = élgg;ii;l

u : [0,00) — F of exponential order satisfies

If a continuously differentiable function

’u”(t) + u(t)‘ <e
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for all £ > 0 and for some € > 0, then, by Theorem 3.1, there exists a solution v : [0,00) — F
of differential equation (5.1) such that

’u(t) - v(t)| <Le
for all £ > 0. In fact, v(t) = ¢1 cost + ¢, sint for some constants ¢y, ¢, € F.
Example 5.2 Let us take the non-homogeneous linear differential equation

u' () +3u(t) =t, (5.2)
with the initial conditions #(0) = #/(0) = —1. Here g(¢) = ¢ is a function of exponential order

and p? = 3.
If a continuously differentiable function u : [0, 00) — F of exponential order satisfies

| (t) +3u(t) - t| <

for all £ > 0 and some ¢ > 0, then, by Theorem 4.1, there exists a solution v : [0, 00) — F of

differential equation (5.2) such that v(¢) is of exponential order and

’u(t) - v(t)| <lLe
for all ¢ > 0. In fact, v(¢) = ¢; cos /3t + ¢ sin /3¢ + %t for some constants cj,c; € F.
Example 5.3 Consider the non-homogeneous linear differential equation

u” () + 2u(t) = 4€*, (5.3)
with the initial conditions

u(0)=-3 and #'(0)=5,

where g(t) = 4% is a function of exponential order with u? = 2.
Letting p(¢) = u”(¢) + 2u(t) — 4€3 in Theorem 4.1 and taking the Aboodh transform, we
get
(0) 4

_eue)- O __t
P(E) = §7U() ~ == —ul0) + 2U(E) - 7.

By the initial conditions, we have

1 4 5
UeE)=Alu} = m[P($)+ fE_3) +E—3].

If a continuously differentiable function u : [0,00) — F of exponential order satisfies

| () +2u(t) - 4e*| <€
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for all £ > 0 and some € > 0, then, by Theorem 4.1, there exists a solution v : [0, 00) — F of
differential equation (5.3) such that

|u(t) - v(t)| <Le
for all ¢ > 0. In fact, v(¢) = ¢; cos /2t + ¢y sin/2¢ + 4€> for some constants c;, ¢, € F.
Example 5.4 Consider the linear differential equation

u”(t) + 9u(t) = 2cost (5.4)
with the initial conditions

u(0)=3 and #/(0)=4,
where g(t) = 2cost is a function of exponential order with 2 = 2.

Letting p(¢) = u”(¢t) + 9u(t) — 2cost in Theorem 4.1 and taking the Aboodh transform,

we get

“O o)+ oue)

_ &2 _
PE) = £2U(E) - — T

By the initial conditions, we have

1 2 4
U(E)ZA{M}Zm[P($)+m+§+3:|.

If a continuously differentiable function u : [0, 00) — F of exponential order satisfies
’u”(t) +9u(t) — 2 cos t’ <e

for all £ > 0 and some € > 0, then, by Theorem 4.1, there exists a solution v : [0, 00) — F of
differential equation (5.4) such that

’u(t) - v(t)| <Le
for all £ > 0. In fact, v(¢) = ¢ cos 3¢ + ¢; sin 3t + % cost for some constants ¢, ¢y € F.

Remark 5.5 The above examples are also true when we replace € and Ke with ¢(¢)e and
K¢(t)e, respectively, where ¢(t) is an increasing function. In this case, we see that the

corresponding differential equations have the Hyers—Ulam—Rassias stability.

Remark 5.6 Differential equations (5.1), (5.2), (5.3), and (5.4) have the Mittag-Leftler—
Hyers—Ulam stability when « > 0. Moreover, they also have the Mittag-Leffler—Hyers—

Ulam-—Rassias stability when ¢(¢) is an increasing function and « > 0.
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6 Conclusion
In this paper, we introduced a new integral transform, namely Aboodh transform, and we
applied the transform to investigate the Hyers—Ulam stability, the Hyers—Ulam—Rassias
stability, the Mittag-Leffler—Hyers—Ulam stability, and the Mittag-Leffler—Hyers—Ulam—
Rassias stability of second order linear differential equations with constant coefficients.
In other words, we established sufficient criteria for the Hyers—Ulam stability of second
order linear differential equations with constant coefficients by using the Aboodh trans-
form method. Moreover, this paper provides a new method to investigate the Hyers—Ulam
stability of differential equations. This is the first attempt to use the Aboodh transforma-
tion to prove the Hyers—Ulam stability for linear differential equations of second order.
Furthermore, this paper shows that the Aboodh transform method is more convenient for
investigating the stability problems for linear differential equations with constant coeffi-
cients. Readers can also apply this terminology to various problems on differential equa-
tions.
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