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1 Introduction

Lakes are very important water resources; many lakes have water supply, shipping, flood
control, irrigation, aquaculture, tourism, and other functions [1]. Lake eutrophication has
become a worldwide environmental problem. According to statistics, the proportion of
eutrophic water bodies in Asia, Europe, North America, and Africa reached 54%, 53%,
46%, and 28%, respectively [2]. Bennett et al. [3] investigated human impact on erodable
phosphorus and eutrophication. The main characteristic of lake pollution is eutrophica-
tion of water body. Because of human interference of activities, eutrophication process
is very rapid. Deposing the sediment is an important reservoir of nutrients in lakes. Af-
ter the nutrient load of the lake is reduced or completely cut off, the nutrient salt in the
sediment will gradually released to become the dominant factor of lake eutrophication
endogenous [4]. So the preventing and controlling phytoplankton in eutrophication lake
ecosystem have also become an important subject of water environmental protection.
Partly and periodically dredging sediments can protect lake ecosystem and water resource.
At present, physical, chemical, and biological methods are the common methods of con-
trolling phytoplankton (cyanobacteria) in eutrophication lake ecosystem [5]. The physi-
cal methods are relatively safe ways to remove algae. Impulsive differential equations are
found in almost every domain of applied science and have been studied in many investi-
gations [6—13]. However, the authors did not applied impulsive differential equations to
describe the physical methods for water resource management. In this paper, we present
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a lake-eutrophication model for water resource management, which considers effects of
nontransient/transient impulsive dredging and pulse inputting.

2 The model

For the diagram in Fig. 1, in this paper, we consider a like-eutrophication model with non-
transient/transient impulsive dredging and pulse inputting on nutrients

) _ 5 —dis(e)

ﬁ“S(t)xl(t) ﬁuS(t)xz(t)
dxl(t = Brs()x1(t) — diixi (),
dxz(t = Br2s(t)x2(£) — dioxa(2),
AS(t) = —puss(2),
Ax1(t) = —pu1x1(2), t=(n+Dt,neZ,

Axy(t) = —proxa(2),
it (2.1)
@

te(nt,(n+0t],

= Ay — (dy + Eg)s(t)
_ Bu _ ﬂzz
) sas(0)x1(2) = F2s(£)xa (1), Fe((ns D), (n+ D7,
xl(t = Bors(E)x1 () — (d21 +Ep)x1(2),

dxw = Baas(t)xa(t) — (daz + E2)xa(2),

As(t) =
Ax(t) =0, t=(m+1)t,neZ".
sz(t) = O,

Here s(t) represents the concentrations of the nutrients at time ¢, x;(¢) (i = 1,2) rep-
resent the concentrations of phytoplankton in lake at time £, A; > O represents the in-

B

pooxo] || 5, "% a5 (1)
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Figure 1 Diagram for the dynamics of a lake-eutrophication model with nontransient/transient impulsive
dredging and pulse inputting
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put concentration of the nutrients from ravine streams around the eutrophication-lake
in the interval (nt,(n + [)t)], d; > 0 represents washout and loss rate of the nutrient in
eutrophication-lake in the interval (n7, (1 + [)7)], B11 > O represents the maximum growth
rate of phytoplankton x; in eutrophication-lake in the interval (nt,(n + [)7)], 0 <811 <1
represents the yield of the nutrients for phytoplankton x; in eutrophication-lake in the
interval (nt, (n + [)t)], B12 > O represents the maximum growth rate of phytoplankton x,
in eutrophication-lake in the interval (nt, (1 + [)7)], 0 < 812 < 1 represents the yield of the
nutrients for phytoplankton x; in eutrophication-lake in the interval (nz, (1 +)7)], d12 > 0
represents the death and loss rate of the phytoplankton in the eutrophication-lake in the
interval (nt,(n + [)T)], 0 < us < 1 represents the impulsive dredging effect on the nutri-
ents in the eutrophication-lake at moment ¢ = (n + [)t, 0 < i1 < 1 represents the impulsive
dredging effect on phytoplankton x; in the eutrophication-lake at moment ¢ = (n + /)7, 0 <
1o < 1represents the impulsive dredging effect on phytoplankton x; in the eutrophication-
lake at moment ¢ = (1 + [)T, Ay > O represents the input concentration of the nutrients
from ravine streams around the eutrophication-lake in the interval ((n + I)t,(n + 1)7)],
dy > 0 represents washout and loss rate of the nutrient in eutrophication-lake on inter-
val ((n + )T,(n + 1)1)], E; > O represents the nontransient impulsive dredging effect on
the nutrients in the eutrophication-lake in the interval ((n + [)t, (n + 1)t)], B21 > O repre-
sents the maximum growth rate of phytoplankton x; in eutrophication-lake in the interval
((n+Dt,(n+1)1)], 0 < 821 < 1 represents the yield of the nutrients for phytoplankton x;
in eutrophication-lake in the interval ((n + [)7, (n + 1)7)], B2 > 0 represents the maximum
growth rate of phytoplankton x; in eutrophication-lake in the interval ((n + )7, (1 + 1)7)],
0 < 893 < 1 represents the yield of the nutrients for phytoplankton x; in eutrophication-lake
in the interval ((n + )7, (n + 1)7)], da2 > O represents the death and loss rate of the phyto-
plankton in the eutrophication-lake in the interval ((n +[)7, (n + 1)7)], E; > O represents the
nontransient impulsive dredging effect on phytoplankton x; in the eutrophication-lake in
the interval ((n + )7, (n + 1)7)], Ez > O represents the nontransient impulsive dredging ef-
fect on phytoplankton x; in the eutrophication-lake in the interval (n+ )z, (n+1)7)], > 0
represents the pulse inputting amount of the nutrients with seasonally rainstorm washing
from soil around the lake at moment ¢ = (n + 1)t. The time interval (nt, (1 + )] repre-
sents the nondredging period, the time interval ((n + [)t, (n + 1)7] represents the dredging
period, and 0 </ < 1 represents the interval length of the nondredging.

3 Some lemmas

The solution X (£) = (s(2), x1(£), x2(£))T of system (2.1) is a nonsmooth function X: R, — R3.
It is continuous on (n7,(n + [)t] and ((n + )T, (n + 1)7], n € Z,, and the limits X(nt*) =
limy_, ,,.+ X(t) and X((n + I)t*) = limy— (441)-+ X (¢) exist. Obviously, the global existence and
uniqueness of solutions of system (2.1) are guaranteed by the smoothness properties of f
defined by right-side of system (2.1) [6].

Lemma 3.1 For solution (s(t),x1(£), x2(t)) of system (2.1), there exists a constant M > 0 such
that s(t) <M, x1(t) < M, and x,(t) < M for all t large enough.

Proof Defining V() = 8s(t) + x1(t) + x,(t) and taking § = max{811,812,821,822} and d =
min{dy, d11,d12,d>,d>1,drn}, we have DYV () + dV (t) < 811 for t € (nz,(n + [)T]. We also
have D*V(t) + dV(t) < iy for t € (n+ )T, (n+ 1)t]. Denoting & = max{§Xx1,8A,}, we have
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the following inequality for ¢ # nt, t # (n + [)t:
D'V(t)+dV(t) <&.

We haver V(nt*) = V(nt) + pfort =nt and V((n + )t*) < V((n + )t) for t = (n + [)t. By
the lemma of [6] we have

Me—d(t—r) Medr
+ l_ed‘[ + edt_l

V(t) < V(0)exp(—dt) + %(1 — exp(—dt))

Medr

edr -1

—>§+ ast — 00.
d

So V(t) is uniformly ultimately bounded. By the definition of V'(¢£) we have that there exists
a constant M > 0 such that s(t) < M, x;(t) <M, and x,(¢t) < M for ¢ large enough.
If x;(t) =0 (i = 1,2), then a subsystem of system (2.1) is

% =A —dis(t), te(nt,(n+Drl,

As(t) = —us(t), t=m+Dt,nezt,

d (3.1)
B 2y —dos(t), te(n+Dr,(n+ 1)l
As(t)=p, t=m+1)t,neZ".
Between the impulsive points, system (3.1) has the analytic solution
1 +\) p—d1(t—n7)
A — (A1 —dys(nt*))e 4 , temr,(n+rt],
S(0) = 7 1= (= dis(nt™)) ] (n7,(n+ 7] (3.2)

%[kz —(hy —dos((m+ Dr*))e 2], te(n+Dt,(n+1)7].

Considering the second and fourth equations of system (3.1), the stroboscopic map of
system (3.1) is presented by

s((n+ 1)) = e‘dllfs(nt*)

F e+ (1 —;S)M e_d2(1_1)z(1 B e—dllr) + %(1 _ e—dz(l—l)r)' (3.3)
1 2

The unique fixed point s* of (3.3) is

W+ (lfiitls)h e—dz(l—l)r(l _ e—dllf) + ;_Z(l _ e—dz(l—l)‘r)

s* = ok . (3.4)

Similarly to [12], we can easily obtain the following two lemmas.

Lemma 3.2 The fixed point s* of (3.3) defined in (3.4) is globally asymptotically stable.

Lemma 3.3 The periodic solution s(t) of system (3.1) is globally asymptotically stable,
where s?f) is defined as

7= G —dis))e ), te (nr, (n + D7),

-4 d
52— (o = dps™)e @), te((n+ D, (n+1)7],

(3.5)
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where s* is defined in (3.4), and s** is defined as

. 1 ;1//Ls) [k = (k1 = dys)e 7], (3.6)

4 The dynamics
Theorem 4.1 If

In 1_1 (i—lll)»1—d11>lt+ [%)\2—(‘121 +El):|(1_l)
Bi1 * —dilt
—?(kl_dls )(1_e )

_ B

dz ()\2 —d S**) —dzlr(l _e—dz(l—l)r) (41)

and

In 1_1 ('lez)\1—d12)lt+ [i—zlz—(dn +E1):|(1_Z)T

—%%OJ—%fﬂl—fﬁﬂ

/2222 ()"2 —d S**) —dzlt(l _ e—dz(l—l)t)’ (42)
then the phytoplankton-extinction periodic solution (s(£),0,0) of system (2.1) is globally
asymptotically stable, where s* is defined in (3.4), and s** is defined in (3.6).

Proof We first prove that the phytoplankton-extinction solution (SE), 0,0) of (2.1) islocally
stable. Defining s; (¢) = s(¢) — s’(\E), x1(¢) = x1(¢), and x,(£) = x5(¢), we have the following lin-
early similar system for system (2.1), which is concerning one periodic solution (SE), 0,0)
of system (2.1):

WO\ (-d {s(0) f2s(0)
dx;[(t) =10 ,3115(f) d ~0
“z0 0 0 Bras(t) — du
s1(¢)
x |xi(®) |, temr,(n+r], (4.3)
x2(t)
and
% —(dy + Ey) ﬁm S(t) ‘;‘jj s(®)
% = 0 .321$(t) (dy1 + E1) 0
“z0 0 0 Boas(t) - (ds + Es)
s1(¢)
x |xi(®) |, temr,(n+r]. (4.4)

x2(t)

Page 5of 16
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It is easy to obtain the fundamental solution matrix on interval (nt, (n + ) 7]

D(2)
e—dl (t-nt) %11 1
=[ o exp(f,(Bus®) - dir)ds) 13 . (4.5)
0 0 exp( [ (B12s(t) — dr2) ds)

There is no need to calculate the exact form of #y; (j = 1,2, 3) as they are not required in the
analysis that follows, and the fundamental solution matrix on the interval ((n+ /)7, (n+1)7]
is

Dy (2)
e—(d2+EX)(t—nr) %01 .
= 0 A *93 , (4.6)
0 0 eXP(f(le), (B225(t) — (da2 + Ez) ds)

where A = exp( f(;”)r(ﬂmsf(\f) — (dy1 + Eq) ds). There is no need to calculate the exact form
of %9 (j = 1,2,3) as they are not required in the analysis that follows.
For t = (n + [)7, the linearization of the fourth, fifth, and sixth equations of (2.1) is

si((m+Dt*) 1— 0 0 si((n+1)1)
x1(m+D1*) | = 0 1-u 0 x1((m+D7) |- (4.7)
x((m+D)T™) 0 0 1-y) \xo((m+10)7)

For ¢t = (n + 1)7, the linearization of the tenth, eleventh, and twelfth equations of (2.1) is

s1((m+ 1)) 1 00 si((m+1)1)
x1(n+D) =10 1 0] |xi((m+1)7) |- (4.8)
x((n+1)t*) 0 0 1 x((n+1)7)

~

The stability of the periodic solution (s(¢), 0, 0) is determined by the eigenvalues of

l-pus O 0 1 00
M=| 0 1-u4 O 0 1 0]@und,0). (4.9)
0 0 1-w/\0 0 1

The eigenvalues of (4.9) are represented as

)Vl — (1 _ /,Ls)e_[dll+d2(l_l)]r <1,

hg = (1 = pug)elo” Buisti-din)dse [ (B s)-(dor +E1)ds

and

A3 =(1— Mz)efolr (ﬁlefG)—dlz)d5+f(tn+l),(ﬂzszG)—(dzﬂEz))dS‘
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From (4.1) and (4.2) we have |A;| < 1 and |A3]| < 1. Then, according to the Floquet theory

[6], we can obtain that the phytoplankton-extinction solution (s(£),0,0) of system (2.1) is

locally stable.

In the next step, we prove that the phytoplankton-extinction solution (s(£),0,0) of system

(2.1) is globally attractive. Choosing ¢ > 0 such that

o1 = (1= puy)elo Bru6O+el-din)dst [ (B (E)+e)-(dan +Er ds |

and

pr = (1= 12) Jo" (Br2 (6O +e)-da)dst [, 1y (B (s +e)~(dn+ Ex))ds _ 1,

we have the following two inequalities by the first and seventh equations of (2.1):

ds(t)
Ay —
it <X —dys(t)
and
ds(t)
7 < Ay — (dy + E)s(2).

Therefore we find the comparatively impulsive differential equation

B =3y —dyisi(t),  te(nt,(n+ D7),

Asy(8) = —pss1(8), t=m+)t,neZt,
B0 =y~ (dy+ E)si(),  t€((n+Dr,(n+ 1)),

Asi(t)=pu, t=m+)T,neZ".

(4.10)

(4.11)

(4.12)

From Lemma 3.3. and the comparison theorem of impulsive equation [6] we have s(¢) <

—~

51(¢) and s;(t) — s1(¢) as t — oo. Then there exists ¢ > 0 small enough such that

s(t) <s1(0) <s1(0) +e =s(8) + ¢

(4.13)

for all ¢ large enough. For convenience, we assume that (4.13) holds for all £ > 0. From (2.1)

and (4.13) we have

10 < [6,1(s(2) + ) - duJar (0),
420 < [B15(s(2) + ) — dia)a (),
Ax1(t) = —p1x1(2),
Axo(t) = —puoxa(t),
10 < [(s(2) + &) - (do1 + E)Ix1(2),
420 < [By(s(2) + ) - (do1 + E2)lxa(2),
Axi(t) =0,

Axy(t) =0,

te(nt,(n+r],

t=(n+Nt,nez,

te((n+Dr,(n+ 1],

t=m+1)t,nez".

(4.14)

Page 7 of 16
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(n+1)t

xl((n+ l)t) <x1(nr+)(1 —/Ll)ef’” (B11(s(D)+&)~d11) dS+fn+, (Bo1(s())+&)~(dp1 +E1)) ds

and

x((n+1)7)

<x(nt*)(1-

Hence x;(nt) < x;(0%)

(i=1,2)ast — oo.

Lo )ef”f (Bra(s(0)+e)- dlz)dSJrf::ll (Baa(s(0)+e)~(dn2 +En)) ds

o' (i=1,2). So x;(nt) — 0 (i = 1,2) as n — oo. Therefore x;(t) — 0

In the third step, we prove that s(¢) — SE) ast — oo. For &1 > 0 small enough, there exists

fo > 0 such that 0 < x;(£) < &1 and 0 < x5(¢) < &1 for all £ > £,. Without loss of generality, we

assume that 0 < x;1(¢) < &1 and 0 < x(£) < &; for all £ > 0. Then we have

B
d
[ 1+ (dn
and

Bz

Ao —|dy+
and z,(¢)
the solutions of

5 Z>e :|s(t) < % <y —dys(t) (4.15)
fﬁ) 1}(0 < % < o — dis(0), (4.16)

—_~ —_—~

< s(t) < z1(¢) and z1(£) — z1(2), z2(t) — z»(t) as t — 0o, where z;(¢) and z,(¢) are

GO == di+ (P + 2)e)a(®),  te(nr,(n+ )],
Azi(8) = —psza(t), t=(m+1D)7, 417)
0 = o= [dr + (52 + R)erlza (), te((n+Dr,(n+ D7),
Azi(t)=p, t=m+1)t,neZ,
and
20 ), —dz(t), te(nt,(n+D7),
Azy(t) = —puszo(t), t=(m+0Dr, (4.18)

AZZ(t) =M

20 = kg — dazo(t),

t=(m+1)t,nmezt,

te((n+Dr,(n+1)t],

respectively. Similarly to Lemma 3.3, the periodic solution of (4.17), which is globally

asymptotically stable, is

-
_ X e
Zl(t) = 1
ldy+(512+
X e

_ldq+(BL P12

(M1 = [dy + (B + B2)e,]2))

iyt N e i (4 DT,

(4.19)
) ][A = (2= (d2+ (’;’}; + 5—3)81)21‘*)
_ P12 P
s (d Fa P (i DT, + 1T,

Page 8 of 16



Jiao and Tang Advances in Difference Equations (2021) 2021:280

Page9of 16

where
o — U oG B0 () e el
% _ [d1+(d1] +d12 )e1]
z2) = B11 , P12
1- e_[d1+(d11 +d12 )e1llt
P12, P22
—[da+( g2+ 52=)e1](1-D)t
l1-e diy " dyy
(o +(G2+ B2 )e1) ( :
+ — , (4.20)
1 _e*[d1+(% dfz)ﬂ]lf
and
(1 - ) Bu 512
ZT* = A Sﬂlz )\.1 — dl + d d_ &1 S*
[d1 + (d“ ta, )eil 11 12
A1, P12
x ¢ @ i } (4.21)
Therefore, for any € > 0, there exists ¢ > ¢; such that
z?(?) —e<s(t)< zfz\(_i) +e.
Letting &1 — 0, we have
sE)—s < s(t) <S,(E)+8
for t large enough, which implies s(¢) — S’(E) as t — 00. This completes the proof. O

Theorem 4.2 If

1
In 1_ (lgd—lll)»l—dn)ll'+ [%)\2—((121 +El)i|(1—l)‘[

_ %(xl —dys*)(1— )
ﬁd221 ()\,2 —d S**) —dzll'(l _ e—dz(l—l)f) (4'22)
and
In . ! <'(lek1—d12)l7:+ [i—zlz—(dzz +E1):|(1—Z)T
- 1

Bia . —dy It

— ?()\l—dls )(1—6 1 )
;Zzzz (ha — dps™)e 2l (1 — g~20-D7) (4.23)

then system (2.1) is permanent, where s* is defined in (3.4) and s is defined in (3.6)
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Proof ByLemma3.1,s(t) <M, x1(¢t) <M, and x,(¢) < M for t large enough. We may assum
that s(£) < M, x1(t) < M, and x,(¢t) < M for ¢t > 0. Therefore we have

ds(t) Bii B2
dr = [dl : (du d_n)M}(t)’ (429
ds() B2 B
TS > A - [dz ( i d22>8 }s(t), (4.25)

and s(£) > z3(t) and z3(¢) — z;\(z) ast — oo, where z3(t) is the globally asymptotically stable

solution of the comparatively impulsive differential equation

B0 == ldi+ (P + EDMIz0), e (nt,(n+ D7,
Az3(t) = —usz3(t), t=m+D)t,nmezt,

0 =y — [dy + (B2 + E2)Mz3(t), e ((n+ D7, (n+ D)1,
Azz(t)=p, t=m+1)t,neZz",

(4.26)

with
dil[h (M /3_ [d; + (53 512 )M]z3)
_ 11 12
. x e I rap) M -y (4 D7),
z3(t) = 1 8 (4.27)
Ay — O — (d 12 ﬂzzM**
i e U= s (G EM05)
_ Bi2 , B2 _
x ¢ 12 @M e (v DT, (4 DT,
where
gty (G2 EDM-DT () (G s P2y
M+ [dy+(PLL, ﬂlz)M] €
25 = TR
3 1l e
A ol (2 ZM-De
d (ﬂlzzﬂzz)M](l fi2” 22 )
2 Yy
+ — (4.28)
1- e—[d1+(3%+3%)M]lr
and
Z** _ (]' l’LS)
gl
iy + (B + B2

=

o PR PY A L Bich i PR G R T il ) (4.29)
dll dlZ

Therefore, for any €, > 0,

s(t) > 2’3\(2) — & (4.30)

Page 10 of 16
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for ¢ large enough, which implies that

11 . B
s(t) > i M= A —|d+ l311 '312 M|z} ) x e_[d”(%+%)M]t
d; d du

1 B2 B ok
%M%@w&r@”@%@ @W%)

2%

B B12 , B2
X e [a+(q3 + 3y )M]Ti| — &9 = M.

Thus we only need to find m1; > 0 such that x1(¢) > m; and x,(¢) > m, for ¢ large enough.

By the conditions of this theorem we can select m3 > 0 and &7 > 0 small enough such that

Bui )
01 = )‘l_dll_gl It
Qmux Biz), ]
P ]
+ )\.2—(('{21 +E1+81) (1—1)1’
L@ug+g)ﬂ

1311 ﬂll /312
_la P12 *
[ + (B + B2)ms )2 (/\1 [ v (du d12>m3]s )

x (1- —[dn(,% bz )mg]zf)
P ()\ -d S**)e—[d2+(g%+%)m3]lr (1 3 e—dz(l—l)r) o1
Tt (B2 g By 2T
12 22
and
P12 )
02:( M —dip—¢e1 )l
i+ G+ B
B2
+ hy—(dp+Ei+&)|1-)t
[[dz + (52 + £2)ms]

| (2 2)m))
i+ By By U [ T )™

«(1- —[d1+(g% v >m311r)

) B QrPﬂ(h @gm}ﬂ
(s + (B2 1 B2y, 2 dy  d

_ P12 1‘322
[da+( 72 st

« =it (1 > Im3)(1-)z )> 1L

We prove that x; (t) < m3 and x,(¢) < m3 cannot hold for ¢ > 0. Otherwise,

EE > -ldi+ (SE i)mg]s(t), te(nt,(n+1)r],
As(t) =—uss(t), t=m+Dt,nez",
B >y~ [dy + (/312 + ﬁzz)mﬂs(t) te((m+t,(m+ 1],

(t):u, t=m+1)t,nez*.

(4.31)
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By Lemma 3.3 we have s(¢) > z(¢) and z(¢) — z(8), t = 0o, where z(¢) is the globally asymp-
totically stable solution of

L = oq = [d + (B2 + B2yms)z(t), ¢ e (nr, (n+ DT,

Az(t) = —usz(t), t=m+Dt,neZz",

L0 = o= ldy + (52 + B2yms)a(e), e ((n+ D7, (n+ D7),

Az(t)=p, t=m+1)t,meZ",

(4.32)

with

LD = (ha — [y + (B2 + B2)my)z)
B11 , P12

x ¢l G2 msle-m)

z(t) = . 5
——— Ay —(Ay = (dy + (52 + B2 25
[d2+(§%+%)m3][ 2= (o = (d2 + (g5 + g))m3)2™)

B12 , P22
_[dy+(E12 4 P22
X e [ 2+(‘112+d22

te(nt,(n+ 7],
(4.33)

Imsl=nth e (4 DT, (n+ D7),

where

A1, P12

P12 +%)m31(1—1)f(1 _ e_[dl+(d +—)m3]]1—)

(I-ps)M ~lda+( 72
M+ B B 12
[d1 +(ﬁ +£)m3]

11 d12

1 (G + B2 m3 e

(2 B2 ms )11

2 22
+ ; 4.34
[y (G4 2 ms)ie (439

1-e 11

and

ok (1 — )

z = Bu . B2
ldy + (d_u + E)msl

BB
X[ A=A —|di + @+@ ms |Z* eild”(#+ﬁ)m3]h . (4.35)
du  di

Therefore there T} > 0 such that, for ¢t > T,

s(6) = z(t) = z(¢) — &1

and

dx;t(t) > [Bu(2(t) — &) — duilxa (1),
42 > [B15(z(t) - €) — dialxs(8),
Ax1(8) = —pax (2),

Dxy(t) = —poxa(t),

0 > [1(2(t) - €) — (do1 + E1)lxa (0),
“20 > [ By (2(t) — €) ~ (day + Ex)lx2(0),
Axi(t) =0,

Axy(t) =0,

te(nt,(n+r],

t=(n+Nt,nez,

(4.36)

te((n+Dr,(n+ 1)1},

t=m+1)t,nez".
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s(t)
(0

0.4

0.3

0.2 0 -
0 50 100 150 200 0 50 100 150 200
t t

(1) (d1)

x,(t)

0 50 100 150 200 X, (0 0 o2
t

s(t)

Figure 2 Globally asymptotically stable phytoplankton-extinction periodic solution of system (2.1) with
5(0)=0.3,x(0)=03,%(0)=03,A1 =05,d1 =02, B11 =05,811 =1, f12=05,61, =1,d11 =04, d1, =04,
A=01,d,=02821=03,81=1,B2=03,80=1,0d21=03,dn=03,E=03,5=02,E,=02, u; =0.28,
n1 =01, =01, 1=01,1=08, t =1; (@) time-series of s(1); (b) time-series of x; (t); (c) time-series of x; (t);
(d) the phase portrait of the globally asymptotically stable phytoplankton-extinction periodic solution of
system (2.1)

Let N; € N and N;t > T3, Integrating (4.36) on (nt, (1 + 1)t), n > N;, we have

x((n+1)7) > a1 (nT7) (1 - 1)

[ (811 (2(0)-e)-dy) dis+ [ 015 T (Ban (2(0)-e)~(don +E1)) s

X e

= (1 py)x (n7) e (4.37)
and

x((n+1)7) = x5 (n77) (1 - o)

o et Bra@D-e)-dra) ds (1)) (B () -e)~(dr+E) ds

= (1 - pa)xa(nz*)e”™. (4.38)
Then x1 (N7 +k)t) > (1 - p1) a1 (N1 7)€kt — oo and x> (N1 +k)7) > (1 - po)fwr (N1 T%) %

ek72 — 00 as k — 0o, which is a contradiction to the boundedness of x; (¢) and x; (¢). Hence
there exists ¢, > 0 such that x1(£) > m; and x»(¢) > m;. The proof is complete. O
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5 Discussion

According to the fact of water management, we propose a periodic lake-eutrophication
model with nontransient/transient impulsive dredging and pulse inputting on nutrients.
We proved that the phytoplankton-extinction boundary periodic solution of system (2.1)
is globally asymptotically stable and obtained the conditions for the permanence of system
(2.1).

If we suppose that s(0) = 0.3, x1(0) = 0.3, x2(0) =0.3, 11 =0.5,d; = 0.2, B1; = 0.5, 811 = 1,
Bi2=05,812=1,d11 =04, dyp =04, Ay =0.1,d5 =0.2, Bo1 =0.3,821 =1, B2y = 0.3, 820 = 1,
dy =03, dy =03, Eg=0.3, E; =02, E; =02, uy =0.28, u; = 0.1, up =0.1, u = 0.1,
[=0.8, T = 1, then these parameter values satisfy Theorem 4.1. Then the phytoplankton-
extinction periodic solution (s(2),0,0) of system (2.1) is globally asymptotically stable (see
Fig. 2). If we assume that s(0) = 0.3, x1(0) = 0.3, x,(0) = 0.3, A; = 0.5, d; = 0.2, B1; = 0.8,
811=1, Bz =08, 812 = 1, diy = 0.4, diy = 04, Ay = 0.2, dy = 0.2, Boy = 0.5, 8y = 1,
Bas = 0.5, 82 = 1, doy = 0.3, dpp = 0.3, E; = 0.3, Ey = 0.2, E5 = 0.2, 15 = 0.2, ;i = 0.1,
n2 =01, u=0.1,7=0.8, t =1, then these parameter values satisfy Theorem 4.2. Then
system (2.1) is permanent (see Fig. 3). From Theorems 4.1 and 4.2, and Figs. 2 and 3
we can deduce that the parameter A, has a controlling threshold A5. When 1, < A, the
phytoplankton-extinction periodic solution (SG),O, 0) of system (2.1) is globally asymp-
totically stable. When X, > A}, system (2.1) is permanent. That is to say, we should re-

(a) (b)

12 T T T 0.3

0.8 0.2f

s(t)
°
2

X, ()

0.6 0.15F

0.4 01F

[ 50 100 150 200 0 50 100 150 200
t t

(a) (b)

0.05
[

50 100 150 200 ) 0 02
t

s(t)

Figure 3 The permanence of system (2.1) with s(0) = 0.3, x1(0) = 0.3, x2(0) = 0.3, A1 =0.5,d; =0.2, 817 =0.5,
8]‘\ = 1, ﬂ‘\Q = 05, 812 = ], dﬂ :04, d]2 = 04, )\,2 = O], d2 :02, ﬁ21 :03, 82‘\ = 1, ﬂ22 = 03, 822 = ], dz‘\ :03,
d»=03,E=03E=02E=02, us=02, 1 =01, uy =0.1, u=0.1,/=08, T = 1; (@) time-series of s(t);
(b) time-series of x; (1); () time-series of x,(t); (d) the phase portrait of the permanence of system (2.1)
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05 q o1}
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02 0 . .
0 50 100 150 200 0 50 100 150 200
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(a) (b)

0.3

0.25

0.2

(0

0.15

0.1

0 50 100 150 200
t

Figure 4 Globally asymptotically stable phytoplankton-extinction periodic solution of system (2.1) with

S(O) = 0.3,)(1 (O) = 0.3, XQ(O) = 0.3, )»1 = 0.5, d1 =02, ,311 = 045, 811 = 1, ﬂQ = 0.5, 812 =1, dn = 044, dQ = 044,

A =01,d,=02B21=0381=1,82=0382=1,d=03,d»=03E=03,F=02,F =02, us =028,
w1 =01, ,=01,m=011=06,7 =1, (a) time-series of s(t); (b) time-series of x; (t); (c) time-series of x; (t);
(d) the phase portrait of the globally asymptotically stable phytoplankton-extinction periodic solution of
system (2.1)

duce the nutrients indraughting lake-ecosystem during nontransient impulsive dredg-
ing.

The parameter values s(0) = 0.3, x1(0) = 0.3, x,(0) = 0.3, A; = 0.5, d; = 0.2, B1; = 0.5,
811=1,B12=05,812=1,d11 =04, d12 =04, 1, =0.1,dy = 0.2, 81 = 0.3, 621 = 1, B2z = 0.3,
8y =1,ds; =0.3,dpy = 0.3, E; = 0.3, E; = 0.2, Ey = 0.2, jt5 = 0.28, 11 = 0.1, 43 = 0.1, . = 0.1,
[ =0.6, T = 1 satisfy Theorem 4.1. Then the phytoplankton-extinction periodic solution
(s(2),0,0) of system (2.1) is globally asymptotically stable (see Fig. 4). From Theorems 4.1
and 4.2 and from the simulation experiments of Figs. 3 and 4 we can easily deduce that
there exists a threshold /*. If [ > [*, then system (2.1) is permanent. If / < [*, then the
phytoplankton-extinction periodic solution (SE),O, 0) of system (2.1) is globally asymp-
totically stable. That is to say, a too long nontransient impulsive period will confuse the
lake-ecosystem. Then appropriate extending the nontransient impulsive period will be
beneficial to water resource management. A similar discussion may do with thresholds of
the parameters A1, (s, (1, (2, and so on. Therefore the method of dredging sediment en-
gineering should be combined with implementing ecological engineering to restore and
rebuild healthy and stable aquatic ecosystem, which should be an effective way to con-
trol eutrophic lakes. Our results also provide reliable tactic basis for the practical water

resource management.
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