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1 Introduction
The generalized harmonic numbers are defined by

n

1
Hg’)=0 and H,(,’)zg o forn,r=1,2,...;
k
k=1

when r = 1, they reduce to the classical harmonic numbers H,, = H,(ql),
For z € C, the shifted factorial is defined by

(20=1 and (2),=z(z+1)---(z+n-1) forn=1,2,....
The complete Bell polynomials B, (x1, %3, ...,%,) are defined by [10, p. 134]

R > z"
exp Zxkﬁ :ZBn(xl,xg,...,xn);, By:=1, ()
k=1 n=0

with explicit expression

k k; k;
} : n! 21\ %2\ 2 X\ "
Bn(xlyxZ;u.;xn): m(i) (5 ;
7 (n)

where 7 (n) denotes all partitions of # into nonnegative parts, that is, all nonnegative in-

(2)

teger solutions of the equation

my +2my + - + 1M, = N.
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The way of the partial fraction decomposition plays an important role in studying the
combinatorial identities and related questions (see, e.g., [1-9, 11, 12, 14, 16-22, 24] and
the references therein).

In 2005, Chu [4-] established the partial fraction decompositions of two rational func-

1

and
(x)ml (x n+l
mula and obtained several striking harmonic number identities from two partial fraction

tions based on the induction principle and famous the Faa di Bruno for-

decompositions. He constructed the generalized Hermite—Padé approximates to the log-
arithm and therefore resolved completely the open problem of Driver et al. [13].
We now rewrite two main results of Chu.

Theorem A ([4, Theorem 2]) Let A, 6, and n be three natural numbers such that 0 <6 <
A + 1). Then we have the algebraic identity

() & (1S Rk, —k)
(x)* =2 ) (k) ;ﬂ(mk)k—f’ ©)

n+l k=0

where the Q-coefficients are defined as

Q) = (D Y T . ]‘[Hmz(x

li/nl=¢

A L0 — A H + (<1 HP, 1)
QK =0 — [ o )
Nl =¢ i=1
Theorem B ([4, Theorem 5]) Let A, 0, and n be three natural numbers such that 0 < 6 <
A(m + 1). Then we have the algebraic identity

(n')” - * A Qi(h,0,-k)
-2 (;) By eyiies @

( n+1

where Q-coefficients are defined as

2(1,6,%) =4~ Y () nw,

m! i
||772]|=¢ i=1

{6 - A HY + (~1YHY, ]}ml

imi

Qu(2,0,-k) = k" > (- 1)9+'M‘m' ]‘[

l77a)| =€ Ci=1

For definitions of 1!, |71, || /]|, and H;(x), see [4, p. 43, and p. 44, (1.4a)].
Comparing (X, —k), and 2,(%, 8, —k) with expression (2) of complete Bell polynomials,
it is not difficult to reformulate Theorem A and Theorem B as follows (let 6 —> M).

Theorem 1 Suppose that A and n are positive integers and x € C\ {0,-1,...,—n}. Let N =
A(n + 1). Then we have the partial fraction decomposition

n

1 (—l)k)‘ n F B/(xl,xz,...,xj)
"2y () 2T ®

(x)n+1 -
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where
x= i - DI(HY + (-1YH?,), i=1,2,...,%-1

Theorem 2 Let A, M, and n be three natural numbers such that A <M < M(n + 1). Then
we have the partial fraction decomposition

M (DM N S By, )
e D, (k) "M; kT

n+l k=0

where
x=(i- 1)!|:A(H,((’) +(-1)'H?,) - F} i=1,2,...,h—1.

In the present paper, we give a novel proof of Theorem 1 and Theorem 2 by constructing
an appropriate contour integral.
We also use the following lemma in Sects. 2 and 3.

Lemma 3 ([15]) Let P(z) and Q(z) be polynomials (in the complex variable z) of degrees m
and n, respectively, given by

P@)=ap?" +az" P+ +a, and Q) =boz" + b2 + -+ b,
Suppose that P(z) and Q(z) have no common zeros. If C is a simple closed path containing
the poles of P(z)/Q(2) in its interior, then

P@) Z, p-m=1, ©)
c Q) B 0, n—m>2.

2 The proof of Theorem 1
In this section, we give a novel proof of Theorem 1 using a contour integral and Cauchy’s
residue theorem. We need two lemmas.

Lemma 4 Suppose that ) and n are positive integers and x € C\ {0,-1,...,-n}. Let N =
A(n + 1). Then we have the algebraic identity

(}’l‘))L _ = (_l)kk n )LBA_l()/l,...,y)L_l)
P Mraeeyy (k) G-l @)
where
i iq g 1
yi= (i—1)1[A(H£> +(-)'H?) + (x+/<)l’]' ®)

Proof We first consider two polynomials P(z) and Q(z) of degrees 0 and N + 1, respectively,
given by

P)=1 and Q@) =(z-x)][z+))"

j=0
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We next construct the following contour integrals for the rational functions 1/Q(z):

#r @ dz, where I is a simple closed contour, which only surrounds the single pole x of
1/Q(2);

frl @ dz, where I'; is a simple closed contour, which surrounds the poles 0,-1,...,-n
of 1/Q(2).

Applying Cauchy’s residue theorem, we compute the contour integral §,. @ dz:

1
dz =2miRes =2wilim —————
f Q(z) = -0 [ +)t = [+ )
B 2mi 2mi

@) W

We compute the contour integral frl @ dz. By utilizing Cauchy’s residue theorem, the
power series expansion of logarithmic function
[o¢]
10g1+z=2 — |z|<1),

n=1

and the definition of complete Bell polynomials, we obtain

1
—d 2 R
TS D e d iy § LN

1
(z—x) [T}z +))*
j#k

=2mi Z[(z + k)
k=0

1

_ . A-1

_27'[11(2:0:[2 ](Z—x—k)l_[?:O(Z_k"'j))L
j#k

27”2{ x+k)ﬂ,o(] -

Jj#k

1 z - z
<l ]e"l’[‘l"g<l‘m)‘A,_OZ,#“’%(“J'—T)”
)Ak n A
27‘[12[ n')*(x+k)< )
P 1 1 () 1 Z_l
| exp[z(l_l)( * AV H, ) + (x+k>i>}i’}

n l)kk n )‘B)ﬁl(yl,..-,y}\—l)
27”2 <n'>k(x+ k) (k) a-pr

Let C =T + I'y. Applying the second result of Lemma 3, we have that 9§F+F1 ﬁ dz=0
or, equivalently, that ¢ @ dz = - 9§F1 @ dz. Therefore we directly obtain the algebraic
identity (7). O
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Lemma 5 The complete Bell polynomials have the following recursive relations:

A-1

Bi1(n, - p1) Z Bj(x1,...,%))
(A —1)! et R

)

Proof Let

xi= (- D[AH + )HD)]-

L G-y
(x+k)‘
series expansion of the logarithmic function

Write y; = x; in (8). By using the definition of complete Bell polynomials, power

_ = _ n—li
log(1+2) =) (-1)""'~,

n=1

and the geometric series

we get

By, y-1) o - i
" [t ]exp(Zynn!>

n=1
A-1 o0 1 t n
:Z t’ exp{an } A 1" exp{ - }
j=0 nl n= n
a1
Bi(x1,...,%;
= j ( 1" _’)[tk‘l_/ exp{ log(l k)}
pry i x+
a1
-y Bl ) i( t )
pr J! ~\x+k
ziBj(xl,...,x,»)
T
P e+ k)
The proof is complete. O

Proof of Theorem 1 Replacing (9) of Lemma 5 by (7) of Lemma 4, we immediately obtain
Theorem 1. O

3 The proof of Theorem 2
In this section, we give a different proof of Theorem 2 in the same line. We first state the
following result.
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Theorem 6 Let M be a nonnegative integer, let . and n be positive integers, and let x €
C\{0,-1,...,-n}. Let N = An for M < An. Then we have the partial fraction decomposition

M — - 1) (et M }(yl’yZ’ ,y,)
(x+1)% - kX:I: (n!)* ( ) Z e + k) ’ (10)
where
yi=(i- 1)![A(H£” +(-1yH?,) - * ;M] i=1,2,..,4 -1 (11)

Proof The proof is similar to that of Theorem 1, and thus we only present the important
steps and omit many details.

We construct two polynomials P(z) and Q(z) of degrees M and N + 1, respectively, given
by

n-1

P(z)=z" and Qz)=(z-x) H(z +j+1)%

j=0

We consider two contour integrals for the rational functions P(z)/Q(z):

Sgr % dz, where I is a simple closed contour, which only surrounds the single pole x of

P(2)/Q(2);
561“1 g(é 5 dz, let I'; be a simple closed contour which surrounds the poles —-1,-2,...,-#n of
P(2)/Q(2).
We obtain contour integrals §. % dzand . % dz:
P
@ 4o ’
r Q(2) (x + 1)}
P(z) dz o Z (1) (k)M (n ( )A B 9a1)
r Q (2) () (x + k) \k (r=1)! ’

Applying the second result of Lemma 3, we have the following algebraic identity:

xM _ zn: (—1)kk(—k)“M n * By_i(wy,..., W)\—l), (12)
(x+1)} (m)*(x+ k) \k (A=1)
where
. i i i A+ M 1 .
w; = (i - 1)![)\(@) +(-)'H?,) - — (x+k)l}, i=1,2,...,A-1
We can also obtain that
B)L—l(wl"'ww)\—l) _ i 1(}’1» ).yl (13)

(x - 1) Il R

Substituting (13) into (12), we complete the proof of Theorem 6. O
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Proof of Theorem 2 We obviously have

WM g
W e+
Letting M — M — A in Theorem 6, we immediately obtain Theorem 2. O

4 Conclusion

The basic (or g-) series and basic (or g-) polynomials, especially the basic (or g-) hy-
pergeometric functions and basic (or g-)hypergeometric polynomials, are known to have
widespread applications, particularly, in several areas of number theory and combinatorial
analysis such as the theory of partitions.

Recently, Srivastava [23] published a survey-cum-expository paper on the g-calculus
and fractional g-calculus in geometric function theory of complex analysis. Remarkably, a
considerably large group of authors have made use of the so-called (p, g)-analysis by intro-
ducing a seemingly redundant parameter p in the already known results dealing with the
classical g-analysis. On page 340, Professor Srivastava pointed out an important demon-
strated observation that any (p, g)-variations of the proposed g-results would be trivially
inconsequential, because the additional parameter p is obviously redundant.

In this concluding section, we also suggest the corresponding basic (or g-) extensions of
the results of this paper to the interested reader.

Acknowledgements
The authors greatly appreciate two referees for their valuable comments and suggestions.

Funding
The present investigation was supported by Natural Science Foundation General Project of Chongging, China under
Grant cstc2019jcyj-msxmxX0143.

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
There was an equal amount of contributions of the authors. Both authors read and approved the final manuscript.

Author details

' Department of Mathematics, Luoyang Normal University, Luoyang City 471934, Henan Province, People’s Republic of
China. ?Department of Mathematics, Chongging Normal University, Chongging Higher Education Mega Center, Huxi
Campus, Chongging 401331, People’s Republic of China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 23 January 2021 Accepted: 25 May 2021 Published online: 03 June 2021

References
1. Bai, T-T, Luo, Q-M.: A simple proof of a binomial identity with applications. Montes Taurus J. Pure Appl. Math. 1,
13-20(2019)
2. Choi, J, Srivastava, H.M.: Some summation formulas involving harmonic numbers and generalized harmonic
numbers. Math. Comput. Model. 54, 2220-2234 (2011)
. Chu, W.: Partial fractions and bilateral summations. J. Math. Phys. 35, 2036-2042 (1994)
4. Chu, W.: Harmonic number identities and Hermite—Padé approximations to the logarithm function. J. Approx. Theory
137,42-56 (2005)
5. Chu, W Partial-fraction decompositions and harmonic number identities. J. Comb. Math. Comb. Comput. 60,
139-153 (2007)

w



Zhu and Luo Advances in Difference Equations (2021) 2021:274 Page 8 of 8

18.
19.

20.

21.

22.
23.

24.

. Chu, W.: Partial fraction decompositions and trigonometric sum identities. Proc. Am. Math. Soc. 136, 229-237 (2008)
. Chu, W.: Partial fractions and Riesz’ interpolation formula for trigonometric polynomials. Am. Math. Mon. 125,

175-178 (2018)

. Chu, W, Marini, A.: Partial fractions and trigonometric identities. Adv. Appl. Math. 23, 115-175 (1999)

. Chu, W, You, Y: Binomial symmetries inspired by Bruckman’s problem. Filomat 24, 41-46 (2010)

. Comtet, L.: Advanced Combinatorics: The Art of Finite and Infinite Expansions. Reidel, Dordrecht (1974)

. Dattoli, G, Licciardi, S., Sabia, E,, Srivastava, H.M.: Some properties and generating functions of generalized harmonic

numbers. Mathematics 7, Article ID 577 (2019)

. Dattoli, G, Srivastava, H.M.: A note on harmonic numbers, umbral calculus and generating functions. Appl. Math. Lett.

21,686-693 (2008)

. Driver, K, Prodinger, H., Schneider, C,, Weideman, J.A.C.: Padé approximations to the logarithm. Il. Identities,

recurrences, and symbolic computation. Ramanujan J. 11, 139-158 (2006)

. Gould, HW, Srivastava, H.M.: Some combinatorial identities associated with the Vandermonde convolution. Appl.

Math. Comput. 84, 97-102 (1997)

. Just, E, Schaumberger, N.: Contour integration for rational functions. Am. Math. Mon. 71, 546-567 (1964)
. Luo, Q-M.: Contour integration for the improper rational functions. Montes Taurus J. Pure Appl. Math. 3, 135-139

(2021)

. Masjed-Jamei, M., Moalemi, Z,, Koepf, W, Srivastava, H.M.: An extension of the Taylor series expansion by using the

Bell polynomials. Rev. R. Acad. Cienc. Exactas Fis. Nat,, Ser. A Mat. 113, 1445-1461 (2019)

Prodinger, H.: Mortenson’s identities and partial fraction decomposition. Util. Math. 103, 175-179 (2017)

Qi, F, Guo, B-N.: Sums of infinite power series whose coefficients involve products of the Catalan—-Qi numbers.
Montes Taurus J. Pure Appl. Math. 1, 1-12 (2019)

Rassias, Th.M,, Srivastava, H.M.: Some classes of infinite series associated with the Riemann zeta and polygamma
functions and generalized harmonic numbers. Appl. Math. Comput. 131, 593-605 (2002)

Sofo, A, Srivastava, H.M.: Identities for the harmonic numbers and binomial coefficients. Ramanujan J. 25,93-113
(2011)

Sofo, A, Srivastava, H.M.: A family of shifted harmonic sums. Ramanujan J. 37, 89-108 (2015)

Srivastava, H.M.: Operators of basic (or g-) calculus and fractional g-calculus and their applications in geometric
function theory of complex analysis. Iran. J. Sci. Technol. Trans. A, Sci. 44, 327-344 (2020)

Srivastava, H.M,, Raina, RK.: Some combinatorial series identities. Math. Proc. Camb. Philos. Soc. 96, 9-13 (1984)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	A novel proof of two partial fraction decompositions
	Abstract
	MSC
	Keywords

	Introduction
	The proof of Theorem 1
	The proof of Theorem 2
	Conclusion
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


