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1 Introduction and Preliminaries
Let W be defined on an interval ] C R, (R, is the set of real numbers), then W is convex if

W+ (1= 2)w) <A () + (1 -2 (w), (1.1)

for all u, w in J and for any A in [0, 1].

Convex functions plays a vital role in the development of many fields of mathematics
and significant applications are found in a variety of applied sciences such as optimization
theory, number theory, combinatorics, special means theory, approximation theory and
numerical analysis, see [1-5]. The well-known Hermite—Hadamard (H — H) inequality has
central part in this development as it gives the criterion for convex functions. The H - H
inequality is given as follows: Let W : [A,B] C R, — R, be a convex function with A < B,
then the H — H inequality is given as [6]

B
W(A+B) 1 w. (1.2)

S——— | Y)dr<
2 B-A)J,

The H - H inequality (1.2) is converted into three equivalent integral inequalities by the
help of Riemann-Liouville fractional operators; see [7-9]. Also, it has been generalized
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and converted into many other integral inequalities by the help of other types of fractional
operators, see [10-13].

In 2001, Dragomir [14] introduced the notion of coordinated convex functions in a rect-
angle from of the plane R2.

Definition 1.1 ([14]) Let A :=[A, B] x [C, D] be a bi-dimensional interval such that 0 <
A <B<00,0<C<Dc<oo.Then,afunction ¥ : A — R, is called coordinated convex on
A, if the partial mappings W, : [4,B] — R,, ¥,(x) = ¥(x,v) and ¥, : [C,D] — R,, ¥, (y) =
W(u,y) are convex for each y,v € [C,D] and «, u € [A, B]. Also, ¥ satisfies the inequality

W (hu+ 1= 2)wAv+ (1= 1)z) < AW (w,v) + (1 - M)W (w,2), (1.3)
for all (u,v),(w,z) € A and A € [0,1].

By the help of above definition, Dragomir [14] established the following H — H type

inequalities similar to the one dimensional case.

Theorem 1.1 ([14]) Suppose that ¥ : A — R, is a coordinated convex function on A. Then
we have

(A+B C+D>
W )
2 2
[ 1 B C+D 1 D /A+B
S——/\I/u, du + /\I/ v | dv
2|B-4 2 D-CJ. 2
(B A) //W(u,v)dudv

1 1 1 D
SE[B——AA [llf(u,C)+\I/(u,D)]du+D_C/; [\I/(A,v)+\IJ(B,V)]dV:|

W(A,C) + W(A,D) + ¥(B,C) + ¥(B,D)
. .

(1.4)

Many relevant results have been reported in this direction with different class of convex
functions; see [15—19] and the references therein.

In the early 20th century, Jackson [20, 21] worked on the classical notion of a derivative
without limit allowing for easier study of number theory and ordinary calculus in his in-
vestigations. Jackson got the credit of the g-analogue of the various well-known results of
calculus; see [20—24].

For a real valued function W, the g-derivative is characterized by

W(gs) - ¥(s)

Dq"p(g):
qs — ¢

(1.5)

where g € (0,1). The well-known Jackson integral of a real valued function W is given by
the following series expansion:

m o0
/0 V(o) dys=(-quy gV (q 1. (1.6)

r=0
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References [25, 26] discuss the notion of g-derivatives and g-integrals over the finite in-

terval [ki, k2] of real numbers and defined the gy, -derivative and gy, -integral.

Definition 1.2 ([25, 26]) For any continuous function W : [k, k3] — R, and g € (0, 1), the
qx, -derivative of W at ¢ € [k;, k] is defined by

Y(c)-V¥ —q)k
uDg¥(s) = (g)(l_g(g;_(;)q)(l), ¢ # k. (1.7)

Definition 1.3 ([25, 26]) For a continuous function W : [k1,k;] — R, and g € (0, 1), the
qi, -integral of W at ¢ € [ky, k] is defined by

k o0
/k V(S dgs = 1—q)k—k) Y q"¥(¢"k+ (1-¢")k), ke ki, k. (1.8)
1 h=0
If k; =0, then
k ol k
| ¥ondis ~a-ak v - [ wo)dys, (19)
0 o 0

which is the classical g-integral (1.6).

In view of the above definitions, the authors [27] established the following inequality.

Theorem 1.2 ([27]) Let V : [A,B] — R, be a convex differentiable function on [A,B] and
q € (0,1). Then we have

A+B 1 (? W(A)+ W (B
l+q B-AJ, l+q
In [28], the authors generalize the notion of g-derivatives and g-integrals by introducing

the g**-derivative and g*-integral over the finite real interval [ki, k»].

Definition 1.4 ([28]) For any continuous function W : [k;, k] — R, and g € (0,1), the
q*2-derivative of ¥ at ¢ € [k, k,] is defined by

LD, w(c) - ‘I/(g)—‘lf(q§+(1—q)kz), ¢ 4ky. (111)

(1-g)(s - k)

Definition 1.5 ([28]) For any continuous function W : [k;, k] — R, and g € (0,1), the
g*2-integral of W at ¢ € [k, k] is defined by

k2 S
/k lIJ(g)k2dqg:(1—q)(k2—k)th\I/(qhk+(l—qh)kz), k € [k, ks). (1.12)
h=0

In [28], the authors established the following counterpart for integrals (1.10).
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Theorem 1.3 ([28]) Let W : [A,B] — R, be a convex differentiable function on [A, B] and
q € (0,1). Then we have

(1.13)

A+gB 1[5 W(A) +q¥(B
/] 9 < — \I}(;)qu;<w'
l+qg B-A J4 l+qg

In [29], the authors extended the definition of g-derivative and g-integral to the case of
two variables.

Definition 1.6 ([29]) Let ¥ : A — R, be a continuous function of two variables and
0<q1<1,0<qy <1 Then, the partial g14-derivative, partial g>c-derivative and partial
q14qac- derivatives are defined by

40q, ¥ (1,v) V() - V(g + (1-q1)A,v)

PR gy iy R (19
0, W (1, v) _ W(u,v) — W (u,qov+ (1 —fb)C)’ V4G, (115)
cOg U 1-g)(v-C)
and
A, Caq1q2\lj(ur V) 1

gty () A1 gL @ (- adqve (-0)C)
—U(quu+(1-q)A,v) =V (u,qv + (1 -q2)C)
+W(w,v)], ufAv#C. (1.16)

Definition 1.7 ([29]) Let ¥ : A — R, be a continuous function of two variables and 0 <

q1 < 1,0< g, < 1, Then the definite g1 4g2c-integral on A is defined by

vorn
/ / V(u,v) cdg,vadg u
A Jc

=1 -q1)1 - q2)(v - A)(n - C)
D didbwlv - (- )b+ (1-)O), 17
h=0 k=0
forall (v, u) € A.
Meanwhile, the authors [29] proved the following inequality.

Theorem 1.4 ([29]) Let ¥ : A — R, be a coordinated convex function on A, then the fol-

lowing inequalities hold:
(A+B C+D>
v )
2 2
1M1 /BLD c+D\ 1 /D\p A+B 4
P ) P — v v
=2|B-4 Ty A%t T T . 2 ¢ o

Sy o / / W) cdyy adyy
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B
q2
< W(u,C) 44,
—2(1+qz)(B—A)fA 4, C) gy

W (1, D) 4 dgu + W(A,v) cdg,v

1 B T D
* 2(1+qz)(B—A)/A 2(1+q1)(D—C)/C

1 D
A ), Ve

- 7192V (A4, C) + 1 V(A,D) + g, ¥(B,C) + ¥(B, D)

- (1+q1)1+q2) '

(1.18)

Recently, in [30], the authors disproved the inequality (1.18) by giving a counter example
and proved the following correct H — H inequality.

Theorem 1.5 ([30]) Let ¥ : A — R, be a coordinated convex function on A, then for all
q1,92 € (0,1), we have

” @1A+B ¢C+D
1+q1 1+q

il 1 B C+D 1 D A+B
=5 —/ v u,u Alg U+ / Y i V) cdg,v
2[B-A A 1+q2 D-C C 1+611
1 B D
G — W (y, d d
= (B—A)(D—C)//; /c 1) ¢ s 4 oyt

B
q2
< W(u,C) 44,
—2(1+qz)(B—A)/A 4, C) a gy

1 B o D
+mA W(M,D)Adqlu+ m‘/c \IJ(A,V)quZV
1 D
+ m/c‘v \D(B,V) quzl/

- 12V (A, C) + 1V (A,D) + g ¥ (B,C) + W(B,D)

L+ a1+ q) (1.19)

Now, by combining the two concepts of g-derivatives and g-integrals given in Defini-
tions 1.2—-1.7, we present the following mixed types of partial derivatives and integrals in
the two variables along with some examples.

Definition 1.8 Let W : A — R, be a continuous function of two variables and 0 < ¢; < 1,
0 < ¢ < 1, Then the partial g?-derivative, partial g5 -derivative and partial ¢?¢2, ¢®q>c and
q1445 derivatives are defined, respectively, by

P05, W(w,v)  W(u,v) - ¥(qu+(1-q1)B,v)

B - (-au-p ‘7P (1:20
D3y W (u,v) V() - V(u,qav + (1 - q2)D)
Do oo 7P (20

B,Daq1q2 ‘-Il(u, V)
B0, uP0g,v
B 1
(I-q1)(u-B)(1-q5)(v-D)

[\IJ (q1u+ (1 - q1)B,q2v + (1 — q2)D)

Page 5 of 29
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~U(quu+(1-q1)B,v) = ¥ (u,q2v + (1 - q2)D)
+ W (u, V)], u#B,v#D, (1.22)

E0q10, Y (u, V)
By u cdg,v
- 1 [(
C(I-q)(-B)(1-g)(v-C)
~VU(quu+(1-q1)B,v) = ¥ (u,q2v + (1 - ¢2)C)

+ W (u, V)], u#B,v+#C, (1.23)

qiu+(1-q1)B,q2v + (1 - q2)C)

and
20910, (1, V)
40g,uPdg,v
B 1
(1-q1)(u—-A)1-g2)(v-D)

- \I/(qlu +(1- ql)A,v) - lll(u, qv+(1- qz)D)

+ W (1, V)], u#A,v#D. (1.24)

[W(q14+ (1 -q1)A,q2v+ (1 - q5)D)

Definition 1.9 Let W : A — R, be a continuous function of two variables and 0 < ¢; < 1,
0 < 2 < 1, Then the definite g?¢?-integral, q1445 -integral and g¥g,c-integral on A are
defined by

B D
f f U(u,v) Pdy, VP dyu
v n

=(1-q1)1-g2)(B-v)(D-p)

X ququ qlv + 1 q; )B,qgu + (1 —qé’)D), Y(v, ) € A, (1.25)
h=0 k=0

v D
// \I/(u,v)quszdqlu
A Ju
=1 -q)A-q)(v -A)D - )

XZquqz (d5v+ (1 -g)A g+ (1-44)D), V(v,p) € A, (1.26)
h=0 k=0

and

B pru
/ / W (u,v) cdqzvgdqlu
v C

=(1-q1)1-q2)B-v)(u-C)

XY s (div+ (1-4})B.dhi + (1-45)C), Vv, p) € A, (1.27)

h=0 k=0
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Example 1.1 All the q1q,-integrals are different for general functions. For instance,

’

/B/Dude vB4 uz(B_A)(A+qlB)(D—C)(C+q2D)
(1 +q1)(1 +QQ)

f f w?Pd, vad, (B A)(q1A + B)(D - C)(C + ¢2D)
nr et a0+ )

”VC dgu=

(1 +q1)(1 +q2)

/B /Duv Voadou= (B-A)q1A +B)(D - C)(q2C+D)
S T+ a1+ q)

)

’

Furthermore,

B D BZ_A2 D2_c2
/ / uvdvdu = ( i ),
c Jc 4

subject to the condition that both 1,42 — 1°.

Now, we obtain midpoint type inequalities from the inequality (1.19).

Remark 1.1 We have four special cases for this inequality at midpoint.

e fA=a B=92" C=c D= 2% then
T+qr >~ 7 77 T l4qn?

w<(2q1 +qa+b (1+q +q%)c+q2d)

Q+q)? (1+4q2)?
qra+b 2
1+q Trq) I1+q2+q5)c+qd i
2(b—a) ’ (1 +q2)?
d+c
1+qo S (2q1 +qd)a+b
_— V| ——————,v ] cdgpv
2612(61 o) Je (1+q1)?
(1+qX1+q) e
1 2 +QI +q2
< — b—a)d / W (i, V) cdg,vadgu

qra+b

41+ q1) / T+qy
< —— - W (u,c) 4 d,
“rab-a), T@Dadan

qra+b
1+q T+ qrd + ¢
—_— W u, adgu
21+ q)(b-a) J, 1+qo

q1(1 + q2) / L+q2
+ W(a,v) .dg,v
2q2(L+q1)(d —c) J. “

1+¢q T+ qra+b
—_ |\ V) cdgyv
2¢2(L+q1)(d—c¢) J. 1+q

q2d+C) + l]J(qla+b ) q,(Qlﬂer god+c
1 VA A vl A wv
+q2 +41 +q1 +q92 . (128)

(1+q1)(1+q2)

0192 (a,c) + 1 ¥ (a,
<
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e IfA=a B= ‘Hb*“,czc,D W’*C . then

w<(1+q1+q Da+qib (1+qz+q2)6+qzd)
(1+q1)? ’ (1+q)?

qibra )
< 1+q; /1 o \I’(u, (1+q2+q2)c2+q2d) wdyu
2q,(b-a) J, (1+q)

d+c
1+q % 1+qa +q1)a+q1b
+ v quzl/
2q2(d - ) J. (1+q1)?
q1b+a qod+c

(1 + ql)(l + 42) T+q1 T+qy
T qqpb-a)d-c) J, j f,v) cdy,v dgu

a1+ q1) T+q1
<— Y(u,c) ,d
2 )b ), )

1+q1 T+q1 qrd + ¢
f—_— W\, adgu
2q1(1+ q2)(b—a) J, 1+q

qrd+c

L nl+q) q1(1+q) / T+qa y
2q2(1 + q1)(d —¢) o,

qrd+c

1+q /qu w(q1a+b ) J
4+ ,V V
2q2(L+q1)(d—c¢) J. 1+q1 e

D©1a2¥(@,0) + @1V (@, B2) + W (12 o) + W(U2e, R (129)

<
- (1+g1)(1+q2)

e IfA=a B=1%" C-¢ D=2 then
’ 1+q1 ’ 1+q2

\p<(2q1 +q2)a+b (2q2 +q3)c+ d)
Q+q1)? ° (L+qp)?

1+q qllz;lb (g +q3)c+d
< M P R i B
2(b-a) (1+¢2)?

q2¢
1+q 1+q2 2q1 + ql)a +b
Y —v) . d
" 2d-o ( (1+q1)? Y
a+b qoc+d
1+q1)(+q) T T+
<m ’ i fu,v) cdy,v adyu

qia+b

41 +q1) 1+q)
20+ qu)(b-a) J,

Y (u,c) odg u

qra+b

1 Teqr d
P (N w@,u)ﬂ,quu
21 +q2)(b-a) ), 1+qo
1 zc+d
q +q2 T+qy
—— %7 Y (a, d
N ra)d- c>/ (@1) cdgyv

q26+

_ l+q / Tray qra+b d
Vv v
"2 q)d-0 g )"
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0102%Y(@a,0) + ¥ (a, Z22) 1+ oW (DL o) 4 p(Dsth ncd)
<

1+q2 1+q1 1+q1 ° l+qo ) (1‘30)
B (L+q1)(1+q)
e IfA=a,B=12% C=¢ D=2% then
’ 1+q1 ’ l+q2

\p((l +q1+q)a+qb 29 +q2)c+d)
(1+q1)? T L+ qp)?

q1b+a

1 Trar 2 Ne+d

NV L Y W
2q1(b-a) Ja (1+4q2)

1+q2) qlzwz LII<(1+q1+ql)a+q1b > dv

Z(d (1+q1)?
(1 +41)(1 +g5) 1+q1 qlzfq;d
= W / V(u,v) . dqzv dqlu
b+a
g2(1 + q1) ks

1
= W (i, ¢) 4d, u
T 2q1(1+q2)(b-a) J, (1:€)

b+a
1+q: T q2d + ¢
o Y| u, adgu
2q1(1 +q2)(b—a) J, 1+¢q
qzc+d

q1(1 +q) 12
- = VU(a, d
t 0 a)d- c>/ (@7) cdgyv

q26+
 l+q / Tray q1b+¢z p
— v cdg,v
"2 qd-0) L+q ”

_n@¥@9 + Ve BI + W (e ) + W B (1.31)

1+q1)1+q2)

In view of the above results and literatures, and following this tendency of the newly
introduced g-derivatives and g-integrals, the aim of this paper is to establish some new
refinements of the H — H inequality in the quantum domain using coordinated convex
functions. Several special cases from our main results will be given in detail and many
well-known results will be recaptured. At the end, we provide a briefly conclusion as
well.

2 Main results

By utilizing Theorem 1.3, we have the new result.

Theorem 2.1 Suppose that ¥ : A — R, is a coordinated convex function on A and V €
Li(A). Then we have

" A+qB C+q.D
1+q1 ’ 1+q

[ 1 B C+q,D 1 b (A+qB
<= —/ W u, e qu1u+—/ g2 v | Pdy,v
2|B-A A 1 + 4> D-C C 1 +4q1

<;/B/D\y( V2d vEd
SB-AD-0 Jy Jo BT feb fat

Page 9 of 29
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1 ’ B 92 5 B
=< m[q lll(u,c) dqlu-{—m_/; \Il(u,D) d‘hu

; ° D (. b D

+ 12000 /c W(A,v) “dg,v+ 20+ a0 D-0) /; W (B,v)Pdy,v
_YA,0) +q V(A D) +q1¥(B,C) + 192¥(B, D)

B (1+q1)(1 +q2) ’

(2.1)

Proof Due to the coordinated convexity of ¥ : A — R,, the partial mapping ¥, : [C, D] —
R, defined by W,(y) = W (u,y) for all u € [A, B] will be convex on [C, D]. Analogously, W, :
[A,B] — R, defined by W, (x) = W(x,v) for all v € [C, D] is convex on [A, B]. Then, by the
Theorem 1.3, we get

D 1 D v, v, (D
w (S22 < | W) Pdyyy < 2 2UAD)
1+q2 D-C C 1"’612

or

\Il(u, C+ qu) - 1 /D Y (u,C) + qZ\D(u,D)‘ (2.2)

W(u,v)Pd, v<
l+go )~ D-CJc (w,v) " dgyv = 1+qo

Integrating the inequality over [A, B], we have

1 B C+qD\ 1 B rD D B
— [ w(y du<— WP d, vEd
B-A4/, (” 1+ > at = (B—A)(D—C)_/; /C W) dgv ™ gy 1

1 B 5
= (1+qz)(B—A)/A Y O da

7p)

B
B
+m A \IJ(M,D) dqlu. (2.3)

Now, by the convexity of W,, by the Theorem 1.3, we have

A +qB 1 B v, (A v, (B
v, (Ar0B) _ / () By u < LA+ 0 0(B) (2.4)
1+Q1 B—A A 1 +611

or

A+qB 1 B W(A, (B,
v 4 V)< / U (u,v) qulu < A7) + a1 V). (2.5)
1+q1 B—A A 1+6I1

Evaluating the average integral over [C, D], we have
1 (P (A+qB
_— / Y il )P dg,v
D-C Jc 1+qo

1 B pD b 5
_— W(u,v)"d d
= (B—A)(D—C)/A /c ) gy Ay

D
S( mql?ﬁ . \I-’(B,V)quzV. (26)

1 D
_— W(A, by
1+q1><D—C)fc AV) g,y +

Page 10 of 29
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Adding (2.5) and (2.6), we get
1 B C+q,D 1 b /A+qB
— | vy e qu1u+—/ g2 v | Pdy,v
B-A A 1+612 D-C C 1+Q2

2 B D b 3
- W (u, d, d,
= (B—A)(D—C)/A /c A

B
W (y,C) qulu +

= (1+612)(B—A)/A (1+612)(B—A)/A \IJ(U,D) dqlu

q1

D
D
W(A,v) dq2v+7(1 2)D-C)

1
o ew e /C L dyv. (27)

Again, by the convexity and applying the first inequality of Theorem 1.3, we have

A+qB C+q:D 1 (P (A+qB
] e g g /w M R 2.8)
l+gs  1+q D-C J¢ 1+qgs
and
A+qiB C+q2D 1 B C+q.D
VY (e ol o I / N P oy A (2.9)
l+gqy  1+qo B-A J,s 1+q
Similarly, applying the second inequality of Theorem 1.3 and convexity of ¥, and ¥,, we
have
;/B\If(u C)Bd M+L‘/‘B\I/(uD)Bd u
(1+q2)(B-A) Ja ’ T L+ qo)(B-A) Ju ’ "
D b ¢
Y 7= VA,V dpvt —————— LI/(B v P
(1+611)(D—C)/c 2 1+ q)(0-C)
< —————[¥(A,C) + 2¥(A,D) + 1¥(B,C) + 142 (B, D)]. (2.10)
(1+q1)1 +q2)

Combining inequalities (2.7), (2.8), (2.9) and (2.10), we directly obtain our desired inequal-
ity. O

Remark 2.1 From Theorem 2.1, we can deduce the following midpoint special cases.

e fA=922 B=b, C= 22 D=d, then

\p(qla +(1+q+ q%)b, c+(2qy + q%)d)
(1+q1)? (1+q2)?

b 2
- 1+q1 / W(u,c+(2q2+zz)d)bdqlu
2q1(b —a) Joz (1+q2)

1+ d a+(1+qg1+q5)b
q2 \I!<1 ( q1 6]1) ,v)ddqzv

* 2(d —c) qzd+c (1+q1)?
1+q1)0 +q2)/' /
W (u,
= q1 (b (l)(d lIl‘”h ql%a;;c (M V)

1+ q1 qzd +cC
_tan " L
26]1(1 +q2)(b—a) q1a+b 1+q a
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q2(1 +q1) b

2q:(1+ q2)(b—a)

1 _ l+q
2(1 +q1)(d -

. q1(1 + q2)
2(1+q1)(d )

qod+c
T+qo

W(ath qdicy | g (DL gy 4 g W (b, ) 1 g1 g, W (b, d)

(2021) 2021:264

q1a+b

/ qra+b
c) 2d+c l+q’

W(b,v)“d,,v

Page 12 of 29

Y(u,d) dyu

v) “d,,v

b e L+q1 ' Tign
(2.11)
(1+q1)(1 +q2)
b+a dec
o IfA= ‘111+q B=b,C= qlz+q D=d, then
y(Lr 0l cx On )
L+a) (1 +q2)
b 2
< l+q f v M,M ba
Ab-a) Jyie (1+q2)?
l+q (¢ a+(2q +q)b .
(BNl ),
+ 2(d -c¢) 2d+c ( 1+ ql) v »V
(1+q1)(1 +qo) .
S b ﬂ)(d /;llﬂa /;Izdw \I’(u;V) d2V dqlu
1+q9
% q2d + ¢ bdqlu
2(1 +KZ2)(b (,l) q1h+a 1 +
q2(1 +q1) b ,
21+q)b—a) W(u,d)’d
+ 2(1 + 6]2)(b—a) qlliqm (u,d) n U
+q1
1 d b
RS SR LTE T VU
20 +q1)(d-o) qfidqﬂ‘ 1+,
+q2
q1(1+q2) /d .
21+ q,)(d-c) W(b,v)“d
21+ q)d-0) Jopes (b,v) “dg,v
WA R + V(A d) + W (b, P + 142V (b, d) (2.12)
) A +q1)(1 +q2) . .
a+b crd
3 IfA q11+q B b C q12+q D d then

\p(qla +(l+qu+@)b e+ (1+q +q§)d)

(1+q1)?

(1+q2)?
c+ (2q + q%)d) b,

(1+q2)?

1+ b
-t W,
“2q1(b-a) s

1+q2

T 2a(d—c) Jopent

d w<q1a+(1+q1 +q1)b,v) ddqzv

(1+q1)?

1+q)Q+qs
< —C)ﬁwh /;ZM W(u,v)? dqzv dgu

0192(b —a)(d

T+qo
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1+ b d+c
< —ra w2 bd,u
2q:1(1 + q2)(b - a) ql”*” 1+q
1+ b
g2(1+q1) W(u,d) bdqlu
20(1 + qo)(b-a) Jazr
1 d b
+ # \\7 ﬂ’ v d dq2v
29:(1+ qu)(d =) Joperd 1+q

q1(1 + q2) a

- = (b, a4
" 2451+ )= 0) Joperd (b.) " dpv

b d b d
\I/(qllf; , qff;z )+ qztll(qllf; ,d) + 1 (b, qff; )+ q1q2Y (b, d) 2.13)

(1+q1)1+q2)

o fA=92% B=b, C= %29 D=d, then

(a +Qu+ )b qac+ (1 +qo+ qz)d)
Q+q)* (1+¢2)?

1 b 1 2\d
< +q v ’612C+( +q2+q3) bd,u
2(b —a) tnbm (1+qo)?

14 d \y(ﬂ+(2q1 +q1)b’v) ddq21/
2q2(d c) qud (1+q1)?

1+q)+q
< 7ﬁ1b+a _/qz”d \Il(u,v) dqzv dgu

q2(b—a)(d et
1 b d
- +q \I—’(u, 9 +C>bdqlu
20+ q2)(b—-a) Jahe L+q»

(1 +q1) b

+—
21+ qr)(b-a) ‘le+l7q+1“

1 d b
et [ (B2 ) g,
221+ q)d=c) Jped -~ \ 1+q

q1(1 + q2) d
+—C)fq W(b,v) 4 dyv

Y(u,d)bdy,u

2q2(1 + qu)(d =) Jopee
‘p(%rquj)‘*q (q1b+a d) +q1¥ (b, ‘112:+2d)+q1q2\11(b,d)‘ 2.1

(1+4q1)1+q2)

The application of the Theorems 1.2 and 1.3 leads to the following result.

Theorem 2.2 Suppose that ¥ : A — R, is a coordinated convex function on A and V €
Li(A). Then we have

" A+qB ¢;C+D
l+q 1+q

il 1 B C+D 1 D /A+qB
< - —/ )\ u,u qulu+—/ )\ il ,V quzv
2[B-A A 1+q2 D-C c 1+q1
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B
(B A)(D 9 / / W(u,v) cdg,v"dgu

W(u,C) Pdyu+ Bdg,u

1 B
|:2(1+612)(B A)/ (1+q2>(B—A)/A oD

D
W(A,v) cdg,v+ Y (B,v) quzv]

I I

21+ q)D-C) / 2(1+4)(D-C) /c

6]2‘I’(A C)+ V(A D)+q1q2¥(B,C) + 1V (B, D)
(I+q1)(1+q)

(2.15)

Proof The proof is omitted. d

Remark 2.2 From Theorem 2.2, we can deduce the following midpoint special cases.
« fA=920 B=h, C=c,D="225 then

w(qla +(Q+qr+g)b 1+q+q3)c+ q2d>
(1+q1)? (1+q2)?

1+q b v u’(1+q2+q%)c+q2d bdqlu
= 21 (b-a) Jye T+ )

l+q /1+qz <q1a+(1+q1+q1)b >
c g,V
c)

2q2(d (1 +q1)
qd+c
(1 + )(1 + ) l+
qqu bql a)( = /1a+b/ " Y (w,v) . dzvbdqlu

q2(1+q1) / b
<— W(u,c)’d, u
21(1+ @) (b - a) Joyar “

1+ q1 b zd tC\,
_— W u, U
2611(1 +q2)(b—a) ql‘”” 1+q
_ l+q qlz+q+zc qra+b b
V) edgv
2q2(1+¢h)(d o) Je l+q’
q2d+c

q1(1+q2)
2oL+ q)(d - c>/ VoY) edpy

b b d d
BV (L5 0) + WIS B0 + gV (b, o) + 1 (b, 275) 216)

(1+41)(1 +q2)

« IfA= q11b+“ B=b,C=c, D=2% then
+q1 1+q2

<a +(2q1 + ql)b T+gy+ qz)c + q2d>
Q+q)? (1+q2)*

b 2
< 1+q1 ’(1+q2+q2)c+q2d bdqlu
2(b-a) q1b+ﬂ (1+qo)?

g / 1+qz (ﬂ +(2q1 + )b 4
— = 1) .d,v
2q2(d c) (1+q1)? ©
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qrd+c

1+q1)(1 +q2 i
< W/;lb-m/ "II(M,V) dqzv dqlu
w(1+q1) b ,

2(1 + 42)(b ﬂ) q1h+a (I/l, C) dqll/l
+$ b \p(u q2d+c>bd L
2(1 +Q2)(b—a) % ) s ”

d+c
+ 1+a /qlzﬂzz v qaib+a N oa
2q:(L+q1)d - <) J. e ) e
qod+c

q1(1+q2) /1+q2
o W (b,v) . d,,v
2¢:(1+q1)(d —c) J. o~

qﬂ("ffﬁm) + ‘lf("ff%, %;;) + 12V (b, ¢) + 1 ¥ (b, ”fqu) 217)

(1+q1)(1 +q2)

« fA=920 B=h, C=c, D=2 then

w(tha +(L+q1 + q%)b, c2q + q3) + d)
(1+q1)? (1+g2)?

1+q b gy +q3)+d\,
[ gy SRR Ny
~ 2q1(b-a) q1ﬂ+h 1+q)

1+ R a+(l+q+q))b
+q
92 2w(41 91+ 4 > /1y V

' 2d~c) 1+q1)?
(1+q)1+q) 12+6q+2d
= W /;1&+b / \IJ(M’ V) quV d‘]lu
1 b
qZ( +611) (M,C)bdqlu

T 2L+ q2)(b-a) Jaor

1 b d
+ L LS / W(u, e +C> bdqlu
2q1(1 + q2)(b - a) Jet L+qo

c+d
. 1+¢q f%z+q2\p q1a+bv dov
21+ q1)(d -¢) l+q )%
qoct+d
q1(1+q2) /1+q2
- - (b,
"1+ q)d—0) (1) ey
b b qactd d
- @V (7 0) + WA, B5) + 1qa W (b, 0) + 10 (b, 2 ) (2.18)

(1+q1)(1 +q2)

o IfA= qllb” B=b,C=c,D=2%% then
+q1 1+q

<a+(2q1+q)b (2qz+q)c+d>
(L+q1)> ~ (1+qo)?

1+ Q b qj(u, (2q2 + q%)c + d bdqlu
~2(b-a) q1b+a (1+¢o)?
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l+g e a+(2q1 +q>)b

2 *a2 1 1
v|f— d

"ad-0 ). ( T+ qr? V>C =

(1+q1)(1+q2) 125;:\11( )od v
__(b a)d- /:hhm‘/ u,v @V Gql

32(1 +q1) b b
—_— V(u,c)’d
=31+ qb-a) Jyp VO

1 b d
+—+q1 f Y u,q2 e bdqlu
21+ q2)(b-a) qubra 1+q
+q1

qoct+d

1+¢q E75) q1b+a
o /] V) cdgyv
201 +q)d-o) J. 1+q

a(+q) (B9

1 2 *42

- V(b,v) . .d
+2(1+q1)(d—c>/c 1) ey

q1b+a q1b+a qoc+d qrct+d
- V(0 + VS B0 + 1V (b, o) + 1V (b, B ) 2.19)
(1 +q1)(1 +4q2)

Finally, we have the following inequalities by the utilizing Theorems 1.2 and 1.3

Theorem 2.3 Let ¥ : A — R, be a coordinated convex function on A and q,,q> € (0,1)
Then one has

" qiA+B C+qyD
1+q1 1+q

[ 1 B C+q,D
< — —/ W u, TP Adgu
2|B-4J, 1+q

1 b A+B
+ / w(LEr2 ), bd,v
D-C C 1+ q1

B pD
D

1 B
s |, Ve s
B
A J, P

b D
' m/ VA Ty

_ U(B,
2<1+q1 (D- c>/ K }
ql‘I’(A O +q192¥Y(A,D) + V(B,C) + g2 ¥ (B, D) (2.20)
(1+4q1)(1 +q2) .
Proof This proof is similar to our proof of Theorem 2.1, so we omit it d

Remark 2.3 From Theorem 2.3, we can deduce the following midpoint special cases
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q1a+b’ C=

1 ©d+e By _ g then
+q1

. IfA=aB= :
+q2’

((2q1 +q)a+b c+ (2 + qz)d)

(L+q1)? (1 +g2)?
1+ Kot c+(2qy +q3)d
S ql 1 \I] u, ﬂ ﬂdqlu
20b-a) J, (1+q2)?
l+qy (¢ Qg +gda+b
Y| — d
T od-0 e < Lrqz ) %?

- (1+q1)(1+qg2)

(b-a)d- s
qra+b
1+q1 Leq] qd + ¢
P — W\ u,—— ) adyu
2(1 +q)(b-a) J, L+qo

qra+b

(1 +q1) /1+q1
— = V(u,d) ,d
Tl q)b-a) ), (1, ) gy

q1(1 + q2) /d
21+ q1)(d—-c¢) fpdec

1 d b
+$/ Y v 4dy,v
20 +qd-c) Jode  \ 1+q

W(a,v) ¢ dg,v

01V (a, ZE) + g1go W (a,d) + W (DL, 24y 4 gy

1+g2 1+q1 7 1+q2

Page 17 of 29

1+q1
/ ﬁzd W(u,v) Y dy,v .dgu

vl

(1+q1)(1 +q2)

qb+a .C=

1 ¢ 1 _ g then
+q1 7

l+gy ’

e IfA=a,B=

\p<(1 +q+qa+qb c+(2q + q%)d)
(1+q1)? (1+¢2)?

1+ %
<t
2q1(b—-a) J, (1+¢2)?

1+ q>

T 2q> + q3)d
7 \p<u7c+( g2 + q3) )Mqlu

(2.21)

d A+q1+gPa+qb
v ! wv)%d,
" 2(d - ) ,/:Iﬂ ( (1+q1)? V) 3¢

(1 (L+4q1)1 +q2) qz)
ql(h a)(d -

T+qy

q1b+a

1 +-q1
2611(1 +q)b—-a) J,

_ellra) i V(u,d) odgu
2911+ q2)(b—-a) J, 1 &) aGqy
q1(1 +q2) d .,
s g0 S YOV
+% ! \I/(qlb"'ﬂ Nea
201+ q)(d =) Jopde liq 0

T+ d+c
" \Il<u, L ) algu
1 + 4>

1+q1 4 d,
W (u,v v U
pdre (u, 0V alq
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d b d b
0V (a, 275 + 12V (a,d) + W45, 275) + oW (42, d) 222

(1+g1)(1+q2)

e fA=a,B=9%" C=2%% D=4, then
q1 +q2

<(2q1 +qa+b qe+(1+qy+ q%)d)
L+q)* (1+¢g2)?
qra+b
l+q [ Ta ( q2c+(1+q2+q§)d) o
—20b-a)l, ’ (1+q2)? “

1 d 2 Na+b
+7+q2 f v 7( 01 +q1)a+ ,V ddqzv
2q2(d =) Jped (1 +q1)?

< Ura)d+ ) 1+ ql)(l + 112)

qu 44 d,
W (u,v % U
gperd (u, 7V alq

q2(b - a)( nerd
qra+b
1+q1 Trqy qoc+d
_ v <u, —) alg
2(1 +q)(b-a) J, 1+q
qia+b
q2(1 +q1) :

1
_— Y(u,d) ,d
2t q)-a) ), () a iy

q1(1 + q2) a

2q:(1 + qu)(d =) Japed

1+ v / (qla +b ) d
—,v | Ydgv
26]2(1 +q1)(d—c) Z”d l+qu

¥ (a, qzc+d)+q1q2\y(a’d) +p(Deth qcrd) r W (et g

W(a,v) ¢ dg,v

1+q7 1+q1 ’ l+q2 1+q1 ’
< . (2.23)
1+q1)1+q2)
« IfA=a B=4" C=%229 D=d, then
q;((l +qr+q@)a+qb qe+ (1+qo+ qz)d)
(1+q1)? ’ (1+q)?
1+ ot c+(1+qo+q2)d
<0 f \I/<u KL (e P ) d, u
“ 2q1(b—-a) ’ (1+q)? e

1+q2 / (1+q1+q1)a+q1b 4
v “dg,v
2q2(d c) zerd (1+q1)?

(L+q)d+q2) qz)

1+q1
W (1, d, d,
= qpb-ad-o / (14,) gy oy

q1b+a

- 1+q; Trqy uly qoc+d dou
“2q(1+q)(b-a) J, Tligy )T
b+a
_a0rq) (e W, d) odyu
2q:(1 + q2)(b—a) J, T
a1(1+q>) a

d
242+ q)ld =) Jpra V@) “dgy
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1 d b
P ¢ g(D2re, v
2421+ q1)(d - ¢) el 1+q

1+q

1+q7 1+q1 ’ 1+q2 1+q1

31V (a, B9 + q1qo W (a,d) + W(Dla wedy oy (aiba )
< .
(1+q1)(1+q2)

(2.24)

By combining Theorems 1.5, 2.1, 2.2 and Theorem 2.3, we can deduce similar bounds

to the inequalities in Theorem 1.1.

Theorem 2.4 Suppose that ¥ : A — R, is a coordinated convex function on A and W €
Li(A). Then we have

1 B C+qD C+D
S / W u, TR g u,q2 * adgu
2(B-A)LJa 1+q, 1+
B (o D C+D
+/ (ﬂ/(u,—+q2 >+\Il(u,_q2 * ))qulu]
A L+qa 1+q,
1 b A+qB A+B
+4/ )\ el L V) + W AT ,V quzV
200 \*\ v ra
b A+qB A+B
+/ (\IJ( +q1 ,v)+kll<q1 + ,v))qu2V:|
c 1+q 1+qy
1 B D R B D i ,
O —— v , d d /] , d d
_(B—A)(D—C)[/A/; (u,v) " dgyv a q1u+/A/C (w,v)Pdy,vPd,u

B D B D
+/ / W (1, v) cdqszdqlu +/ / W (u,v) cdqszdqlu]
a Jc a Jc

1 B
< mA (\I’(l/l, C) + lIJ(M,D)) Adqlu

! Bql C)+V¥(u,D))Bd
+m/A( (u,C) + W(u, )) I
1 B
+m/l; (\IJ(A,V)+‘~IJ(B,V))qu2V

1 B\IJA w(B,v) Pd
s [ v i

<W(4,C) +V(A,D)+¥(B,C)+ V(B D). (2.25)

Proof It suffices to see that we have, due to the coordinated convexity of W,

)

4\1’<A+B C+D)_ <q1A+B+A+qlB q2C+D+C+q2D>

2 2(1+q1) ’ 21+ qy)
cg(DA*B ©C+D\ L (@A+B C+qoD
l+qy 1+q5 l+qp 1+qs

W A+q1B’q2C+D o A+qlB,C+q2D '
l+q1 1+q l+q1 1+q
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Then, we can obtain the desired inequality by utilizing Theorems 1.5, 2.1, 2.2 and Theorem
2.3. |

Remark 2.4 1f q1,q, — 1™ in Theorem 2.4, then Theorem 2.4 reduces to Theorem 1.1.

Finally, by utilizing Remarks 1.1, 2.1, 2.2 and Remark 2.3, we obtain the following refine-

ments for previous results.

Theorem 2.5 Let ¥ : A — R, be a coordinated convex function on A and q1,q> € (0, 1),

then we have

<a+b c+d)
4| —,

2 2
- \p((qu +qha+b (2q, +q§)c+d) . \p((qu +qha+b (2q +q§)d+c)

I+q)* ~ (L+q)? I+q1)* ~ (L+q)?

W((qu +q)b+a 2q2 +q3)c+ d) ((2q1 +qb+a 2q2+q3)d + c)
, +W¥ )
(1+q1)? (1+¢2)? (1+q1)? (1+¢2)?

qra+b
1 Tear 2 2
+q1 /1‘11\1’ u,(q2+q2)c+d g
2(b-a)lJ, (1+q2)?

b \p(u,c+(2q2+q%)d> by

+

+d ql
b (1+q2)
qia+b
(2g0 + q2)c +d Ty c+(2q +q3)d
f q’(“ Trqp ) Gt [ (e PRI K
1+q; a
qoc+d
1+qo 1+qz (2q1 + ql)a +b d
— v v
"2 ) 1+q1)? o
2 b
7 ﬂ+(q1+q1) _— ddqzv
g 1+q1)?

qac+d
Tz 2 b d 2 Na+b
+/ ‘12 \p<ﬂ+( q1 +4q3) ,v)cdq2v+/ llf(( q1 +qy)a + ,v)ddqzv}
B (1+q1)? apdc (1+q1)?

T+qo

qra+b qoct+d

1 1 + +
= —( +q1)( +612) |:[ o / e \IJ(M,V) cdqzVadqlu
a c

(b-a)d-c)
/ / W(u,v d oV d U
qi1b+a [ qpd+c
T+q; T+qo
qoct+d 14+
T+q9y 1+q1
b
/le/ W(u,v) cdg,v dq1u+/ /zdﬂ\ll(u, dq2vadqlu]

qia+b a+b

1+q: /qu /1+q1 q2c+d
_ W (u, d 7 d,
= A+ a)b- a)[ W0 adgu+ | Trq ) 20"

b b
@d+c\, .

T+q1 1+q1
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b b
qrc+d
+q2ﬁ1b+a W(u’c)bd‘I1”+_/;lb+a \Il<u, 1+ 0 ) bdqlu

T+q1 T+q1
B o d+c
+q1 +q1
+q2/ \I’(u,d)adqlu+/ xp(u,qf_>adqlu}
a a +q2
l+g qfﬂ
2 +q2
R P E————— q1/ Y(a,v) . d,,v
2(1+q1)(d—c)|: . ¢
qoct+d

I+ +b d b
+/ 2 W(qla ,V)cdq2V+/ W(ql +a,v>ddqzv
¢ 1+q1 apd+c 1+q1

T+qo

d qoct+d

T+q) b+a
+q1 ﬁzdﬂ \I/(b,v)ddqzv+/ \y<q11+q1 ,V> gV

T+qy

qoct+d d

e qa+b \,
+q1[ \Ij(byV)cqu‘/-l—/;lzdw \Ij( 1+q1 ’V> dq2V
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+

+

+

1+q1 ’ l+q2 1+q1 7 l+qo 1+q1 ’ l+qo 1+q1 ’ l+qo
(L+41)(1 +q2)
<W(a,c)+VY(a,d)+V(bc)+V(bd). (2.26)

Proof By summing up the inequalities (1.30), (2.12), (2.19) and (2.21), we can obtain the
second, third, fourth and fifth inequalities of the desired inequality (2.26). The last in-
equality is the consequence of the coordinated convexity of the function .

For the first inequality, we note that

(zz +b c+ d)
4y ,
2 2
) 4\1;((2‘71 +qa+b+a+2p+q)b g +qi)c+d+c+ (2q + q%)d)
21 +4q7) ’ 2(1+4})
- lll((qu +qa+b (2qx+q3)c+ d) . \y((qu +qha+b (2qx+q3)d + c)
- (1+q1)? (1+q2)* (1+q1)? (1+q2)*
((2q1 +q)b+a 2q +q3)c+ d)
I+q)* ~ (L+q)?

((qu +q@b+a (2qx+q3)d + c)
T+q)? ~ (L+q)? ’

(2.27)

which completes our proof. d
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In a similar way, by using inequalities (1.29), (2.13), (2.16) and (2.24), we can deduce the

following theorem.

Theorem 2.6 Let V¥ : A — R, be a coordinated convex function on A and q,q, € (0, 1),
then we have

(d+h c+d)
4y ,
2 2

w((l+q1 +q1)a+q1b (1+q2+q2)c+q2d)
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b 2
1 d
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1+q1 [ / Trq1
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26]1(1 +q2)(b—a) (1:)




Page 23 of 29

Alqudah et al. Advances in Difference Equations (2021) 2021:264

W d+c
+q1
+/ W(u,qz )adqlu
a 1+ q>
b

b
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b b
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qod+c
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20+ q)d—o) | 1), n
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I+ b+a
+/ ” ‘~I’<ql ,v)cdqzv
¢ 1+q

d d
qa+b d .,
* ﬁzc+d W(qu"/) dq2V+ q1 /;26”1 \Ij(b,v) quV
l+q2 1+q2
5112;” q 61+b qlzdw
+q2 1 T
+ \\ V) edy,v+ / U(b,v) . d,,v
/C <1+ql >C @V * i clqy
a d
q1b+a d ,
+ /qu+d ‘I’( 1+ q, ,v) dg,v+q /:nﬁd W(a,v) “dg,v
T+qo s
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VO L) Y ) YOGS ) YD T

1+q1)1+q0)
(2.28)

< W(a,c)+V¥(a,d) + V(b,c) + Y (b,d).
In a similar way, by using inequalities (1.31), (2.11), (2.18) and (2.22), we can deduce the

following theorem.

Theorem 2.7 Let WV : A — R, be A a coordinated convex function on A and q1, 4> € (0, 1),

then one has

<a+b c+d>
4y ,

2 2
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1+q1)? (1+4g2)?

IA
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d d
d q1b+a
+q1 ﬁzdﬂ W(a,v) “dg,v+ ﬁzd” \IJ<
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,V ddq v]
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theorem.

Also, by using inequalities (1.28), (2.14), (2.17) and (2.23), we can deduce the following

Theorem 2.8 Let ¥ : A — R, be a coordinated convex function on A and q1,q> € (0,1)
then one has
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Remark?2.5 1fq1,q, — 17, then Theorems 2.5-2.8 give to the following inequalities, which
is the refinement for the classical inequalities (1.1):

<a+b c+d)
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2 2
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v , + W ,

4 4 4 4
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4 4 4 4

b b
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d d
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4 . 4
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b b
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d d d
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@9+ ¥ad) + Wb+ V(b)) 2W(a, &4) + 20 (b, £4)

=

1
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4 4
2\11(“ b o) +2\IJ(“+b d) N 4\11(“’2"’, C;d
4 4
<VY(a,c)+¥(a,d) + V(b,c) + ¥ (b,d). (2.29)

3 Conclusion
In this study, we have extended the definition of g-derivatives and g-integrals over the in-
terval [A, B] of the real lines. We have considered new H — H inequalities in the context of
g-calculus. For the desired results, we have developed an inequality with the same lower
and upper estimates as in classical Theorem 1.1. Also, we have established new midpoint
H — H type inequalities, which confirm the refinements to the previously known inequal-
ities.

Our results suggest that two different partitions exist for midpoint type inequalities in
the g-analogues. Indeed, for the interval [A, B], we have A < % <Band A < AI%B <B
with g € (0,1). Similarly for [C, D], we have C < ’ff—qD <Dand C < C;‘qu <D with g €

(0,1). The last four inequalities use all partitions for the desired results. We believe that

the results of this paper can be extended to establish new inequalities via different kinds

of convex functions in the premises of g-calculus.
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