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1 Introduction

It is well know that fractional calculus is the generalization of classical calculus from inte-
ger to real numbers, even in the complex field. In the past decades, fractional differential
equations have been widely used in various research fields, such as chemical engineer-
ing, automatic control, and thermoelasticity. In consequence, the theoretical researches
of fractional differential equations have been highly valued by more and more scholars;
see [1-6].

When there are many state variables depending on each other in the system, the sys-
tems are often described as coupled systems; for details and examples, see [7-20] and the
references therein. In recent years, the method of upper and lower solutions has played a
more and more important role in the theoretical studies of differential equations. There
are a large number of publications using the method of upper and lower solutions to study
the existence and uniqueness of solutions of fractional differential equations; see [21-25]
and the references therein.

In [10], the authors considered the three-point boundary value problems of nonlinear
fractional coupled systems,

D&ult) = f(&,v(e), DL ' v(e), 0<t<1,
ng(t) = g(t,u(t), D3 u(t)), O0<t<l,
u(0) = v(0) = 0, u(1) = oyu(m), v(1) = ov(12),

© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-021-03419-4
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-021-03419-4&domain=pdf
http://orcid.org/0000-0002-7824-8650
mailto:xipingliu@usst.edu.cn

Quan et al. Advances in Difference Equations (2021) 2021:263 Page 2 of 18

where Df. is the Riemann—Liouville differentiation, 1 <, 8 <2,0 <5y, 72 <1, 01,02 >
0, oyt = ozr]g_l,f,g € C([0,1] x R% R). The existence theorems of two solutions of
boundary value problems at resonance are given by using the coincidence degree theory.

In scientific research, if the system is assumed to be controlled by an equation contain-
ing the current state and the rate of change of state, then we consider ordinary or partial
differential equations. However, in some applications, the system may also include the past
state of the system. In this case, it would be more accurate to describe them by functional
differential equations; see [26—28]. In recent years, the boundary value problems of the
fractional functional differential equations have attracted the attention of researchers and
many research results have been obtained; see [29-31].

At the same time, some problems may have already occurred for some time before we
begin to study them, such as infectious diseases. In this way, we have to consider the values
of state variables for the previous period of time. The purpose of this paper is to study
the existence of multiple solutions for nonlocal boundary value problems of fractional
functional differential coupled systems with time delays,

D& ult) +f(t,v(t),v) =0, te(0,1),
DEv(t) + g(t,ult), u) =0, te(0,1),
ut)=¢®),  vO)=y@), tel-t,0],
Diiu(1) = aDyu(§), D§iv(1) = bDiv(n),

(1.1)

where0<y1, 1, <1,1+y <a <2,1+pm < B <2,&n€(0,1),abeR.D%, D5, DI}, DI
are the Riemann-Liouville fractional derivative operators. The functions f,g € C([0, 1] x
R x C[-7,0]). uy =u(t +6), v, =v(t +0),0 € [-1,0], ¢, ¥ € C([-7,0]) and ¢(0) = ¥(0) = 0.
Some new results for the existence of at least three solutions for the coupled system are
established by using upper and lower solutions methods.

2 Preliminaries
In this section, we present some necessary definitions and lemmas which will be used in
the proof of our main results.

Definition 2.1 (see [1]) The Riemann-Liouville fractional integral of a function /4 :
(0,00) — R of order « > 0 is given by

Ia+ _ 011 :
0+ h(t) F(oz / (t—5)*"h(s)ds

provided the right side is pointwise defined on (0, 00).

Definition 2.2 (see [1]) The Riemann-Liouville fractional derivative of order @ > 0 of a
continuous function 4 : (0,00) — R is given by

D2 h(t) = DI h(t) = ;(d>/ s)

F(n-a) o (E—s)et

where n = [«] + 1 and [«] denote the integer parts of the real number o, provided the right
side is pointwise defined on (0, 00).
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Lemma 2.1 (see [1]) (1) Ifh € L(0,1), p >0 >0, then
D°IPh(t) =I°"° h(t),D°I° h(t) = h(t).
(2)Ifp>0,1>0, then

ptk—l — F()“) A—p-1
I'(A—p)

Lemma 2.2 (see [1]) Assume o > 0, then the solution of the equation D{, h(t) = 0 is given
by

ht) = a1 t* "+ et 2 4+t
wherec;€R,i=1,2,...,n,andn e Nwithn-1<a <n.
For convenience, we denote
pu:=T()(1-ag* ™), pp=T(B)(1-bn"77), (2.1)
and we always assume that p, >0, pg > 0.

Lemma 2.3 Suppose ag, by are constants. Then for any given functions x,y € C[0, 1], the
boundary value problem of the linear fractional differential system

D§,u(t) +x(t) =0, te(0,1),
DEvty+y(t)=0, te(0,1),

(2.2)
u(0) = v(0) = 0,
Dyiu(1) = aDgiu(§) —ao,  Dyiv(1) = bDyiv(n) — by
has a unique solution (u,v) = (u(t), v(t)) as
1
u(t) = / Gy (t,8)x(s) ds — izzoI‘(oz -y, (2.3)
0 o
! 1
v0)= [ Galtsy(s)ds— - boT (5~ e, 4
0 Pp

where

ta—l(l _ S)oz—yl—l _ (1 _ asa—yl—l)(t _ S)a—l _ ﬂta_l(.‘;: _ S)a—yl—l,
0<s<minf{t, &} <1,
ta—l(l _ S)Ot—)/l—l _ at"“l(é _ S)Ot—)/l—l,
1 0<t<s<é<],
Go(t,8) = — (2.5)
Pa | 211 —s)* -1 _ (1 — gg@ =)t —5)*1,
0<&=<s<t=1],

(1 —5)* 1,

0 <max{t,£} <s<1,



Quan et al. Advances in Difference Equations (2021) 2021:263 Page 4 of 18

P11 —s)B72l (1 — bpP 72"t — 5)B~1 — bt~ (5 — 5)f~ 72,
0<s<min{t,n} <1,
11 = s)fr2l gL (y — s)Prel,
1 0<t<s<n=<l,
Gg(t,s) = — (2.6)
Pg | tB1(1 —s)f12l — (1 — bph—7r2-1) (¢t — 5)P T,
0<n<s<t<l,

P11 - 5)f 121,

0 <max{t,n} <s<1.

Proof Assume (u,v) = (u(t), v(¢)) is a solution of the linear fractional system (2.2). By ap-
plying Lemma 2.2,

u(t) = =18 x(t) + et + cpt* >

W) = =10 y(t) + dy tP + dyt? 2,
where ¢1, ¢2,d1,d> € R. In view of 1£(0) = v(0) = 0, we have ¢, = 0, d> = 0. Then

u(t) = —Ig x(t) + et

W) = —I0.y(t) + dytP .

By Lemma 2.1, we have

_ INa
Diiu(t) = =Dyt I8 x(t) + Dyt = =157 x(2) + 1 (7)1,‘"‘_7/1‘1,

[ —y1)
72 va B V2 B-1 B-ys TB) gy
Dyiv(t) = =Dyt Iy y(t) + diDiitP— = =1 P y(t) + di ———— ¢ .
(B -1)
And
1 1 INGY)
Dlu(l)= ——— / 1 =9)*""x(s)ds + c; ————,
° T-n)Jo "Tla-y)

§
Dgiu(g) = —ﬁ/ (& -9 x(s)ds + 1 T gen-l

INCES2Y
Dgiv(1) = _F(,B ) / (1 -s)f 7 Yy(s)ds + dy F(,B(—ﬂ) 5
Dyiv(n) = —m /0 (n )P y(s)ds + dy 71"(;(_@)/2) pbrl,

By the boundary conditions Dj} u(1) = aD}j\u(§) — ao, Dyiv(1) = bDyi v(n) — b, we have

! g
= pia(/o (1= 8)* " x(s) ds — zzfo (£ —5)* " x(s) ds — aoT (o0 — )/1)),

1 n
= i(/ (l—s)ﬂ_”‘ly(s)ds—b/ (17—s)ﬂ_”z‘ly(s)ds—bor(ﬁ—yz)).
Prg \Jo 0
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So,
t o-1 1
u(t) = —ﬁ /0 (£ =9)*"1n(s)ds + tpa (/0 (1=5)*""1x(s)ds
&
- a/ (& —9)* 7" x(s)ds — aoT (o — )/1))
0
1 1
= / Gu(t,8)x(s)ds — —aol(a — )t L.
0 Pu
Similarly,

1 1
wnaéeﬂmwwm—ayww—nwi

On the other hand, we can easily see that (u,v) = (u(t), v(¢)) is a solution of the linear
fractional system (2.2) if u = u(¢), v = v(¢) for ¢ € [0, 1] satisfy (2.3) and (2.4), respectively. O]

Lemma 2.4 Assume p, >0, pg >0, then G4 (t,s), Gs(t,s) defined by (2.5) and (2.6), respec-
tively, have the following properties:

(1) Gu(t,5), Ggl(t,s) are continuous on (t,s) € [0,1] x [0,1];

(2) 0 < Gy(t,s) <maxo<i<1 Gu(t,s) <wils), t,s € (0,1);

(3) 0 < Gg(t,s) < maxg<t<1 Gg(t,s) < wal(s), t,s € (0,1), where wi(s) = w(so"1 +

I'(«)
ag®v1-1 _ (1=s)fr2-1 _1 byP-r2-1
Toagerit) W2(8) = g — (7 2 ).

Proof (1) The continuity of G,(Z,s), Gg(t,s) is obvious by (2.5) and (2.6).
(2) Let

alts) = ﬁ (=1 =5 = (t-5)*Y),  fs€(0,1).

It is clear that

&@9=F%¢ﬂ4u—9*n4—a_gww

andforO<s<t<1,

oq(ts) a-1
at  I'(a)

b (g igen (18 " 0
“T@-1) ( o _<_¥> )<’

and for0<t<s<1,

(tot—2(1 _S)a—yl—l _ (t _ S)a—Z)

og(ts) a-1
at  T'(a)

_ L (g (122) T )50
“T@-1) ( - _<_¥> )>’

(ta—2(1 _ S)a—yl—l _ (t _ S)ot—Z)
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which imply that g; (¢, s) > 0, and g1 (¢, s) is decreasing with respect to t as s < ¢ and increas-

ing with respectto tas ¢ <s.

So,
— — a-1 _ar-1 .
Olgfggl(t, 5) =gi(s,s) T (a)s (1-5) , (2.7)
ogltiglgl(t, s)=gi(1,5) > 0. (2.8)

For 0 <s <min{¢t, &} <1,

Galt,s) = pi(t“-lu —) N (1= ag* ) (-5 — @ (E - 5)* )

o

-1
O R
re) ! T T agen

1 1
_ —(t _S)a—l _ —ﬂta_l(%' _ S)oz—yl—l

I (a) P
- g )
+ %_l(é“‘ﬂ-lu — s (g -9
=aubs)+ ”taa_l (ET - T = (G - g )
> gi(t,s) + ﬁgl@,n >0.

In a similar way we show G,(t,s) >0 for 0<t<s<&<lorO<&<s<t<lorO<
max{t, £} < s < 1. Hence, G,(t,s) > 0 for t,s € (0,1), and it is obvious G,(1,s) > 0 for s €
0,1).

Next, we will prove that maxo<;<1 G4 (£, s) < wi(s).

If 0 <s <min{t &} < 1, we have

1
mtaxl Gy (t,s) = mtaxl (gl (t,s) + _(ata—l (%’a_yl_l(l _ S)ot—l/l—l —(E - S)Ot—Vl—l))>
s<t< s<t=< P

o

1
<ai(s,s) + —ag* " N1 -9)* " = wy(s).

If0<& <s<t<1,by(2.7), we get

max Gu(t,s)

s<t<1

= max — (# N1 = 9 — (1= ag ) (=97
s<t<1 P

- 1 ag* =l N\ N 1 w1
—gi?i(r(a) (1+ 1_a‘§>:a—y1—1)t (1—5) v —m(t—s) )

1 1
— ta—l 1— a-y1-1 _ t— a-1 _ a—yl—ltu—l 1— a-y1—1
max (—F @ (-9 (t-s)")+ o aé (1-s)

Page 6 of 18
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1
= max (gl (t,s) + _a%-a—)/l—ltot—l(l _ S)O‘—Vl—l)
s<t<1 P

o

< 1 Sa—l(l _S)a—yl—l + iﬂsa—yl—l(l _S)a—yl—l
(o) Pa

< wi(s).

If0<t<s<E&<1,we can see that

1
max Gy(t,5) = max — (£71(1 = 5)* "1 — ar (g —5)* 1Y)
0<t<s 0<t<1 pa

_ ta—l(l —S)Otfnfl 1 a-1{ga-y;-1 a—y1-1 ol
_gﬁi(T+ p—aﬂt (é—' v (1_5) % _(é___s) ))
< w(s).

If 0 <max{t,£} <s <1, then

1
max G, (t,s) = max —¢* 11 —s)*717!

0<t<s 0<t<s Py
1 a&¥r-1
= max 1+ § P O ) g
o<t<s I'(a) 1—agoen-1
<wi(s).
Hence,

0<Gu(t,s) < max. Gu(t,s) <wi(s), s,te(0,1).
<t<
(3) Similarly, we can prove the inequality. g

By Lemma 2.3, let ag = by = 0, and we can get the following lemma.

Lemma 2.5 The fractional differential coupled system (1.1) is equivalent to the systems of
integral systems

_ Iy Galt,s)f (s, v(s), vs)ds, te(0,1],

u(t) (2.9)
¢(t), t € [—T,O],
1
G t’ ) )y Ug d ’ te 0)1 )
o) = Jo Gs(t,9)g(s, uls), us) ds (0,1] (.10
W(t), te [—'L',O].
Let E = {(4,v) : u,v € C[-7,1]} and be endowed with norm
v, = max[tén[iﬁJu(t) ,t$%§]|v(t)|]
and C[-7,0] endowed with the norm |x||; = max.[ . |x(t)|]. Then (E,| - ||z) and

(C[-7,0], || - ||) are Banach spaces.
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Let
Eo={(r,2) € E: (r(t),2(2)) = (0,0),t € [-7,0]}

be endowed with norm

”(r,z)HEo = max{ max ‘r(t)L max ‘z(t)!} = max{ max ‘r(t) , max ‘z(t)|}

te[-1,1] te[-1,1] te[0,1] te[0,1]
and P = {(r,z) € Ey : r(t) > 0,2(t) > 0,¢ € (0,1]}. Obviously, Ey C E and (Ey, || - ||g,) is a
Banach space, and P C Ej is a normal solid cone.

For (uy,v1), (ua,v2) € Eo, (41,v1) X (1, vo) if and only if (uy — u3,vo — v1) € P. Hence,
(Ep, <) is a partial order Banach space. We denote (11, v1) < (u2, v2) if (141, v1) < (ug,v2) € Ey
and (u1,v1) # (1, v2); we denote (uy, v1) << (uz, vo) if (uy — uy, vy —v1) € P°.

Redefine functions ¢(t) and ¥ (¢) on ¢ € [0,1]. Let ¢(£) = ¥ (£) = 0, ¢ € [0,1]. Obviously,
¢,y eE.

For any (r,z) € Ey, let

r(¢), tel0,1],
¢(t)’ te [_T:OL

u(t) = p(t) +r(t) =

and

Z(t)x te [O’ l]:
v(t), tel-t,0].

v(t) = (2) +2(¢) =
Thenfort € [0,1],u; = ¢s+r; = p(t+0) +r(E+0), vy = Vs +2, = Y (£ +0) +2z(¢+0),0 € [-1,0].
It is easy to see that the following lemma holds.

Lemma 2.6 (u,v) € E is a solution of systems (2.9) and (2.10) if and only if (r,z) € Ey is a
solution of the following integral systems:

Or t [S [—T, 0];
r(£) = (2.11)
{ [ Gult, 8)f (s,2(5), ¥ + 2z ds, te(0,1],
and
0, te[-1,0],
2=1 , (2.12)
Jo Gp(t,9)g(s,r(s), s + 75)ds, t€(0,1],

which implies that (u,v) € E is a solution of system (1.1) ifand only if (r,z) € Ey is a solution
of the following coupled system:

Dgr(®) +f(t,2(2), ¥, +2) =0, te(0,1),
DEz(t) + g(t, (), + 1) =0, e (0,1),
Dyir(1)=aDyir(§),  Dyz(1) = bDyiz(n),
r(t) =0, z(t)=0, te[-1,0].

(2.13)



Quan et al. Advances in Difference Equations (2021) 2021:263

Define an operator T : Eg — Ej by

T(r,2) = (A(r,2), B(r,2)),

where
0, te[-1,0],
A2 =1 (2.14)
Jo Ga(t,8)f (s, 2(s), s + z)ds, te€(0,1],
0, te[-1,0],
Brna® =] (2.15)
Jo Gp(t,9)g(s,r(s), s + r5)ds, te€(0,1].

It is clear that the Lemma 2.7 holds.

Lemma 2.7 A solution of the system (1.1) on E is equivalent to a fixed point of operator T
on Ey.

Lemma 2.8 The operator T : Ey — Ey is completely continuous.

Proof Firstly, we prove that operator T is continuous on Ej.
Let {r,,z,} C Eq, (r,2) € Eg such that ||(r,, z,) — (r, 2)||g, = 0as n — o0. Then, there exists
a constant My > 0 such that ||(r,,, z,)llg, < Mo forn=1,2,... and ||(r,2)||g, < Mo, and then
7nelle < Mo, lznelle < Mo, llrelle < Mo and ||z¢||. < Mo for £ € [0,1]. Due to 6 € [-7,0], we
have 6 + ¢ € [-7,1] for ¢ € [0, 1]. Therefore, we have ||(r,, z,¢) — (11, 2¢) |l g, — 0 as m — o0.
By the continuity of f, g,

im |f(2,2,(8), Ve + 2ue) = f (£:2(6), Y + 20)| =0 and

Jlim lg (&, 7u(t), d¢ + 1) — g (£,7(8), pe +12)| = 0.
And there exist constants M;, M, > 0 such that

If(6:2:0) ¥ +zwe) | <My and  |g(6,70(8), e + 1) | <M, t€[0,1],n=1,2,...,
and

[f(62@), ¥ +z)| <My, |g(t,r(0), e +10)| < Mo

Then

V(t, 2, (8), Y + z,,t) —f(t, z(t), ¥y + z[) | <2M; and
|g(t’rn(t)x¢t + rnt) _g(t»r(t):d)t + Vt)| <2M,.

It follows from Lemma 2.4 that for ¢ € -1, 1]
1
’A(rmzn)(t) - A(r, Z)(t)‘ = ‘/0 G (2, S)(f(t: 2u(8), ¥s + Zns) _f(57 z(s), ¥s + Zs)) ds

1
= / w1 (S)lf(t) Zn(s)) WS + Zns) —f(S, Z(S), ws + ZS) | ds— 0
0

Page9of 18
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and

1
/ Gp(t,s)(g(t 7u(s), b5 + 1us) —f (5, 7(5), s + 1)) | ds

0

|B(rus 2)(t) - B(r, 2)(t)| <

< /1 ws(s) |g(t, 7a(8), s + r,,s) —g(s, r(s), s + rs) | ds — 0.
0
By Lebesgue’s dominated convergence theorem, as n — oo,
A1y, zq) = A(r,2), B(ry,z,) = B(r,2).
Consequently, the operator T is continuous.

Assume that S C E is a bounded set, and there exists a constant /; > 0 such that we have
I(r,2)|lg, < 1 for any (r,z) € S. There exist constants M3 > 0 and M, > 0 such that

[f (6:2(0), ¥+ 20)| <Ms,  |g(t7(2), ¢ + 1) | < M.
Therefore, by Lemma 2.4, we have

1 1
|A(r,2)(8)] < f |G, 9)||f (5,2(8), W5 + 24) | ds < M3 / w(s)ds
0 0

M 1 a-y1-1 1-— a—y1—1
< -3 2y a (1-9) ds
F(a) 0 1- ﬂsa_yl_l

_( 1 . aken-1 >M
\Te+) @y )

Similarly, we can prove that

1 bnpr-1
)

|B(r,2)(0)] < (F(ﬁ 1) (B y)ps

Therefore, there exists a constant [ > 0, such that || T(r,z)||g, <[ for (r,z) € S. So T(S) is
uniformly bounded.

By the continuity of G,(t,s) and Gg(t,s) on [0,1] x [0, 1], we have G,(t,s) and Gg(t,s)
are uniformly continuous on [0, 1] x [0, 1]. Therefore, for any ¢ > 0, there exists § > 0 such
that

|Gal(t1,8) — Galt2,9)| < ]%3, |G (t1,8) — Gplta,5)| < ]\%4

whenever £y, t,s € [0,1] and |£; — £5] < 8.
If 1,5, €[0,1] and | — £5] < 8, we get

1
’A(r’ Z)(tl) _A(r’ Z)(t2)| = ‘/0 (Ga(tl’s) - Ga(tz,s))f(S,Z(S), ¢s + Zs) dS

1
§M3/ |Ga(t1,s) - Ga(tz,s)| ds<e.
0

Page 10 of 18
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Similarly,
|B(r,2)(t1) - B(r, 2)(85)]| < &.
And if t;,£, € [-7,0] and |t; — £, < 8, we have
|A(r,2)(10) - A(r2) ()| =0, |B(r2)(tr) - B(r,2)(t2)| = 0.

Hence, T(S) is equicontinuous. According to the Arzela—Ascoli theorem, T'(S) is a rela-
tive compact set.
So the operator T is completely continuous on Ej. O

Lemma 2.9 (see [2]) Let E be a Banach space, and P C E be a normal solid cone. Suppose
that there exist y1,z1,¥2,22 € E, with y1 < z1 < yo < 23, and A : [y1,2,] — E is a completely
continuous strongly increasing operator such that

n=Ay, An=<z, =4  An=zzn.
Then the operator A has at least three fixed points x1, x,, x3 such that
M =XX1<<21, <<% =z, N ArxzAz.

3 Multiple solutions of the coupled systems
Definition 3.1 (u,v) € E; N (AC?(0,1) x AC?(0,1)) is called an upper solution of coupled
system (2.13), if it satisfies

D& u(t) +f(t,v(e), Y +v) <0, t€(0,1),
DEv(e) + gt ult), ¢ +u) <0, te(0,1),
DYiu(l) <aDjiu(g),  DPEv(l) < bDPv(n),
u(t) =0, v(t)=0, tel-t,0].

Definition 3.2 (x,y) € Ey N (AC%(0,1) x AC%*(0,1)) is called a lower solution of coupled
system (2.13), if it satisfies

De.x(t) +f(t,y(t), ¥ +y:) >0, t€(0,1),
DY.y() + g(t,x(0), ¢ +x) =0, £€(0,1),

Dyix(1) > aDjix(§), Dyiy(1) = bD}y(n), e
x(t) =0, y(t)=0, tel[-1,0]
Lemma 3.1 Let (4,v) € Eg N (AC%(0,1) x AC?(0,1)), if
DEu(t) <0, te(01),
DEvr) <0, te(0,1), 63

Ditu(l) <aDjiu(£),  DPw(1) <bDPz(n),
u(t) =0, v(t)=0, tel[-t,0],

then u(t) > 0 and v(t) > 0, t € [0, 1].
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Proof Let D§, u(t) = —x(¢) < 0, D& v(t) = —y(t) < 0, Dy u(1) — aDgiu(§) = ag < 0, Dy z(1) -
bD{z(n) = by < 0. Then x(¢) > 0, y(¢) > 0, a9 < 0, by < 0. By Lemma 2.3, the coupled
system

D%.u(t) +x(t) =0, te(0,1),

DY) +y(t)=0, te(0,1),

u(0)=v(0)=0, tel[-7,0],

D u(l) = aDjtu(€) —ao,  Dyiv(1) = bD}2v(n) - bo,

has a unique solution

u(t) = fol Go(t,5)x(s) ds — iﬂor(a -yt te(0,1],
0 te-7,0],

V(t) _ {fol Gﬁ(t’ S)y(S) ds — ibor(ﬂ — yz)tlg—l, te(0,1],
0. t e [-1,0].

By Lemma 2.4, u(¢) > 0 and v(¢) > 0, ¢ € [0, 1]. O

For convenience, we assume that the functions f and g satisfy the following properties.
(H) For any x1,%; € [0, +00) with 0 < x; <x; and any p;,ps € C([-7,0]) with p; < po,

S&x,p1) <f(6xo,p2),  gltx,p1) gt x0,p2),  £€0,1],
when at least x; < x, and/or p; < p, holds,

Stxnp1) <f6xap2), glx,p1) <g(6%2,p2),  tE0,1].
Lemma 3.2 Suppose (H) holds, then T is a strongly increasing operator.

Proof For any (h1, k1), (he, ko) € Eo with (h1, k1) < (ha, k), i.e., hi(t) < ha(2), ki(t) < ka(t)
and /() & hy(¢) or ki (t) # ko(¢) for t € [-7,1].
By (H), we have

f(t, ki (2), Ye + klt) Sf(ty ka(2), e + k2t)’
g(t’hl(t): ¢t + hlt) Sg(t! hZ(t): ¢t + h2t)7 te [Or 1]

Since h1(t) # hy(t) and kq(¢) # ky(¢), there exist two intervals [aq, b1], [as, b2] C [0,1]
such that &y (¢) < ko (¢) for £ € [ay, b1] or hy(t) < hy(¢t) for t € [ay, by]. Then

(& ki (6), e + k) <f (8 ko), e + ko), ¢ € [ag, 1], (3.4)

and

g(t’hl(t): ¢ + hlt) < g(t» ha(8), e + hzr); t € [az, by]. (3.5)
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From (2.14), (2.15), (3.3), (3.4) and Lemma 2.4, for any ¢ € (0, 1],
A(ha, ko)(t) = A(hy, ky)(2)

1 1
= / Go(£,8)f (5, ko (s), s + kas) s — / Go (6, 5)f (s, k1(s), Vs + kus) ds > 0,

0 0
B(hy, ko)(2) — B(h1, k1)(2)

1

1
= / Gp(t,5)g(s, ha(s), s + hos) ds — / Gp(t,5)g(s, h1(5), s + hs) ds > 0.
0 0
For any ¢ € [-7,0], we have

A(hy, ko)) — Ay, k() = 0, (3.6)
B(hy, ko)(t) — B(h1,k1)(t) = 0. (3.7)

In conclusion, we have T'(f11, k1) << T'(h,k2), T is a strongly increasing operator. [

Theorem 3.3 Suppose (H) holds, and there exist two lower solutions (x1,y1), (x2,y2) and
two upper solutions (u1,v1), (uz, v2) of coupled system (2.13) such that (x1,y1), (ua,v2) are
not solutions of the coupled system (2.13) with

(x1,91) < (u1,v1) < (%2, 92) < (U2, v2).

Then the coupled system (1.1) has at least three distinct solutions (r1 + $,z1 + V), (ro + ¢, 22 +
V), (rs+¢,z3+ ) € E and for t € [0,1],

(x1(D,71(0) = (r1(®), 21(0)) < (w2 (8), 11 (2)),
(xz(t)»yz(t)) < (Vz(t)»zz(t)) < (uz(t)sz(t)),
(ua(2), va(t)) A(rs,zs) A(ur(t),vi(t)).
Proof By Lemma 2.8 and Lemma 3.2, we see that T': Ey — Ey is a completely continuous

strongly increasing operator.
Let A(x1,y1) := x(ll), B(x1,y1) := y(ll), then from the definition of T,

D (@) + (6,10, ¥ +10) =0, € (0,1),
DGy () + gt (1), ¢+ 210) =0, L€ (0,1),

D AD(1) = aDlix1 (6), DRy (1) = bDEy (n),
50=0  3')=0 tel-0

By (3.2) and (3.8),

Df (x1(t) =21 (1)) = D1 (6) = D 21(0)

> —f (6,51(8), Ve + y1e) +f (£ 31(8), Ve + y16) =0,
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Dg (71(6) =54 (8)) = D (6) - Dy 0
= —g(t,x1(t),¢t + xlt) +g(t,x1(t),¢t n xlt) -0
Dgi (xl(l) - x(ll)(l)) > ﬂDg}rxl(%‘) _ ﬂDgixl(S),

D (y1(1) = (1)) = bDY y1(n) = bDYE 31 ().
It is clear that
SO -m@)=0, yWO-n@)=0 tel-1,0].
By Lemma 3.1,
AW -x@e)=0, WO -nw)=0, telo1]
Therefore,
(1, 91) X T(x1,91)-

Similarly, we can prove T'(xy,y2) < (x2,72). Because (x3,y,) is a lower solution of coupled
system (2.13) and not a solution of (2.13), we have T'(x3,¥2) # (x2,72). Thus

T (x2,¥2) < (%2, 92).
In the same way, we get
T(u1,v1) < (u1,v1), T(uz,v2) = (2, v2).

It follows that T has at least three fixed points (r1,21), (r2,22), (3, 23) € [(*1,1), (42, v2)]
from Lemma 2.9.

Hence, by Lemma 2.6, the coupled system (1.1) has at least three distinct solutions (r; +
O,z + W), (ry+ ¢, z0 + ), (r3 + ¢,z3 + ) € E, and for ¢ € [0, 1],

(x10):01(1)) < (r1(8), 21(2)) < (wa(2), v1(2)),
(22(8),22(2)) < (r2(8), 22(2)) < (w2 (2), v2(2)),
(ua(t), va(t)) A(rs,zs) A(ur(t),vi(t)). 0

4 lllustration
To illustrate the applicability of the conclusion, we consider the following nonlinear dif-
ferential fractional coupled system:

3

D u(t) + % arctan(/tv(t)) + 0.01||v¢||l. =0, te[0,1],
5

D, v(t) + %arctan(tiu(t)) +0.01)lus|l =0, te]0,1],

ut)=6%,  v(t)=tY, te[-3,0]

3 3 5 5
D§.u(1) = Dg.u(3), D§.v(1) = 2Dg,v(3).

(4.1)
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The coupled system (4.1) can be regarded as the form of (1.1), where « = %, B = %,
T = %, y| = %, Yy = g, & T %, n= i, a=1,b= %,f(t, v(t),vs) = %arctan(«/fv(t)) +0.01|| v+,
gt u(t), us) = + arctan(t3u(t)) + 0.01||u -, @(2) = £, Y (2) = £*.

It is obvious that

Nlw

3
-3-1

1
l-a&*nt=1- (5) ~ 0.082996 > 0,1 — byf 7271

5.5 1
29 (1) %78
=1-=(- ~ 0.02456 > 0.
50 \ 4
Take
1
L@ae6-20)vt telo1], (10 -20)t%, te[0,1],
w(t) =4 v" ) vi(f) = 0 .
£, t e [-3,0], th, t€[-3,0l,
%(60—&)«/& te[0,1], o35 (80— 30tt, telo,1],
uy(t) = . V() = L
£, te[-3,0], £ te[-3,0]
0, telo,1], 0, telo,1],
x1(t) = . (t) = )
t2’ te[_EvO]) t4’ tG[—E,O],
3
15*/_(5 arte)es, te[0,1], L83 841), re(0,1],
x(t) = ya(t) = 1 T®)
tz, te[-1,0] ¢, te[-3,0]

By simple computations, we have

0+M1( ) +f(Evi(0),vie + ¥e) = =3 + f(&,vi(8),vie + ) <0, £€[0,1],
D6*+v1(t) +g(t, uy(8), w1y + @) = —0.625 + g(t, u1 (), u1: + ;) <0, t€[0,1],
ui(t) =0, vi(0)=0, te[-3,0]
D§+u1(1) ~7.07907 < D% ul(l) ~ 7.14069,
D§+v1(1) ~ 1.04565 < 29D8 vi(3) ~1.52995,

DEt(0) + £ (6, v2(0), vz + ) = =6 + f{t,vale), v + ) <0, L€ [0,1],

D(‘)%+ vo(t) + (&, un(t), gy + @) ~ —0.9375 + g(t, us(t), uge + ) <0, t€[0,1],
uy(t) =0,m(t) =0, te[-1,0],

D§+u2(1) ~ 26.19258 < D§+ uz(l) ~ 26.61531,

D§+v2(1) ~12.89631 < 2908 vy (%) ~ 13.34455,

Do%m(t) +f(&y10) 1 + ) =0+ f(L, 1), 10+ ¥) 20, £ €[0,1],
D(‘)%yl(t) +g(t,%1(8), %1 + @) =0+ g(t, %1 (8), 1. + ) =0, te[0,1],
x()=0, =0, tel-30]

D§+x1(1) 0= D§+x1( 3) =0,

D§+y1( 1)=0> 53D8 (3=
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D§+xz(t) +f (&, 2(2), yor + Y1)

1
416 T(31) 87r(3L)e 16
64F (99t ( (19) r(%)r(?_Q)) - F(%) (% )+f(t yZ(t) Yor + I/It)
Z 0’ t [0) 1])
5
Dg.y2(t) + g(t, x2(2), x2t + ¢L‘)
1 -1
_ 1842414 9t4F 2 ()8
=( ﬁl‘(%) TrE I) 23 )64t 721”( ) % g(t %2(), %0s + 1)

>0, te[01],

x()=0, () =0, mk;%
3

D8, x>(1) & 27.76526 > D0+x2( ) & 23.29748,
5

D&, y>(1) ~ 10.29709 > 29D0+y2(§) ~ 9.15314,

which show (u1, v1) and (u,, u,) are upper solutions, (x1,y;1) and (x,, y,) are lower solutions
of the coupled systems (4.1), and it is not hard to get (x1,y1) < (#1,v1) < (x2,2) < (¢42, v2).

It is easy to obtain

0 Sf(t, va(t), var + 1ﬁt) —f(ﬁ vi(t),vie + ¢t)

1 1
= —lva =il + 001 var +90) = (e + 80|, = (; + 0.01) lva = va |

and
0 < g(t, us(t), uns + Vi) — g(t, ur (£), ury + )

1 1
= p= llu2 — |l + O~01H”2t + ) — (o + ¢t)||f = (; + 0~01) lluz — |l
Similarly,

F (6220, y2 + ) = f(Ey1@)y1e + V), g(6%2(8), %20 + B1) = g(6,%1(8), %10 + 1)

Then condition (H) is satisfied. And all conditions of Theorem 3.3 are satisfied. In view
of Theorem 3.3, the coupled system (4.1) has at least three distinct solutions (r; + ¢,z1 +

V), (ry + ¢, 20 + ), (r3 + ¢, 23 + V) € [(x1,91), (42, v2)] and, moreover,

(%1®),21(0) < (r1(8),21(8)) < (w2(8),v1(8)),
(22(8),92(2)) < (r2(8), 22(2)) < (wa2(2), v2(2)),
(u2(2), v2(2)) A(rs(8)23(8)) A (r(2), v1(2)).

5 Conclusion

In this paper, we present the method of upper and lower solutions for a class of fractional
coupled systems including state dependent delays with nonlocal boundary conditions. By
using the method of upper and lower solutions and fixed point theorems on the normal
cone, the multiplicity results for the boundary value problem are established. The method

and main results obtained in this paper can also be extended to the boundary value prob-
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lems of function fractional differential high dimensional systems of the form

Dgi I/ll(t) +f1(t’ u2(t)r uZt) =0, te (0’ 1))
Dgz uZ(t) +_f2(t7 ng(t), uf’)t) =0, te (07 1)1

Dyl thn(t) + fin (&, ur (), u1) =0, £ €(0,1),
ui(t) = i(t), tel-t,0], i=1,2,---,m,
Dy ui(1) = aiDui(&), i=1,2---,m.
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