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1 Introduction

The classical diffusion phenomenon is governed by a second order linear partial differen-
tial equation, whose Green function is given by a Gaussian probability density function
and which describes the movement of energy through a medium in response to a gradi-
ent of energy. On the other hand, the diffusion processes in various systems with complex
structure, such as liquid crystals, glasses, polymers, biopolymers, and proteins, usually
do not follow a Gaussian density, as a consequence the phenomenon is described by a
fractional partial differential equation [7]. Dipierro et al., [4] have studied the asymptotic
behavior of the solutions of the time-fractional diffusion equation.

There is some previous work for the initial-boundary value problem on the first quad-
rant R? for fractional diffusion equations, where the Green function has been constructed
and an integral representation of the solution was found [3, 6]. In this note, we consider
the equation

u, = Nu, (1)

where the operator A is defined via the Riesz fractional derivative, for each coordinate.
Let us notice that the generalization of the Laplacian most commonly used [1, 9] is differ-
ent from the one we use in this work.

However, Eq. (1) is an idealized version because many aspects are missing in the model-

ing; such as the inhomogeneity of the medium, external sources, and measurement errors.
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Then a more realistic version is obtained by considering a stochastic version with additive
noise. For example, Balanzario and Kaikina [2] studied the stochastic nonlinear Landau—
Ginzburg equations on the half-line with Dirichlet white-noise boundary conditions, Shi
and Wang [11] studied the solution for a stochastic fractional partial differential equation
driven by an additive fractional space—time white noise. In Sanchez et al. [10], studied
the stochastic version of (1) for the 2-dimensional case; however, the n-dimensional case
on RY := {x = (%1,...,%,) : 5; > 0,j = 1,...n} has not been studied. In the present work we
tackle this problem via the main ideas of the Fokas method (unified transform) [5], this
method is a technique for solving initial-boundary value problems for partial differential
equations. Moreover, it generates integral representation formulas for solutions, where

the integrals converge uniformly on the boundary.

2 Preliminaries
Let us give some known definitions and results.

Definition 1 The n-dimensional Fourier—Laplace transform is defined as follows:
uk,t) = / e X%y (x, 1) dx,

wherex e R}, ke C" = {k = (ky,...,k,) : k; € C,j = 1,...n} and Im(k;) <0, k-x is the usual
inner product, and its inverse is defined by

_ 1 kxS,
u(x,t) = —(Zn)” /.n u(k, t) dk.

Definition 2 The Riesz fractional operator is defined by

1 * sgn(x; - y) 4
D% u(x,t) = — 92 u(xj, t) dy;.
xju(x ) 2[‘(3—05)005(%01)/0 lj — yjle=2 ulx;, 1) dy

Here, a € (2,3), x; € R” is the vector x, where the jth coordinate is y;, j=1,... 7.

Note that the operator, using integration by parts, D;f}_ can be represented in the follow-

ing form [8]:

(A ulx, 1) =

o < u(xj, t) — u(x,t)
/

2T(1 - ) cos(Fa) lx; — g1 Vj-

Lemma 1 If A%, o € (2,3), is the fractional n-dimensional Laplace operator
=D, +Dy, +---+D; ,

then, for Im(k;) <0,

n 2

ATl = KAl )~ 32 3 ol .0

ik y+1 xl
=1 j=0 )}

Here, |Kk|* := >}, |ki|* and ki_yy € C" is the k vector, where its lth coordinate is zero.
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Proof The theorem follows from the linearity of the operator A* and the well-known

equation

2
Deu(k) = [k|Titk,£) = >

Jj=0

ke
— 3/ 1(0, t).
oy =400 0

3 Green function
We consider a linear problem for an evolution equation with initial condition #, and

boundary conditions %, j=1,...,n,

u; = A%u,
L{(X, O) = MQ(X), (2)
Uy (X[, £) = hy(x0, 8),

where a € (2,3), t > 0, x_j] € R} means that the jth coordinate of x is zero, with the com-

patibility conditions /;(x_;y, ) = hi(x(_jy, t) where x_j_ € R” is such that jth and /th

coordinates, x; and x;, are equal to zero for j # /.

Theorem 1 Let the initial data uo(x) € L'(R") and the boundary data hi(x),t) €
C(R,; LY (R")). Suppose that there exists some function u(x,t), which satisfies (2). Then

u(x,t) has the following integral representation:
n t
utx,t) =G0 - Y [ G -syms,
=170
where the Green operators are given by

/(6= [ G'txy,ma(y)dy,

g~ [ | 6™y Oy s)dyia, )
R~

+

and the Green functions are

2" o, T
G'(xy,7)= — / ek l_[cos[k;xl] coslkyy] dk,
" R”

=1

2" o ‘
GBI(x, Y5, T) = = /D;ﬁ e rk}”‘z cos k] 1_[ cos[kyxm] cos[kyym] dk.

m=1
m#l

Here, k* =Y | k.
Proof Applying Theorem 1 to Eq. (2), we obtain

(k. t) + K[k, 1) =

2
=1 j=0

k™ i~
(k) 3ilu(k[,[], t).
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o
kIt

Now, we multiply the above equation by and integrate from 0 to ¢,

2
| kg o
|k| tl,t(l( t ZZ ( kl/+1g] |l(| k[ 1 ) (4‘)

for Im(k;) <0, where

t
gjl(G,l([,l], t) = /0 e”sailﬁ(l([,l],s) ds.

Now, we initially consider 2-dimensional case. Thus, Eq. (4) is expressed as

2

¢TI, 1) ~ Tho (k) = Z

|k |

Gy d (K ke 1)

2

+ Z (|/<2)|/+1g; (el Y-, ). 5)

Applying the inverse transform in (5) with respect to k; and moving the contour of inte-
gration for the terms with gj1 in the integrand, we obtain

2
~ 1 ik — K1 E [ko|* o
u(xy, ko, t) = g/ ikyx1— K| |: +Z lk2)1+1g1 |l(| ,k[_z],t):| dky
R

j=0

1 ik1x1—k|* ¢ Ik |*
ek E k"‘ ki_11,t) dki, 6
"o (iky )l+1g1 (K1, -, £) dka ©)

where Dj = {k; € C:0 < Jm(k;) <
k1 by —ki, the functions gj1 from Eq. (5) are invariant. Then, making this change of variables

- |Re(ky)|}. Let us note the following: if we substitute

= 2a

in (5), we get

2
Mk~ Tk = 3 aly

- kwg,(uq ki)
2
k o
Z |2|,+1, (1K, ~k(, 2), @)

for Im(—k;), Im(ky) < 0. Substituting g; from Eq. (7) in (6) and using the fact that
[ ek ki -
aD}

by the Cauchy theorem, we obtain the following integral representation:

R Y R o
(1, ko, t) = E/Relkl’“ Ik ‘[uo(k)wo(—kl,kz) |,§| g1 (IK|% k1), 2)

2

ol )
+;(lkj), (g7 (1K1 k-21,2) + g7 (1K ,—k[z],t)]:| dki. ®)
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Applying the inverse transform in (8) with respect to k, and moving the contour of inte-
gration for the terms with gj2 in the integrand, we obtain

1 . e R
u(x, t) = (Zn)z Az ell(~x—‘k\ t[uo(k) + MO(—kl,kz)]
1 texkje 21Kk ]”
- IK-X— l o k ) dk
)2 /Rze 2 =g (IkI* k13, 2)
2
1 / / ex—|k|¢ |ka|*
+ e - i
(27)2 op3 JR ; (iky Y1
X [g«z(|k|Dt,k[—2], t) +<g]?(|l(|a,—k[_2], t)] dk, ©)

where D = {ky € C:0 < Im(ky) < 5|

k, by —k;, the functions gj2 from Eq. (8) are invariant. Then, making this change of variables

Me(kz)|}. Let us note the following: if we substitute
in (7), we get
1
o, —kart) = 5 [ N (s, ko) 0]
2w R

1 ey ey K| ¢ 2|k
-— ! —g (|Kk|%, —Kj_11, ¢ 10
o Re 2 & (k| 11, £) (10)

2
k
+ E ( |lk2|)]+1 [g/ (|k| 71([ 2]y )+g/‘2(|k|a1_k[2])t)]:| dkl;
j=0

for Im(ky), Im(ky) > 0. Substituting g2(|k|*, £k}, ¢) from Eq. (10) in (9) and using the
fact that

/ e 227 (x1 —ky, t) dky = 0,
aD}

by the Cauchy theorem, we obtain the following integral representation:

1 pikx— ot |k|
" ny /R o [Z” ZZ > ke, ):|dk, an

reSy =1 r_ 1]632 l

where r € S, = {(£ki, £ky)} and r[_j is such that the /th coordinate is equal to zero. In

Eq. (11) we have, after interchanging the integration order, integrals of the form

/ 2 f Ml Kty () dy di
R= JRY

t
ik-(x1,x: —|K|%(¢-s |k |a
/RZ/ f el rmin) - )—kl% sy (0,2, 5) dy ds dk,

and

t . o k o
/ / / o)) Kel” 22| Uy, (£1,0,5) dyy ds dk.
R2Jo JR, k

2
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We notice that all the integrals above are absolutely integrable, then using the Fubini the-
orem, after some simplifications, we arrive from Eq. (11) at the following equation:

2 t
ux )= 0o - Y [ Ge-9mds
=1 Y0
where the Green operators are given by
G' (0o~ [ | 6oy, o) dy,
R

GPi(t)hy = / GP (%, y Dhi(y(-y, ) Ay,

+

and the Green functions are

2\? v
G'(x,y,7)= <—) /2 e X Hcos[km] cos[ky;] dk,
T R2

=1

2\2 . 2
GBi(x, Y-, T) = (—) / e cos[k;xl]k})"2 H cos[ky,x,,) coskyym] dk,
T R%

g
where k* = k{ + k5. Now, following the previous arguments we can tackle the n-
dimensional case. This can be achieved, via mathematical induction over #, passing from
Eq. (4) to Eq. (12), through the steps that we describe in the 2-dimensional case. Analogous
to Eq. (11), we obtain an integral representation for «,

1 ik-x—|k|¥¢t -~
u(x,t) = ) /]1;;161 Ik |:Zuo(r)

resy

- Kl 5o
-2y > ,%lzg{(lkl ,r[_z],t):| dk, 12)

=1 T[] €Sn

where r € S, = {(£k1, £ky,...,£k,)} and r;_y is such that the /th coordinate is equal to
zero. Interchanging the integrals in the above equation, by Fubini’s theorem, we obtain
the desired result. O

4 Stochastic nonlinear problem

In order to state the problem, we define the Brownian sheet Bon R” x [0, T'] on a complete
probability space (2, F, F;, P), here F isa o -algebra, {F;};>¢ is a right-continuous filtration
on (€2, F) such that F, contains all P-negligible subsets and P is a probability measure. We
consider a center Gaussian field B = {B(x,t)|x > 0, > 0} with covariance function given
by

K((x,2),(y,s)) = min{t, s}diag(min{x1,y1},..., min{x,, y,}).
We suppose that B generates a (F;, ¢ > 0)-martingale measure in the sense of Walsh [12].

Let the initial condition uy be Fy x B(R”) measurable, where B(R”) is the Borelian o -
algebra over R’.
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Now, we consider the following initial-boundary value problem for a nonlinear equation:

u— A%u=Nu+B,
M(X, O) = MQ(X), (13)
ey, (X[j), £) = hi(x(), ),

wherex € R”, ¢ >0, a € (2,3), N is a Lipschitzian operator; i.e., INu-Nv| < Clu-v|,C >
0, and the compatibility conditions /4;(x[_;,—y, t) = hi(X[_j-1, t) are satisfied. We understand
the solutions for the problem (13) in the following sense: u is a solution if, for all x € R”
and ¢ > 0, the following equation is fulfilled:

ux )= 60w+ Y- Gt - oy ds
=1 Y0
t
+/0 /’i G(x -y, t—s)Nuly,s)dyds,

+/0 fm G(x -y, t—s)dB(y,s), (14)

where the Green operators G(t), G5/ (t) are given in Eq. (3) and the Green function is

1 i o
T fR el g (15)

Theorem 2 Let the initial data uo(x) € L'(R") and the boundary data hi(x),t) €
C(R+;L1(R’+’)). Suppose that, for each T > 0, there exists a constant C > 0 such that, for
eachx e R, t € [0, T] and u,v € R", INu~Nv| < Clu - v|, and for some p > 1,
sup E(|uo(x)[") < oc. (16)
x>0

Then, there exists a unique solution u(x,t) to Eq. (13). Moreover, for all T > 0 and p > 1,

sup E(|u(x,t)]") < cc.
207

Proof First, we define a Picard succession:
n t
u(x,t) = u’(x, 1) + Zf / X GB (X, yL_y, t — $)hi(y[_1), ) Ay ds
=1 70 R
t
+ f / G(x -y, t-s)INu"(y,s)dyds
0 JRY

+/(; -/K G(x-vy,t—s)dB(y,s) 17)

where

WO, £) = / G (%, y, )uoly) dy.
R}
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Now, let us prove that {u#"(x,t)},>0 converges in L”(2). Using the fact that, for all £ > 0,
G(x, t) from Eq. (15) is a probability density function with respect to x, we obtain, for n > 2,

)

E(|lu"'(x,t) - u"(x,2)|")

t
0

<c) [ [ G-yt- 9B (w9 - o)) dyds

Gx -y, t—9)[Nu"(y,s) - Nu"\(y,s)] dyds

< C(p)/0 supE(|u”(y,s) - u"‘l(y,s)‘p) ds

x>0

and by (16) and Burkholder’s inequality we have

sup E(Iul(x, 1) - u’(x, t)|p)

x>0

< C(p)(supIE(|u1(x, 8)[") +supE(|u’(x,2) |p)> < 00.
x>0 x>0
Then, by Gronwall’s lemma we obtain

Z sup (Ju"x,t) - " (x,)]") < cc.

0,25 T]

Hence, {#"(x,t)},0 is a Cauchy sequence in L7 (£2). Let
u(x,t) = lim u"(x, ).
H—0Q
Thus,

sup E(|u(x,£)[") < oc.
o)

Taking n — oo in LP(2) at both sides of (17) shows that u(x, ¢) satisfies the problem (2).
Finally, we have to prove the uniqueness of the solution. Let # and v be the two solutions
of problem (2), then

]E(‘u(x, t) —v(x, t) |p)

<Cp) / / Glx—y, £~ 9E(|uly,) - vy, )|/) dyds

G(x -y, t—)[Nuly,s) - Nvly,s)]| dyds

<C(p) / supIE (Juty,5) = v(y,9)[") ds.

Therefore, Gronwall’s lemma yields

E(|u(x,8) - v(x,1)[") = 0. O

Page 8 of 10
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@r=10

Figure 1 Anomalous diffusion for o = 2.5
. )
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5 Example

In this section, we consider an example for the case n = 2, with the initial condition

11 1 =< X1,%2 =< 2»
uo(x1,%2) = .
0, in the other case,

and the boundary conditions, for / = 1,2,

(-, 3/4 <xp <5/4,
hi(x(,t) =
0, in the other case.

In Fig. 1, we present the plot of the solution u(x, ) for ¢ = 0.02,0.1,0.5,1, and « = 2.5.
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