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1 Introduction and preliminaries

Fixed point theory is still a central topic with a broad focus on applications of fixed point
models not only in mathematical analysis, but also in other branches of natural sciences.
The Banach contraction theorem continues to be generalized in other metric settings. For
more related results, see [1-23].

Following the generalizations made by Matthews [24], Hitzler and Seda [25], and Amini-
Harandi [26], Alghamdi et al. [27] introduced the concept of b-metric-like spaces. Many
authors have obtained interesting results in these areas associated with many more appli-
cations in the field of nonlinear analysis and main areas of interdisciplinary research.

In our work, we use the notions of a-admissible functions, («, V¥, ¢)-contractive map-
pings, F-contractions, and Kannan type contractions. In this paper, we introduce oy —
F contractive mappings by means of aw-admissible functions and auxiliary functions,
named as C-class functions. We also provide two wide classes of contractions selected
among b-metric and b-metric-like settings, giving knew extensions of ap — F contrac-
tions and Kannan type contractions. These new generalized classes not only generalize
the known ones, but also include and unify a huge number of existing ones selected in the
corresponding literature, and the corresponding results are supported by an application
on boundary value problems.

Let T be a nonempty set and s > 1 be a given real number. Let o, : T x T — [0,00) be a
mapping satisfying the following conditions for each h,k,z € T:
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L op(hk)=0ifand only if h=k;
1. op(h, k) =0 implies h = k;

1L op(h, k) = op(k, h);

IV. op(h,k) < op(h,z) + 0u(z, k);
V. op(h, k) < slop(h, z) + op(z, k)].

Definition 1.1 ([28]) A pair (T, 0}) satisfying axioms I, II, and V is called a b-metric space
with parameter s.

Definition 1.2 ([26]) A pair (T, 0}) satisfying axioms II, III, and IV is called a metric-like

space.

Definition 1.3 ([27]) A pair (T, 0}) satisfying axioms II, III, and V is called a b-metric-like

space with parameter s.

It is true that if 71,k € T and o} (h, k) = 0, then & = k; however, the converse need not be
true, and o} (%, i) may be positive for h € T

Example 1.4 Let T = R and o, : T? — [0,00) be a given function as o,(h, k) = (|k| + |k|)?
forall 1,k € T. Then (T, 0}) is a b-metric-like space with parameter s = 2.

Definition 1.5 ([27]) Let (7, 0,) be a b-metric-like space.
(a) A sequence {h,}in T is called convergent to a point # € T if
limy,, oo 03 (1, h) = 03 (1, );
(b) A sequence {h,} in T is called Cauchy if lim,, ;;— oo 05(hy, 1) exists and is finite;
(c) The b-metric-like space (T, 03) is called complete if, for every Cauchy sequence {4,}
in T, there exists 1 € T such that lim,, ,,—, o0 0 (1, Hy,) = limy,, oo 0 (B, 1) = 03 (B, h).

In 2012, the introduction of «-admissible functions by Samet et al. in [29] leads to an
extensive development of many notions and properties related to fixed point theory and
its applications.

Definition 1.6 Let 7 be a nonempty set. Let f: T — T and o : T x T — R* be given
functions. We say that f is an «-admissible mapping if «(/, k) > 1 implies that a(f#, fk) > 1
forallh,keT.

Further, Aydi [30] extended this definition to a pair of mappings.

Definition 1.7 For a nonempty set T, letf,g: T — T and o : T x T — R* be mappings.
We say that (f, g) is an o-admissible pair if, for all s,k € T we have

alh k) > 1= al(fh,gk)>1 and «a(gk,fh)>1.

We here summarize the most important lemmas and results very useful in the main

section of the paper.
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Lemma 1.8 ([21]) Let (T,03) be a b-metric-like space with parameter s > 1. If a given
mapping f : T — T is continuous at h* € T, then we have

b (fhn, fH*) — op(fi*, fi*)  whenever oy (hy, h*) — o, (h*, i) for each {h,}in T.
The following is a short revised version of the lemma in [22].

Lemma 1.9 Let (T,0p) be a b-metric-like space with parameter s > 1, and suppose that
{h,} is op-convergent to h with oy(h, h) = 0. Then, for each j € T, we have

s‘lab(h,j) <lim iorgfab(h,,,j) <limsupoy(hy,j) < sop(h,j).
n— n—00
Lemma 1.10 ([21]) In a b-metric-like space (T, o) with parameter s > 1, for h,k € T and
{h,} C T, we have:
@) op(h,k) =0= o,(h,h) =0o,(k, k) =0;
(b) Iflimy,— 00 03 (hy, hys1) = 0, then limy, o0 03 (hy, ) = 1My 00 05 (Hys1, Hys1) = 0;
(¢) h# k= op(h,k)>0.

Lemma 1.11 ([22]) Let (T,0,) be a complete b-metric-like space and {h,} be a sequence
such that

lim Ub(hmhrHl) =0.
n—00
1If, for such a sequence {h,}, lim, o 05(hy, hy) # 0, then there are ¢ > 0 and subse-

quences of positive integers {m(i)}; {n(i)} with n; > m; > i such that

& <lim sup op(hap;, Hom;) < €, els <lim sup op(Mom;s Mow;—1) < €5,
i—o00 i—00

e/s? < lim sup op(Man—1, hom+1) < es?,
i—o00
e/s <1im sup op(hom;+1, Han;) < es?.
i—00
Lemma 1.12 ([22]) Let {h,} be a sequence in a b-metric-like space (T, 0},) with parameter
s > 1 such that o,(hy, hyi1) < Aop(hy,_1,hy) for all n > 0, for some A, where 0 < A < 1/s.
Then:
1. hmn—>oo Ub(hm hn+1) =0,
2. {hy,} is a Cauchy sequence in (T, op) and lim,, ,,_, oo 0p(Hy, Byy) = 0.

Definition 1.13 ([22]) Let (7,0;) be a b-metric-like space, f,g: T — Tand o : T x T —
R* be given mappings, and let p > 1 be an arbitrary constant. We say that (f, g) is an ow-
admissible pair if a (4, k) > s” implies min{a (fh, gk), o (gk, fh)} > P forall b,k e T.

Examples 2 and 3 in [22] illustrate Definition 1.13.

Definition 1.14 ([22]) Let (T,0,) be a b-metric-like space, f: T — T and «: T x T —
R* be given mappings, and let p > 1 be an arbitrary constant. We say that f is an ow-
admissible mapping if a(4, k) > s” implies min{« (fh, fk), a(fk, fh)} > s” for all b,k e T.
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Also, in the sequel, we recall additional properties given in [22].

(Hg): If {h,} is a sequence in T such that b, — h € T as n — oo and «a(h,, hyy1) > s°
and o(/1,.1, 1,) > s7, then there exists a subsequence {/,,} of {,} with a(h,;,h) > s* and
a(h,hy) > s* forall i e N.

(Ug): For all i, k € CF(f,g), we have a(h, k) > s”, where CF(f,g) denotes the set of com-
mon fixed points of f and g (also Fix(f) is the set of fixed points of f).

Definition 1.15 ([31]) A mapping F:R* x R* — R is called a C-class function if
1) F(m,n) < m for all m,n > 0;
2) F(m,n) = m implies that either m = 0 or n = 0 for all m,n > 0;
3) F(m,n) is continuous on its variables n1,n > 0.

2 Main results
In this section we present two main theorems. The first is a general result in a larger am-
bient of spaces that extends and unifies a number of well-known corresponding results
related to fixed point theory. The second is an extension of the outstanding classical result
of Kannan contraction to the setting of b-metric-like spaces.

Letf: T — T be a mapping. We denote

op(hfK)+opkfh)  op(hfhoy (k)
N(h /) _ (Th(h, k)yab(h;fh); Gb(k,fk); 1s ) 1+s[¢7[,(h,fh)+ab(kﬂ)]’ (1)
P K) =MAXY o) (k) [Lop(hfh)]  op(h)Lropk,K)]
1+0p(h,k) ’ 1+op (fh,fk)

and the following sets of functions:

I:= {w : [0, +00) — [0, +00) is strictly increasing, continuous such that v (m) = 0
iff m= 0};

® := {6 : [0,+00) — [0, +00) is continuous with 6(1) < ¥ (m) for all m > 0};

e (B,v,8)B,v,8: R — [0,1) satisfying

| limsup, _,,, B(n) + limsup,_,,, y (1) + limsup, ., §(n) < 1L, forall m>0 |’

Definition 2.1 Let (T, 0;) be a b-metric-like space with parameter s > 1. A mapping f :
T — T issaid to be an oy — (C, N, ®) contraction if f is an o -admissible mapping (p > 1)
and it satisfies

a(h, k)oy(fh, fk) < F(N(h, k),0 (N(h, k))) (2)
forall i,k € T, where F € C, 6 € ® and N (/, k) is defined by (1).

We now state the following general result.

Theorem 2.2 Let (T,0,) be a complete b-metric-like space with parameter s > 1, and f
T — T be an ap — (C,N, ®) contraction. Suppose that the following conditions hold:

(i) there exists hg € T such that min{a(ho, fho), a(fho, ho)} > s*;

(ii) the properties Hy and Uy are satisfied.
Then f has a unique fixed pointhe T.
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Proof From assumption (i) there exists 4y € T such that a(kg,fho) > s”. We construct a
sequence {/,} in T by h, = f"ho =f (h,-1) for all n € N. If we suppose that o (%, 1,.1) =0
for some u, then /4,1 = h,, and so f has a fixed point. Consequently, throughout the proof,

we assume that
op(My, 1) >0 forallme N, (3)
By the o -type admissibility of f, we observe that

a(hy, hy) = alhy, fhy) > s°,

alfho,fi) =alhy, hy) > s”  and  afhy, fhy) = a(hy, h3) > sP.
Then, inductively,
a(hy,hy) >8P forallmeN. (4)

By (1) and condition (2), we have

P05 (M 1) = 8P 03 (M1, f1)
< a(hy-1, ) ow(fhu-1, 1)
< F(N(y1, 1), 6 (N1, h)))
< N(hy-1,hy), (5)

where

(et 1), O (1, 1), 0 (s fy), 22 e S0 CnlPac)
0p(Mp_1,n)0p (Mp—1,/Mn) op (M fhn) [1+0p (hy—1/Mp-1)]
N(hp-1, 1) = MAX N T30, Ohy1 Jhr-1) 4y )] TeopU i) 7
0p (-1 f1n-1)[1+0p (i fhin)]
1+0p(fhy-1.fhn)

Op (hn—h hn)r Ub(hn—b hn): Ub(hm hn+l): Ub(hnil,hnzs)*-ab(hmhn) )
0p(p—1,1n)0p (Mp—1,Mn+1) — 0p(hnhips1) (140 (hy—1,hn)]
= MAX \ Tisfoy, (hy_1.n)+0p Brltne1)] L+op(hy-1,hn) ’
0p(y—1,hn) (140 (M, hye1)]
L+op(hnhps1)

Op (hn—l; hn)y Ub(hn—l; hn)¢ Ub(hm hn+l);

slop(p—1,hn)+op (s 1)1+250p (hy—1,hn)

< max v ,
op(hy_1,hn)slop (hy—1,1n)+op(hn,hn11)]
L+5(0 Uin—1,11m) + 0 i s 1)] » Ub(hnr hn+l); Ub(hn—lr hn)
= max{oh(h,,_l, hn); O—b(hn’ hn+1)}' (6)

If we have
op(hy_1,hy,) <op(hy, hy) forsomen eN,
then, from inequality (6), we get

N(hn—lyhn) = Uh(hmhn+1)- (7)
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Using (5), we obtain
Spr(hn, hn+1) =< Gb(hn> hn+1)~

Hence o (h,,, k1) = 0, that is a contradiction.
Thus, for all n € N, o (hy, hys1) < 0p(h,-1,h,) and by (5), we can establish that

05 (M, Hus1) < 0p(Mp-r, ).
As a result, the above inequality can be written as
b (s hni1) < Aoy (hy-y, h), 8)
where A = 1/s” € [0,1/s). By Lemma 1.12 and using (8), we claim
lim o (i, Bir) = 0, ©)
n—00

and the sequence {/,} is Cauchy. (T, 0},) is complete, so there is some % € T such that {/,}
converges to /4. That is,

lim op(hp, 1) = op(l 1) = Tim o (Fy Him) = 0. (10)

n—00 n,m—00

The self-map f is not continuous, then from (4) and property Hy, there exists a subse-
quence {/,,} of {h,} such that a(h,;, ) > s* for all i € N. Applying contractive condition
(2) to hy, and &, we obtain

sPop (M1, /M) = " 0p(fhy,, 1)
< a(hy;, h)oy(fhy,, fh)
< F(N(hy;, h),0(N(hy,, h)))

< N(hy;, h), (11)
where

Op (hnl-: h)) Op (hnl-xfhn,-); Op (h’fh)y

Ub(hn,' ﬂl)"'Ub(h:fhni) Ub(hni ’h)ah(hn,'ﬂ’)

N(hy;, h) = max a5 ? Tslop Uon f g + 0 U]

)L Uing fln)] 0 Uty f i) (Lo )
Troplnd) 7 Loy flin )

Op (hni; h): Op (hnp hn,~+1)» Op (h)fh);
oy Uing M40y U)oyl By 1)

= max 4s  Taslog Uty F o1+ op fI] ¢ - (12)
op(fM)[L+op (b 1)) 0p (gl 1) [L+op(hyfh)]
T+op(n; ) ’ 1403, (ty+1,70)

By the upper limit in (12) and due to Lemma 1.9, Lemma 1.10, and Eq. (10), we derive

lim sup N(hy;, h) < max{o, 0,0, fh), %,

i—00

0, o;,(h,ﬂq),o} = op(h,fh). (13)

Page 6 of 18
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Letting i — oo in (11), and in view of (13) and Lemma 1.9, it follows that

1
s~ Loy (h,fh) = s =0y (h,fh) < sP lim sup op(hy,, fh)
s

< lim sup N(h,,, h) < op(h,fh). (14)

i— 00

From (14) we get o, (h, fh) = 0, which implies that f = 4. Hence /4 is a fixed point of f.
If i, z € Fix(f), by the hypothesis Uy, o(h,z) > s¥, and applying (2), we have

oy ) = soy(fh, fh) < a(h, hoy(fh, fh)
< F(N(h, 1),6(N(h, h)))
<N(h,h) =oy(h, h), (15)

where

ap(fhy o) oy (rfmop(hfi)

N(h, h) = max ov(h, 1), 0, (. fh), ov (. fh), 5 Toslop(nfh) 1oy i)’

oh) = o) Lsop (b)) op(hfl){1+ay 0 m)]
1+op(h,h) 4 1+op(fhfh)

{ob(h,m,ob(h,h),ob(h,h), B e, }
=max

4s ? 1+s[oy, (k) +op, (K]’
op(hh)[1+0y,(hh)]  op(hh)[1+0y(h,h)]
1+0p,(h,h) ’ 1+0p(h,h)

= op(h, h). (16)
By (15) it follows s o, (h, h) < op(h, ). 17)
Since s > 1, the inequality above implies o, (%, /1) = 0 (similarly, 0;(z,z) = 0).
Again by condition (2), we have
sPoy(h,2) = s o1 (fh, fz) < a(h, 2)op(fh, f2)
<F(N(h,z2),0(N(h,z)))
<N(hz)

=op(h, 2), (18)

where

oy rop(afh)  oyiiMoy(nf)

N(h,z) = max ob(h,2), 0y (B, fi), 0 (2, f2), =455, e Guisoy e

o) Lsoy )] oy(ni)(1+p(zf2)]
1+op(h,2) ’ 1+o0p(fh,fz)

4s ? 1+slop(hh)+op(2,2)]°
0p(z.2)[L+op(hh)]  op(hh)[1+0p(2,2)]
1+op(hz) 7 1+0,(h,2)

o) (h, Z), Ub(h, h), o) (Z, Z), op(hz)+op(z,h) op(hh)oy(hz)
= max

op(h,z)

= max{ab(h,z),O, 0, ,0, 0,0}

= op(h, 2).

Inequality (18) implies that (%, z) = 0. Therefore, /1 = z and the fixed point is unique. [J

Page 7 of 18
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Remark 2.3
(i) The proof of Theorem 2.2 is simply constructive somewhat shorter, and avoid the
use of Lemma 1.11.
(ii) The above result reduces to other settings of spaces for the choice of parameters s
and p.
(ili) Many applications of Theorem 2.2 are attributed to the variety of class C that

makes it to contain many known theorems as special cases.
In the sequel, we provide an illustrative example of Theorem 2.2.

Example 2.4 In T = [0, +o0), we take o3 (l, k) = (h + k)2 for all 4,k € T. Clearly, (T,0) is
a b-metric-like space with coefficient s = 2. Let us define the mappings f : T — T and
a:T x T — [0,+00[ by

th ifhe[0,1),
fh={%h ifhe(l,2), and a(hk)=

2h  ifh>2

h+k+4 ifhkel0,2],

0 otherwise.

Let i,k € T, if a(h, k) > 4 = s%, then K,k € [0,2), and also we have fh,fk € [0,1/5) and
a(fh,fk) > s*. Thus we have shown that f is an ag-admissible mapping. Choosing F € C
as F(m, n) = m — n, we discuss the following cases:

Let 1,k € [0,1), then we get

) 11 11\
a(h, k)oy(fh, fk) = s“op(fh, fk) = 401;(51’1, gk) = 4(Eh + §k>

_ 4
25
= N(h, k) - 6 (N (,k))

1 1
(h + k)% < ool k) < ZN(hK) = N1, k) - gN(h, k)

= F(N(h,k),6 (N(h,K))).

Let i1,k € [1,2), then we get

1.1 1 1.\?2
a(h, k)oy(fh, fk) = s2op(fh, k) = 40;,(Eh, Ek) :4(5}1 + Ek>

4 1 1
2+ k)2 < 2oy k) < =
Too 1+ R <ok = ¢

= N(h,k) - 6(N(h,k))

Nk, k) = N(h, k) - ZN(h, k)

= F(N(h,k),6(N(h,k))).

Let h € [0,1), k € [1,2), then we get

( k) (Ihﬂ()— 2 (ﬂ’lfk)—4 lh 1/ =4 1]’l+—1/ 2<4 —1h+—1k ’
) ), =S ), = _5 ’_: = -
a(h Op Op Op 1 K 1 K

4

1 1 5
75 (h+k)?< gab(h, k) < EN(h’ k) =N(h,k) - gN(h, k)
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= N(h, k) - 0(N(h,k))
= F(N(h,k),6 (N (h,k))).

The other case k € [0,1), / € [1,2) is the same as the previous case.

Obviously, the other assumptions of Theorem 2.2 can be verified and f has #=0 as a
unique fixed point.

On the other hand, if we refer to the metric space with the standard metric d(%, k) =
| — k| for points & =0, k =2 in case N(0,2) = d(0,2), we see that

4 =d(f0,2) < F(d(0,2),0(d(0,2))) = F(2,6(2)),

that is, there exists no function F € C that satisfies the inequality (and also the Banach
contraction principle).

Theorem 2.5 Let (T,0,) be a complete b-metric-like space with parameter s > 1 and f

T — T be a mapping satisfying
sPop(fh, fk) < F(N(h, k),6 (N (h,k)))

forallh,k e T, where0 € ®,F € C, p>1and N(h,k) is defined by (1). Then f has a fixed
pointinT.

Proof 1Tt is obtained from Theorem 2.2 by setting «(/1, k) = s* (p > 1). O

Some applications of Theorem 2.2 are the following results by choosing the function
F € C, based on Example 2.13 (see [31]).

Corollary 2.6 Let f: T — T be an ay-admissible mapping on a complete b-metric-like
space (T, o0p) with parameter s > 1. Suppose that the following assertions hold:
(i) There exists a function B : [0,00) — [0, 1) satisfying the condition: B(h,) — 1 as
n — oo implies that h,, — 0 as n — oo such that

a(h, K)o (f, fk) < B(N (i, K)) (N (i, k)

for all h,k € T;where N(h, k) is defined by (1);
(i) There exists hg € T with min{a(ho, fho), a(fho, ho)} > s*;
(iii) Properties Hyp; Ugw are satisfied.
Then f has a unique fixed pointhe T.

Proof 1t follows from Theorem 2.2 by setting the function F € C as F(m, n) = f(m)m. O

Corollary 2.7 Let f: T — T be an ay-admissible mapping on a complete b-metric-like
space (T, 0p) with parameter s > 1. Suppose that the following conditions are satisfied:
(i) There exists a continuous function ¢ : R* — R* such that ¢(t) <t forall t > 0,

satisfying

a(h, K)oy (fh &) < (N (h,K)
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forall h,k € T, where N(h, k) is defined by (1);
(i) There exists hg € T with min{a(ho, fho), a(fho, ho)} > s*;
(iii) Properties Hyp; Uy are satisfied.
Then f has a unique fixed point he T.

Proof 1t is derived from Theorem 2.2 by setting F(m, n) = ¢(m) where ¢ : R* — R* is
continuous such that ¢(m) < m for all m > 0. O

The next theorem is a new extension of Kannan type contraction and is concerned with

common fixed points for a pair of self-mappings. It uses the following definitions.

Definition 2.8 Let (7,0;) be a complete b-metric-like space with parameter s > 1, and
f,g:T—T,a:T x T— R* be given mappings. The pair (f,g) is called a generalized
ay — (I,®,I')-Kannan contraction pair if there exist €1, 6 € ©, 8,y,8 € I satisfying

v (a(h, K)oy (fh, gk)) < Blow(h, k)]0[0b(h, k)]
+y|op(h, k)]0 [0 (h, 1) ]
+ 8o, k)]0 [0k gK)] (19)

for all 1,k € T with a(h, k) > s?(p > 1) and 6(m) < ¥ (m) for all m > 0.

Remark 2.9 1f we put g = f, then Definition 2.8 can be stated as generalized ay — (1,0,T")

Kannan contraction for one mapping.

Theorem 2.10 Let (f,g) be a pair of self-mappings on a complete b-metric-like space
(T, 0p) with coefficient s > 1. If (f,g) is a generalized ay — (I,0,T") Kannan contraction
pair, and the following conditions hold:
(i) There exists hy € T with min{a(hy, fho), a(fho, ho)} > s*;
(i) (f,g) is an aw-admissible pair;
(iii) Properties Hp; Uy are satisfied.
Then f and g have a unique common fixed point he T.

Proof Since condition (i) holds, there exists sy € T with «(ho, fho) > s and a(fho, ho) > s*.
Take /11 = fho and &, = gh;. By induction, we construct an iterative sequence {/,} in T such
that 15,41 = fho, and hgyyp = ghoys for all m > 0. Then a(hy, 1) > s and «(hy, ho) > s7, by
condition (ii) (f,g) is an aw-admissible pair, so we obtain that

a(hy, ho) = alfho,ghi) > 8" and  a(hy, h) = a(ghy, fho) > °.
Also, we have

a(h3, hy) = affhy,ghi) > s and  a(hy, hs) = a(ghy, fhy) > s°.

Proceeding inductively, we obtain

a(hy,hy) >s? and  a(hu,h,) > forallm > 0. (20)
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If, for some n € N, 0p,(hy41, h2,) = 0, then by (19) we have

¥ (0p(hane1s Hansa)) < W (P00 (Maner, hanea)) = ¥ (P05 (Phan, Ghonar))
< V¥ (alhans hane1) 0w (Phan, Ghonst))
< Blow(hans h2n41) 0 [0 (han, w1 ]
+ ¥ [0 (hans Bani1) |0 05 (Bans fHi2n) |
+ 80w (hans h2ni1) 0 [0 (M1, Ghonen) ]
= Blov(hans Mona1) |0 {00 (o Hane1) ]
+ ¥ [0v(hans han41)10[ 05 (Bans Bonin)]
+ 8[0b (M2 h2n11) 1005 (M2ns15 H2ni) ]

=4 [O'b(th: h2n+1)]9 [Gb(h2n+1y h2n+2)] <t [Ub (hans1, h2n+2)] .

By properties of v, 0, we get 05 (h2y41, M2ns2) = 0, that is, h3,41 = Hope2. Furthermore, that
is hoy = hops1 = fhoy and oy, = hoyeo = ghone = gfhan = gho,. Hence, the proof is concluded.

Now, we assume that o3, (%1, /1,,41) > 0 for all # > 0. By (20), applying condition (19), we have
V(06 (hans1s han)) < W (P 0p(hani1s han)) = ¥ (P05 (Fhans ghon-1))
< ¥ (a(han han-1)0b(fhan, ghon-1))
< Blow(hans h2n-1)]0 [0 (h2n hon-1)]
+ (00 (hans 12n-1) 0 [0 (H2n, fH124)]
+ 8[ 0 (M, han1)]6 [ 00 (han-1,gh2n-1) ]
= Blow(hans han-1) |00 (haus h2n-1) ]
+ (00 (h2ns h2n-1)]0 [0 (2 hani1) ]
+8[ 0 (M2 h2n-1) 0 [ 06 (hans han-1) |- (21)
If we suppose that 0 [0, (h2y-1, h24)] < 6[0b(h2y, H2ns1)] for some n € N, then inequality (21)
takes the form
1//(0b(hzn+1, h2n))
< ¥ (Lop(hane1, han))
= 1ﬂ(Sp(fb(fhzn,g/’lzn—l))

< (Blowlran hon-1)] + [0 (o, hou-1)] + 8[ 00 (r2 Bon1)])0 00 (Bam, Fzuen) ]
< 6[op(hon hanin) ),

that is, a contradiction. Hence

006 (hans hani1) | < 005 (h2u-1, ). (22)

Page 11 0f 18
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By (22) and the properties of ¥/, 6, we get
¥ [0 (hane1, h2n) | < 0[06(han hanin) | < 005 (h2n-1, h2n) | < ¥ [00(han-1, han) |- (23)

Inequality (23) implies o5 (h2y, hops1) < 0p(hoy-1,h2,) for all m € N.

That is, the sequence {0 (2,41, 12,1} is decreasing. Thus, it is convergent to inf{o,(h2;41,
hyy)} = r > 0. That is, lim,_ o 0p(Hy, 1) = 7, and also lim,_, oo 05 Moy, Hops1) =
limy,_, o0 05 (M24-1,124) = 7.

If we suppose r > 0, then we consider

U (0p(hans1s hon)) < W (P 0p(hans1s Haw)) = ¥ (P03 (fhans ghon-1))
< ¥ (alhan han-1)0b(fhan, ghou-1))
< Blow(h2ns h2n-1)]0 062, han-1)]
+ (05 (hans h2n-1)]0 [0 (H2n hani1) ]
+ 8[0b (o 1)]0 [06 21, 12)] (24)

and, letting n — 0o in (24), we obtain ¥ (r) < 6(r), which implies that r = 0, that is,
lim Ub(hnyhn+l) = lim O’b(l’ln_l,hy,) =0. (25)

Now, we prove that lim,, ,,—, oo 05 (1, h1,,,) = 0. It is sufficient to show that lim,, ;,,—, oo 05(H2,,
hy,,) = 0. If we assume lim,, ,,, oo 0 (H2y, M12,,) # 0 then, using Lemma 1.11, there exists ¢ > 0,

and we can find subsequences {1} and {#;} of positive integers, with n; > m; > i, such that

. & .
e <lim sup op(hon;, Hom,;) < &5, — <lim sup op(hom;, hon—1) < és,
i—00 N i—00
. . (26)
. 2 . 2
— =< lim sup op(han—1, hom+1) < 57, — < lim sup op(Hom;+15 Hon;) < &5°.
S i—00 N i—00

Since (M2, hon,—1) = s from (19), we have

U (P05 (hamy 15 hom,)) < W (8700 (fom;» §hon,-1))

< ¥ (a(h2my> on-1) 06 (fhom;» Ghom—1))

< Blow(ham;» han-1) )0 (06 (ham; hani-1))
+ ¥ 06 (ham;» hani-1) 10 (06 (ham;» fhom,))
+ 8 0p (ham;s Mani-1) 10 (00 (-1, §an;—1))

= Blow(ham;» han,1) 10 (06 (o Boy 1))
+ ¥ [0 (Bam;» honi-1)]0 (06 (Bam; homi1) )
+ 8[0n(ammy Hany1)]0 (0 Uty o). 27)
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Hence, by (26), (27), and (25), we obtain

Y(es) < l/f(gsp_l) _ W(Sp§> < 1/f<]im sup a;,(hmi,hnl.)>

i—o00

< lim sup ,B[Ub(hz,nl.,hzm,l)]0<lim sup ab(thl.,hzm,l)>

i— 00 i—00

+lim sup V[Ub(thph2ni—l)]9<hm sup Ub(hzm,-,hzmiu))

i—00 i—>00

+ lim sup S[Ub(hzm,,hgy,i_l)]e(lim sup O'b(hgnl._l,]’lzni))

i— 00 i—00

= lim sup ﬁ[ob(h2mi7h2ni—l)]9(85) +lim sup V[Ub(h2mi’h2ni—l)]9(0)

i— 00 i—o00

+lim sup 8[op(Hom,» h2n,-1)]0/(0)

i—00

<0(es),

which implies ¢ = 0, a contradiction. Thus, lim,, ;,—, o 05(/, h1,,) = 0, and the sequence {#,,}

is Cauchy. (T, 0p,) is complete, so there exists # € T such that {/4,} is convergent to /, that
is,

im0y (1, h) = 1im 0 (hy, i) = 03 (B, 1) = 0 (28)
By property Hy, there exists a subsequence {/,,} of {,} with a(h,;, 1) > s* and a(h, h,,,)
s? for all i € N. Then, from condition (19), we have
V(05 (M1, 8h)) = ¥ (8”05 (Foniiy 1)) < W ((Baniiy M)ow (hancy, gh))
< Blow(h2ui, 1) 16 (05 (haniy, h))
+y[0u(hangy, )10 (0 (i), fHoni))
+8[ 0 (han(iy, 1) |0 (03 (1, gh))
= Blow(han;, 1)]6 (05 (M2, 1))
+ 00 (han; 1) 0 (03 (Hom;s Honya1)
]

+ 8 [0 (o, 1) |6 (0, gh)). (29)

Considering limit superior as i — oo in (29), and due to (25), (28), and Lemma 1.9, we
obtain

w(s”_lab(h,gh)) = W(sps_lab(h,gh)) < W(sp lim sup ab(hg,,#l,gh))

i—00

< tim sup [0z, )]0 (1im sup otz 1))

i—00 i—00

+1im sup [0t 1)]6 (lim sup 0 (ra oi1))

i—00 i—00

+ lim sup 3[<rb(h2,,l.,h)]0 (lim sup ob(h,gh)>

i— 00 i—00

6 (o3 (h, gh)). (30)

Page 13 0f 18



Zoto et al. Advances in Difference Equations (2021) 2021:262 Page 14 0of 18

Inequality (30) yields that o, (%4, gh) = 0, so gh = h. Similarly, fh = h.
If h,j € C(f,g) with & #}, then, by hypothesis U and applying (19), we obtain
V(s (h, )
< ¥ (eh, oy (fh, gh))
< Blow(h, 1)1 (0w(h, 1)) + y[op(h, 1)]6 (03 (1)) + 8[ 0 (1, )]0 (0 (P, gh))
= Blow(h, 10 (0u(h, ) + v [0n(h, )]0 (0b(h, 1)) + 8[ 0 (h, )6 (0 (1, 1))
= (Blow(h, )] + y [ow(h, 1)) + 8[ 0 (1, 1)])6 (0w (. 1))
<0(op(h,h)),
that implies o (/1, /1) = 0 (also 0 (j, ) = 0).
Again from (19), we have
¥ (Lo () < ¥ (el o (fh, gj)
< Blo( )]0 (k) + v [061,)]0 (o0, f1)
+8[ow(h, )16 (00(i, &)
<6(op(h,))),

a contradiction. Hence, /1 = j. O

Corollary 2.11 Let (f,g) be an ag-admissible pair of self-mappings on a complete b-
metric-like space (T, 0p) with coefficient s > 1. If there exist € 1,0 € ® and c;,c5,¢3 € R*

with ¢ + ¢y + ¢3 < 1 such that
w(a(h, k)orh(fh,gk)) < clé[ob(h, k)] + 20 [ah(h,ﬂq)] +c36 [ab(k,gk)]

for all h,k € T; furthermore, the following conditions hold:
(i) there exists hg € T such that min{o(ho, fho), a(fho, ho)} > s*;
(i) properties Hy; Uy are satisfied,

then f and g have a unique common fixed point he T.

Proof Take in Theorem 2.10, B(m) = ¢y, y(m) = ¢y, §(m) = c3, m > 0. O

Corollary 2.12 Let f be an ayp-admissible self-mapping on a b-metric-like space (T, 0p,)
with coefficient s > 1. If f is a generalized ap — (I x ® x I')-Kannan contraction, and the
following assertions hold:

(i) there exists hg € T such that min{o (ho, fho), o (fho, ho)} > s*;

(ii) conditions Hy; Uy are satisfied,
then f has a unique fixed point he T.

Proof The proof follows from Theorem 2.10 if we take g = f. O

Corollary 2.13 Let (f,g) be an ag-admissible pair of self-mappings on a complete b-
metric-like space (T, o0p) with coefficient s > 1. If there exist y €1, 0 € ©, and § € I" such
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that

v (e, K)oy (f, gk)) < B0, k)] (600 (h, k)] + 6 [0 (B, /)] + 6 0 (K, gK)])

forall h,k € T and 6(m) <y (m) for all m > 0; and the following assertions hold:
(i) there exists hg € T such that min{o(ho, fho), o (fho, ho)} > s*;
(ii) conditions Hy; Uy are satisfied,

then f and g have a unique common fixed point h € T.

Proof By taking y (m) = 8(m) = B(m). O

Remark 2.14 It is evident that we can generate a variety of other corollaries as special cases
by putting «(/,k) = s? (p > 1), or g = f or W (m) = m, or defining B,y,8 € I' as constant

functions.

3 Applications
In this section, we discuss an application that attributes the solvability of boundary value
problems of second order ordinary differential equations:

K () = My (u, h(w)), ue€(0,1],
H' () = Ma(u, h(n)), uel0,1], (31)
h(0)=h(1)=0

for given continuous functions M;; M, : [0,1] x R — R.
Let T = (([0,1],R) be the set of real continuous functions defined on [0, 1], endowed
with the b-metric-like

op(h, k) = m{%);](|h(u)| + |k(u)|)n forall ke T.
uell,

It is evident that (T, 0}) is a complete b-metric-like space with parameter s = 2"~ where
n>1.

The equivalent system of integral equations corresponding to boundary value problems
(31) is the following:

h(w) = [y G(u, p)Mi(p, h(p)) dp,
h(u) = [y G(u, p)Ms(p, h(p)) dp, (32)
for u € [0,1]

and G(u, p) is the Green function given as

p(u-p) 0<p=<u=<l,
G(U;P):{

u(p-u) 0<u<p<1

Consider the mappings f,g: T — T by

1
1) = [ Gl p)ts(p ) dp - foruelo.1),
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1
gt = [ G Mo, (p) dp for e 0,1],

and let ¢: R x R — R be a given function.

Theorem 3.1 Counusider the system of integral Eqs. (32) and suppose that the following as-
sertions hold:

(i) There exists hy € T such that ¢ (ho(n), fho(u)) > 0 for all u € [0, 1];

(ii) Forallu€[0,1] and h,ke T,

¢ (h(u), k(u)) = 0 implies that ¢ (fh(u), gk(u)) > 0;

(ili) Properties Hp and Uy are satisfied;
(iv) Thereexistn>1,p>1, 1 €(0,1) and a continuous function 6 : R* — R* such that

(1M1 (0, h(p)| + |Ma(o, (o)) |) < {/L220[ ([0 + |K(p)])"]

forall p €0,1], b,k € T;
(v) Forall p € [0,1], sup,c(o1) fy Glu, p)dp < 1.
Then the system of integral Eqs. (32) (or equivalently, (31)) has a unique solution in T.

Proof We define a function @ : T x T — [0, 00) by

s# if £ (h(u), k(u)) > 0, for all u € [0,1],

0 otherwise.

a(hk) = {

It is clear that (f, g) is an aw-admissible pair.
Let i,k € T = [([0,1],R) be such that a(k(u), k(u)) > s?, i.e., £ (fh(u),gk(w)) > 0, then
from the assertions above, for all u € [0, 1], we might observe that

o (fh(u), gk(u)) = urg[%([fh(u)l + |gk(w))"

g

=<

+

1 n
[ G po,hio)) )

n

1
| Gt ot o) o

1 1
fOG(u,p)}M1(p,h(p))|d0+/o G(u,p)|Mz(p,h(p))|dp>

1

Glu, p)(|M: (p, h(p))| + [Ma(p, h()) ) dp)

S~

1

IA

1l
N 77N 7N 7N /N /N

Gty 20[ o) + (o))

S~

1

Gl 0)3/270[s o) k(o)

S~

1

G(u, p) dp) 22700y (h(p), k(p))]

S~

=

1 n
sup/o G(u,p)dp) )»2”9[%(1/1,/()]. (33)

uel0,1]
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Since G(u, p) = 4 - % and sup,c(o 1 fol G(u, p)dp < % (in that case, the coefficient p = 3 >
1), then inequality (33) can be written

ab(ﬂq(u),gk(u)) < 2% . ;\Tpe[ob(h, k)] < %;\Twe[ab(h, k)] = ge[ob(h, k)].

Hence,

. A
max ([fhw)] + [gk@)])" < Z0[ov(h. K],

and we convert the result to
a(h,k)oy, (fh(u),gk(u)) <\0 [ab(h, k)]. (34)

Thus, taking ¥ (x) =x, and 8,y,8 € " as B(x) = A, y(x) = 0, §(x) = 0, where A € (0, 1), from
inequality (34) we deduce

v (au(h, K)oy (fh, gk)) < Blow(h, k) |0[ow(h, k)]
+y[ou(h, k)]0 [0 (h, 1) ]
+46 [ob(h, k)]@ [ab(k,gk)].

Therefore, Theorem 2.10 can be applied to obtain a solution of the system of boundary
value problems (31). d
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