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1 Introduction and main results
This paper is concerned with the existence and multiplicity of nontrivial solutions for the

superlinear Schrodinger equation of the form

—Au+V(X)u="f(x,u),
(1.1)
ueHIRN), N=>3.
With the aid of variational methods, problems of the form (1.1) have been extensively
studied in the past decades. There are many works adopting various assumptions on V
and f; see, for example, [1-13] and references therein.
Motivated by the above works, in this paper, we consider equation (1.1) with a sign-
changing potential well. For the potential V, we assume:
(V) V eCRN),V(X) < Vao := liMjy00 V(X) < 00,0 ¢ o (A + V), the spectrum of
-A+V.

Remarkl.1 Define the nondecreasing sequence of minimax values by

vul? +V(x)u?)d
Jn = lim sup gy (IVUIZ +V (X)u?) dx

neN
SeSn yes\(0) rN U2 dX ’ ’

where S, is a family of n-dimensional subspaces of CgO(RN ). We can see that oeg(—A +
V) € (Vao,00) by (V), doo = liMy_so0 An = iNfoess(-A + V) < 00, and Ap € opp(—A + V)
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whenever Ap < Ay, Where oess(—A + V) denotes the essential spectrum of —A + V, and
opp(—A +V) denotes the pure point spectrum of —A +V (see [14, 15] for details).

Besides (V), in [11, 12], it is also assumed that infV > 0, so that A; > 0. Then the energy
functional with respect to problem (1.1) has mountain pass geometry. In this work, we
are interested in the case where the Schrodinger operator —A +V possesses a nontrivial
negative space, which leads to more difficulty in verifying the compactness conditions. To
the best of our knowledge, there are not many results in this case.

In this paper, we do not assume any compactness conditions on the potential function V.
It is well known that the main difficulty in studying (1.1) in RN is the lack of compactness.
This difficulty can be avoided for (1.1) in bounded domains or if the potential function
V possesses some compactness conditions. For example, if limy_, o V (X) = 0o or U is ra-
dially symmetric, we can get some compactness embedding, and then the Palias—Smale
condition can be proved. We refer to [16] in this direction.

Denote F(x,t) := Otf(X, 9 ds 2% := %, and p’ := p%"l, the conjugate exponent of p. We
make the following assumptions on the nonlinearity f.

(f)) f e CY(RN x R), and there exist constants € (2,2*) andc> 0 such that

f(x,t) <c1+]tP?!

for x e RN andt e R.
(f2) f(x,t)=o(t) ast — 0 uniformly in x e RN
(f3) F(x,t)/t?> — oo as|t| — oo uniformly in x € RN,
(fa) 1iM o0 SURY < 'f(l)t‘"t)' =0 for everyl > 0.

(f5;) There exista,b>0 and« € (0,a,) such that

0< 2 F(x t) <tf(x1t)

+7
ajt|*+b

for x e RN andt #0, wherea,, = min{p/, (2* — 1)p’ — 2*}.
Then we have the following two results.

Theorem 1.2 Under assumptiongV) and (f;)..(fs), problem (1.1) possesses at least one
nontrivial solution.

Theorem 1.3 Under assumptions of Theorem2, if f (x,t) is odd in t, then problem(1.1)
possesses in“nitely many solutions

Remark1.4 To produce critical points of the variational functional of (1.1), we will even-
tually encounter the compactness problem. For this issue, we introduced assumption (fy).
It is easy to see that if a: RN — R is continuous, limy_ o, a(X) = 0, and p € (2,2*), then

f(x,t) = a(x)|t|P2t
satisfies (f;)—(fs).

Remarkl.5 Most papers concerned with the superlinear Schrodinger equations involve
the following classical condition of Ambrosetti and Rabinowitz:
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(AR) There exists: > 2 such that0 < uF(x,t) < tf (x,t) for all x e RN andt 0.
Condition (AR) plays a crucial role in proving the boundedness of Palias—Smale or Ce-
rami sequences. Instead, we introduce a new condition (fs), and we will illustrate a general
technique to establish the boundedness of Cerami sequences. It is well known that many

superlinear nonlinearities such as

fxt)=tin 1+]t|

do not satisfy condition (AR). Note that m — 0 as |t| — oo, which indicates that (f5)
is somewhat weaker than (AR). Note also that (2* — 1)p’ — 2* > 0 whenever p < 2*. So the
parameter o € (0, ) is available. It is also worth pointing out that (f5) is not a superlinear

condition. Indeed, there are asymptotically linear functions satisfying (fs).

2 Preliminaries
We denote by E:= H!(RN) the usual Sobolev space. Define the functional ® : E— R by
®(u) =

IVul> +V(x)u?> dx—  F(x,u)dx.
N N

N =

R R

Our assumptions on V and f stated above imply that the Schrodnger operator —A +V
is selfadjoint and semibounded in L(RN) and ® € C}(E,R). A direct computation gives
that, for all u,v e E,

®'(u),v = Vuvv +V (X)uv dx — f(x, u)vdx.
RN RN
It is well known that the critical points of ® are solutions of problem (1.1).
By (V) 0 is not an eigenvalue of —A + V. If ; > 0,we easily see that ® has the mountain
pass geometry. This case is simple, and we omit it here. In view of Remark 1.1, we arrange
the eigenvalues (counted with multiplicity) of —A +V as

—00 <AL <Ay < <A <0< Ap1 <" <Aoo (21)

and denote by g the corresponding eigenfunction of ;. Let E~ = spare,,...,&} and E* =
(E")*. From (V) we deduce that E = E- @ E*, where E™ and E* are the negative and positive
eigenspaces of the operator —A +V, and that dimE~ < co. For u,v € E, define

(u,v) = Vurvvt + V(xutvt dx - Vu Vv + V(X)u v~ dx, (2.2)
RN RN

where u =u~ +u* withu™ € E- and u* € E*. Then (-, -) is an inner product on E. Therefore

E is a Hilbert space with the norm || - || := 4/(-, ). We easily see that
1 1
®(u)=- u* o u - F(x,u) dx (2.3)
2 2 RN
and
®'(u),v = ut,vt — u,v - f(x, u)vdx.
N

R
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For any s€ [2,2*], the imbedding E < LS(RN) is continuous. Consequently, there exists

a constant 75> 0 such that
lus<tslull, YueE (2.4)

where | - |s denotes the LS norm.
We next recall some abstract critical point theorems, which will be used in the proofs
of our main results.

De“nition 2.1 Let E be a Banach space, and let ® € C!(E,R). Given c € R, a sequence
{un} C Eis called a Cerami sequencef @ at level ¢ (shortly, a (C). sequence) if

®Uuy)—¢  1+]|upl| @®'(uy) — 0. (2.5)

We say that @ satisfies the Cerami condition at level ¢shortly, condition (C).) if every (C)c
sequence of ¢ contains a convergent subsequence. If @ satisfies condition (C). for every
ce R, then we say that ® satisfies the Cerami condition(shortly, condition (C)).

Obviously, condition (C) is weaker than the Palais—Smale condition. However, as was
shown in [17], the deformation theorem is still valid under the Cerami condition. Thus we

have the following theorems.

Theorem 2.2 (Linking theorem [18]) Let E= E- @ E* be a Banach space withimE~ < oo.
LetR>r >0, and let¢ € E*\{0}. De“ne

M:= u=u +a¢|u” €E,|u|=RA>=0, N:= ueE"|full=r .
If ® e C1(E R) satis“es condition(C) and
inf ® > maxo,
N M
then @ has a nontrivial critical point.
For the proofs of Theorems 1.2—1.3, we will use the following fountain theorem, which is

a generalization of the classical fountain theorem of Bartsch [19] (see also [10]). For k € N,
let

Yk = sparie, ... &}, Zi =Y. (2.6)

Theorem 2.3 (Fountain theorem [20]) Suppose that the functionaf € C!(E,R) is even
and satis“es condition(C). Suppose that for every k k, for some constant k> 0, there
existpk > rx > 0 such that

(A1) by =infyez, juj=r, (U) = 00 as k — 0o, and

(A2) ax = maXey,,juj=p, P(U) <0.

Then ® has a sequence of critical poin{six} such that®(ux) — oo.
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3 Proof of main results
Lemma 3.1 Suppose thatV), (f;), and (f,) are satis“ed Then there exists & 0 such that
inf ®(0B,(0) NE*) > 0.

Proof It follows from (f;) and (f) that, for given ¢ > 0, there is a constant C, > 0 such that
Foot) <elt)+Clt? (3.1)
and
f(x,t) <elt| +C.t|PL (3.2)
For u € E*, we have

1
()= Sful> = F(xu)dx
2 RN

1
2 2
z Ul —elul; - Ceulg

1
2
—eny ull* - 5pCellull®,

> _
- 2

where 7, and 7, are constants in (2.4). Let ¢ = ﬁ. Since p > 2, we can fix some r small

enough such that

inf  ®(u)>0.

ueEt, Jlufj=r
The proof is completed. d

Lemma 3.2 Suppose tha{V) and (f,)..(f3) are satis“ed Then, for any nontrivial “nite-
dimensional subspace W of'there exists R r such that® < 0in (E- & W )\Bg(0), where
r > 0 is the constant given by Lemntal.

Proof This lemma is a corollary of [13, Lemma 2.5]. We omit the proof. O

Lemma 3.3 Suppose thatV), (f;)..(f;), and (fs) are satis“ed and ce R. Then any(C).
sequence ob is bounded

Proof It follows from (f5) that, for all t #0 and x € RN,

1
tf (1) ~ 2F(6 1) > —————tf (x,1) > 0.
Cot) = 2P0 = S r by 1t V>

Let {un} be a (C)¢ sequence of ®, that is, a sequence satisfying (2.5). Set I, := {X €
RN||un(X)| < 1} and TIS := RN\ TI,,. Then there are constants ¢;, C;, > 0 such that

2alun| +2b+1<1/¢c, Vxell,
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and
2a|un|® +2b+1 < |up|®/c;, WX ETIE.
For n sufficient large, it follows that

D > 2®(uy) — ®'(up),Un

= unf (X, upn) — 2F(x,uy) dx
RN

Unf (X, Un)
RN 28|Up|* +2b+1

>c Unf(Xun)dx+C  |un| ™ unf(X,up)dx
Iy g

for some constant D > 0.
Note that « < (2* — 1)p’ — 2* by (f5). We have

1 2% 1 2% 2 2%

P2 -1p "2 +a

< .
2+a 2+«
Then we can choose a constant r € (0, 1) such that

2¢ 1 2 2%

max —, <r< .
2*—-1p 2+« 2* + o

(3.4)

Lets:=r/(1-r)>0. Then % + _is =1. By (3.3) and the inverse Holder inequality we have

1/r
D>c  Uyf(Xup)dX + G Unf (X, up) " dx
Ih n{

(g (Unf (%, up))" dX)*"

>c¢  Unf(X,un)dx+c -
In |Un|as

By (f;) and (f,) we have

foou) PT < clulP DD fixu) T=c uf(ou) |

fxu) ? < oslul f(xu) = csuf(xu), Vu|<1.

Therefore by (3.5) we have

1/p'r
p'r P alp
. f(x,uy) " dx < GslUnlgs
ot
1/2

f(x,un) % dx <.
In

1/(-9
[un|*®dx
m§
(3.5)
Viu| =1,
(3.6)
(3.7)

In view of (3.4), we easily check that p'r > 1 and (p'r),as € [2,2*], where (p'r)’ :=
p'r/(p'r — 1). Consequently, it follows from (3.6) and (3.7), Holder’s inequality, and

Page 6 of 10
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Sobolev’s inequality that, for n large enough and some constants Cg, Cy > 0,

2
ui "= @'(up), Uy + f (X, un)u;, dx
RN
) 172 ; 1p'r
pr
< uf + f(x,up) “dx Up o+ f(x,un) "~ dx Un oy
M g P
/ /
e U P o3 (T T o Ty R T [Tl
Therefore we obtain
/
Up < Cs+Collun||*P
and, similarly,
Up < Gs+Cyllunl|*®.
Note that « < p'. Then we easily verify that [up||? = [|u; || + ||| is bounded. O

Lemma 3.4 Suppose thatV) and (f,)..(f,) are satis“ed Then any boundedC). sequence
of ® contains a convergent subsequence

Proof Suppose {un} is a bounded (C). sequence of ®. Then, passing to a subsequence,

we may assume that U, — u in E. Since dimE™ < oo, we have u}, — u* in E*, u; — U™ in

S

[OC(RN ), S€ [2,2%). To establish the strong convergence, it suffices to

E,andu; — u*inL

prove that
u;, — ut. (3.8)
Since
®'(up),uf —ut = ut,ui—ut -  f(xun) uf-ut dx—0,
RN
we have
. 2 2
0<limsup u} “— u*
n—oo
=limsupu;,u; —u* =limsup  f(x,uy) U —u" dx (3.9)
n—oo n—o0o RN

Next, let ¢ > 0. For | > 1, from (f;) and Holder’s inequality it follows that

f(X,un) U —u* dx<2c lup Pt ut —ut dx

n
lun|=I [un[=I

* *
< 2clP2 lunl* ' uf —ut dx
lun|=!

2% 2%-1
<2eP* Jup |3 Uy —ut ..
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Since p < 2*, we may fix | large enough such that

f(xUn) U} —U* dx< - (3.10)
E 3
for all n. Moreover, by (f4) there exists L > 0 such that
f(xt e
oL f(X,up) Uy —u" dX <|uply ug—u", sup | (t ) < 3 (3.11)
= =izt [t

for all n. Finally, since u;j — u* in LS(B_(0)) for s€ [2,2*), from (3.2) it follows that

+ gt < + gt p-1 (+ _ ¢yt
‘X‘SLf(x,un) u;—ut dx < |X|5L|un| u;,—ut dx+GC; ‘X‘SL|un| u, —ut dx

lun|<I [un|<! [un|<!

+_ gt p-1 (\+ _ oyt
= [Unl2 Un = U™ 1ag, ) + Callnlp™ Un = U7 o

=

(3.12)

W ™

for n large enough. Combining (3.10)—(3.12), we conclude that

f(xun) Ui —u* dx<e
RN

for n large enough. Since ¢ is arbitrary, this, together with (3.9), implies (3.8). The lemma
is proved. d

Proof of Theorem.2 For u € E, since F(x,t) > 0 by (f5), we obtain that
e
Q) =-zul”-  Fxu)dx=<0.
2 RN
This, together with Lemmas 3.1 and 3.2, implies that there exist R>r > 0 such that
inf ® >0 > max®.
N aM

In view of Lemmas 3.3 and 3.4, ® satisfies condition (C). By Theorem 2.2 we have that
® possesses at least one nontrivial critical point, which is the nontrivial solution of prob-
lem (1.1). O

Proof of Theorenl.3 Since f is odd, @ is an even functional. By Lemmas 3.3 and 3.4
we know that @ satisfies condition (C). To apply Theorem 2.3, it suffices to verify (A;)
and (A,).

Define Yy and Zi as in (2.6). Recall that A, < 0 < Ag,;. If kK > £, then we have Z, C E*.
Define By := SUpuez, |Ulp. Therefore by (2.4) and (3.1) with & = 1/47} we have

flull=1
1 1
d(Uu) > = |u||> - = |u|? - C|u|?
1 2 1 2 p 1
> Zull? = == ulZ2 = CAY|Iu|lP = = ull> = CBP||ullP.
_2|| [ 4T§| |5 = CBy llull _4|| Il B llull
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Let r = (2pCBE)Y@P). Then for u € Zy with ||u]| = ry, we have

() = 2pCpg M.

N =
N =
Tl

Since Bx — 0 as K — oo by [10, Lemma 3.8] and p > 2, it follows that

b= inf &) — oo.
ueZy,lull=rg

Hence (A;) is satisfied. Finally, by Lemma 3.2 with W = ]!10 Rg we easily see that (A,)
holds. O
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