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1 Introduction

Fractional calculus becomes an important area of research in mathematical analysis
and applications. Various definition of fractional derivative operators such as Riemann—
Liouville, Caputo, Griinwald-Letnikov, and Erdélyi—-Kober to mention few, were intro-
duced and successfully applied to solve complex systems in science and engineering (see
[1-3]). However, the semigroup properties of these fractional operators behave well in
some cases only.

In 2014, Khalil et al. [4] introduced a new simple well-behaved definition of the frac-
tional derivative called conformable fractional derivative T,f(¢) (o € (0,1]) of a function
f:R* - R at t > 0 which depends on the basic limit definition of the classical derivative.
This new fractional derivative definition has attracted much attention in recent years. In
2015, Abdeljawad [5] made an extensive research of the newly introduced conformable
fractional calculus. In his work, he generalizes the definition of conformable fractional
derivative T2f(¢) for ¢ > a € R* as

fE+et—a)™)—f(0)

€

Tef(t) = lim (1.1)
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In this case, if the function f(¢) is differentiable, then

Tf(t) = (t—a) ™ (t). (1.2)

It is clear that if & = 1, we have T¢f(¢) = lime_ o~ ”6) ftre) /) =f'(t).
The conformable fractional integral of a functlon f(t) from a € R* is defined by

Iif(¢) = /t(s—a)"‘_lf(s) ds, O<a<1. (1.3)

Note that for a = 0, we have Tf (¢) = Tof (t) and If (¢) = I,f (), as suggested in [4].

An important reason for its introduction is specified by the fact that this derivative has
many well-known properties of integer-order derivatives, among which we can highlight
Rolle’s theorem, mean value theorem, product rule, quotient rule, chain rule, fractional
power series expansion, and fractional Laplace transform (see [4—7]), which the classical
fractional derivatives do not obey. To further justify the introduction of the conformable
fractional derivative and its consequences, we refer to [8].

Since then, the theory of conformable fractional calculus and its applications have been
studied by many authors (see, for instance, [9-15]). Chung [16] used the conformable frac-
tional derivative and integral to discuss fractional Newtonian mechanics and Rezazadeh
etal. [17] investigated the stability of linear conformable fractional systems from the point
view of control theory (see also [18]). It is worth noting that the conformable fractional
derivative does not have a physical meaning as the Riemann-Liouville or Caputo deriva-
tives.

In [19] Anderson and Ulness made a remark that the discussed derivative is local in
nature and hence the correct name must be “conformable derivative” instead as introduced
“conformable fractional derivative” It is worth mentioning here the criticism made about
the definition of conformable fractional derivative by the authors of [20, 21].

On the other hand, Benkhettou et al. [22] extended the definition of (conformable) frac-
tional derivative to arbitrary time scales. Meanwhile, in [23], the authors have studied a
version of the nabla conformable fractional derivative on arbitrary time scales. Namely,
for a function f : T — R, the nabla conformable fractional derivative, Ty of(f) € R of or-
der @ € (0,1] at £ € T, and ¢ > 0, was defined as follows.

For any € > 0, there exists a neighborhood U = (¢ - §,¢ + §) N T for some § > 0 such that

|[f(p(t) —f(s)]tl‘“ - Tv,a(f)(t)[,o(t) —s]| < e|,0(t) —s| foralls e U. (1.4)

The nabla conformable fractional integral is defined by

/f(t)Vat:: /f(t)t‘HVt, O<a<l.

Further development on conformable fractional derivative and its applications on arbi-
trary time scales can be seen through the articles [24—32].

Motivated by the results in [5], we generalize the definition of the nabla conformable
fractional derivative and integral on time scales in [23] by replacing (¢ — a)!~* with a gen-
eralized time scale power function @_y (t,a). With the new definition of the nabla con-
formable derivative, we are able to define the conformable exponential function and study
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its properties. We also prove an analogue of Gronwall’s inequality which will be useful in
establishing the stability of the nabla conformable fractional dynamical systems on time
scales.

2 Preliminaries
In this section, we review some basic concepts and notations of calculus of time scales used
in this article. The reader interested in the subject of time scales is referred to [33-35].

A time scale T is an arbitrary closed nonempty subset of R. The forward and backward
jump operators o, p : T — T are defined by

o(t):=inf{seT|s>t} and p(t):=sup{seT|s<t},

respectively. The forward and backward graininess functions w, v : T — [0, 00) are defined
by

w(t):=o()—t and v(t):=t- p(¢),

respectively. We say that ¢ € T is right-scattered (resp., left-scattered) if o (¢) > ¢ (resp.,
p(t) < t). Points that are right- and left-scattered at the same time are called isolated. Also,
if t <supT and o (t) = ¢, then ¢ is called right-dense, and if £ > inf T and p(¢) = ¢, then ¢ is
called left-dense. If T has a right-scattered minimum s, then T, = T — {m}. Otherwise,
T, =T.

Throughout this paper we assume that a,b € T and a < b. We then define the interval
[a,b] in T by [a,b]y := {t € T | a <t < b}. Open intervals and half-open intervals are de-
fined analogously.

We assume throughout that a time scale T has the topology that it inherits from the real
numbers with the standard topology. For f : T — R and ¢ € T,, define the nabla derivative
of f(t), denoted £V (t), to be the number (provided it exists) with the property that given
any € > 0, there is a neighborhood U of ¢ (i.e., U; = (t — §,¢£ + §) N T for some § > 0) such
that

If (p(®) —£(s) =~ @) (o(&) = 5)| < €| p(2) - 5|

for all s € U. For T = R, we have fV = f’, the usual derivative, and for T = Z we have the
backward difference operator, £V (¢) = V£ (£) := f(£) — f(t - 1).

A function f : T — R is left-dense continuous (ld-continuous) provided it is continuous
at left-dense points in T and its right-sided limits exist (finite) at right-dense point in T.
The set of all 1d-continuous functions f : T — R will be denoted by Ci4(T). Similarly, the
set of all Id-continuous and nabla differentiable functions will be denoted by CIZ(’]I‘).

Theorem 2.1 ([34]) Assume f:T — R is a function and let t € T,. Then we have:
(i) Iff is nabla differentiable at t, the f is continuous at t.
(ii) Iff is continuous at a left-scattered t, the f is nabla differentiable at t with

O -fle®)

V(5 =
)= 0



Segi Rahmat and Noorani Advances in Difference Equations (2021) 2021:238

(iti) Iff is left-dense, then f is nabla differentiable at t if and only if the limit

f@ —-fs)

t—s

exists as a finite number. In this case

fO-f6)

t—s

U=

A function F : T — R is called a nabla antiderivative of f : T — R, provided that FV(¢) =
f(¢) holds for all £ € T, then the nabla integral of f is defined by

b
/ f(®)Vt=F(b) - F(a).

It follows that, if f € Cq(T) and ¢ € T, then

[ rove=le=pw)rc
p(t

Note that if |f(t)| < g(¢) on [a,b), then

ffmw /gmw

Letf: T x T — R be a function and denote the nabla derivative of f (¢, s) with respect to
t (for fixed s) by £V (¢,s). If f and f" are continuous, then

[/fmwﬁ Fo@),t) + /fugw

Now, we remind further aspects of time scale calculus, which will be needed later; see,
e.g., [34].

Definition 2.2 Let T be a time scale. A function f: T x R — R is called
(i) ld-continuous, if g defined by g(¢) :=f (¢, y(¢)) is 1d-continuous for any 1d-function
y:T— R
(ii) bounded onaset S C T x R, if there exists a constant M > 0 such that

[f(t,y(t)! <M forall(s,y) €S.
(iii) Lipschitz continuous onaset S C T x R, if there exists a constant L > 0 such that
lf(f,yl) —f(t,yz)i <Lly1-y2 forall (1), (¢ y2) €S.

The following lemma is a nabla version of the Proposition 2.6 in [36].

Page 4 of 27
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Lemma 2.3 Suppose T is a time scale and f is an increasing ld-continuous function on the
interval [a, b]r. If f is the extension of f to the real interval [a, b] given by

7s) fGs), ifseT;
S) =
f©), ifse(p@),t)¢ T,

then

fa (o) Ve < / “Fayat.

Proof Letr € [a, b]t be a left-scattered point. Then we have
[ s@ve=[r-ptyon
p(r)

Since f is an increasing function, its extension f will be an increasing continuous function.

Thus, the mean value theorem for integrals implies
[r - p()]F(o(n)] < / Fyde < [r - p)]F(r)
p(r)
and
-0 = [ FOde = [r-p)f0)
p(r)
Hence, we have
[ stoyves [ jwar
o(r) p(r)

Suppose, if [a, b] has only one left-scattered point s, then we have

b p(s) s b
[ re@yee= [ roe)ves [ sew)ves [ row)ve

ols) s b _
S/a f(t)dt+/p )f(t)dt+/sf(t)dt.

(s

If we repeat the above steps for n left-scattered points in [a, b], we obtain

‘[ﬂMMWsL?mﬁ

This completes the proof. O

Next, we introduce the generalized time scale power function G,(¢,s) € R* for n € Ny
and s, t € T.

Page 5 of 27
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Definition 2.4 Let [s,f] C T and s < £. The generalized time scale power function G, :
T x T — R* for n € Ny is defined by

= (t-s)", if [s,¢] dense;
gn(t! S) = 1 X (22)
]—U’:o (t-p/(s), if[s,t]isolated;

and its inverse function G_, : T x T — R* is then given by

(t-s)", if [s, t] dense;

a—n(trs) = 1 . . (23)
m, if [s, £] isolated.

‘We use the convention Q\o(t,s) =1foralls,teT.

Notice that

g_n(an(t),s) = 5 (lt s)’ s,teT,s<t. (2.4)

Corollary 2.5 For h>0, T = hZ = {hk : k € 7.}, we have p(s) = s — kh. Then

@,(t,s) =(t- S)z") _ ij(t —s+jh) =h" (%)W, nel, (2.5)
and
where

K= F(lic(:c)n) and 5= —1n)(n) = F(1ic(;)n)’ metat -1

For T = g™, we have p*(s) = sq . Then we write

n—

1 n-1 ~i
Gult,s) = (t-5)2 = [(t-sq7) =" ]‘[(1 - ?) (o <G= ; < 1)‘ (2.7)

j=0 j=0

Remark 2.6 Regarding the generalization of the power function, Gu(t,s) to real values of

a > 0 (instead of integers n), we recall broadly accepted extension of its particular cases
(2.5) and (2.7) in the form (see [37])

(& +a)
(t_s)(ct) — hahf_s’
" r(5)

(S/t! é)oo

(0‘) o
t—s). =t ———,
=90 = Gosit.)m

t#0, (2.8)

where (p, 7)o = ]_[ffo(l -p7).
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Remark 2.7 The integer iteration of the functions 6", p” follows the standard composition
rule. The problem of noninteger iteration of the functions ¢”, p? for y € R on discrete

time scales has been discussed in [37]. In particular, for T = hZ, h > 0, we have
o’(t)=t+yh and p¥"(t)=t-yh.
For T = q_Z, q > 1, we have

o’(t)=q"t+[ylsh and p"()=q7" (t-[ylgh),
-1
where [y], = qu.
We also have

(op)t)=(poo)t)=t
which implies o = p™! and 67! = p, respectively.

3 Conformable nabla derivative

Several variants of conformable (fractional) derivative have been defined on time scales

(see [22, 28, 30]). In this section we give the definition of conformable nabla derivative

(strictly following [20]) depending on the function al_y(t, a) (as defined in Sect. 2 above).
Throughout the paper, the operator v/}, is referred to as the conformable fractional nabla

derivative of order y € (0,1] on T at a point £ > a € T.

Definition 3.1 Given a function f: T — R and a € T, f is (y,a)-nabla differentiable at
t > a, if it is nabla differentiable at ¢, and its (y,4)-nabla derivative is defined by

Vif©) =G, (ta)f ¥ (8), t>a (3.1)
where the function G\l_y(t,a) as defined in (2.2).

If 7} [f(¢)] exists in some interval (a,a + €)r, € > 0, then we define
vilf@)] = lim v7[f()]

if the limit lim;_, .+ v} [f(£)] exists.

Moreover, we call f is (y, a)-nabla differentiable on T, (a € T,.) provided v} [f(¢)] exists
for all £ € T,.. The function v} : T, — R is then called the (y,a)-nabla derivative of f on
T,.

Some useful properties concerning the (y,a)-nabla derivative are given next. The proof

of this theorem is similar to that in [23], hence omitted.

Theorem 3.2 Iff : T — R is (y,a)-nabla differentiable at t € T,, where t > a and y €

(0,1], then f is continuous at t.
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Remark 3.3 For T =R and ¢ > a € R, then we have
VIfO]=f®E-a)",

which is the conformable fractional derivative defined in [5].
One the other hand, if ¢ € Z and ¢ > 4, then we have the (y, a)-(backward) difference

VIl = [0 e - D] -2,
a new definition in discrete setting.

Example 3.4
(i) LetaeT.Iff: T — Risdefined by f(t) =« forall £ € T, £ > a, wherea e R a
constant, then we have v} [«] = 0.
(i) LetaeT.Iff: T — Risdefined by f(¢) =t —aforallt € T, t > a, then
Vi(t-al=Gi_,(t,a) forallteT.
(iii) Iff:T — R is defined by f(¢) = £* for all £ € [a, b]t, then

V2 [2] = (p(6) + )G1_y (t,a) forallt € [a, bl

Next, we provide the (y, a)-nabla derivatives of sums, products, and quotients of (y, a)-
nabla differentiable functions. The proof is omitted since it is similar to that in [23].

Theorem 3.5 Assumef,g:T — R are (y,a)-nabla differentiable at t € T, t > a. Then:
(i) Thesumf +g:T — Ris (y,a)-nabla differentiable at t with

Vo (rf +5g)(0) =r v f(t) + s v} g(0).
(ii) Foranyk € R, kf : T — R is (v, a)-nabla differentiable at t with
Vi (kf)(t) = k77 f(2).
(iii) The product fg: T — R is (y,a)-nabla differentiable at t with
VL)) = [Vif©)]g@) +f(p®) v} g(0) = (&) v}, g&) + VLf(D)]g(p(®)].

(iv) Ifg(t)g(p(2)) #0, then % is (y,a)-nabla differentiable at t with

(1 ) [0 —f(0) 7L g0
Va (g © «0g(p(0) '

In the case f = 1, we have

y 1) _Vag)
Va <g 0=~ a0y

Page 8 of 27
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Lemma 3.6 (Chain rule) Let g € C\(T) and assume that f : R — R is continuously differ-
entiable. Then f o g: T — R is (y,a)-nabla differentiable and satisfies

1
Vi(fog)®)] = { /0 f(g®) - m(t)g" @) dh} v} g(@).

Proof The nabla version of the chain rule is given by

{ff (08 0) g™ 0,

This can be obtained by following the proof of the chain rule in [34] and applying the

ordinary substitution rule from calculus to find

2(p(t))

£(@(p®) ~£(e) = / Fi)dr

£(s)

- [e(p(0) - /f [hg(p(0)) + (1~ h)g(s)] .
Hence, we have

VI [(fo®]=Giy(ta)(f o) (@)

. 1
=Giy(t, a){ /0 f(g®) - hv()g" (t)) dh }gv(t)
1
= { /0 f(g®) - hv(6)g" (v)) dh} vy g(@).

This completes the proof. O

Lemma3.7 Letm € N,a € T and supposef : T — Ris(y,a)-nabla differentiableatt € T.
(i) Forf defined by f(¢t) = am(t,s), se T, we have

m-1

V) =G (6a) Y Gi(p(®), 5)Gor—ilt: 5).

k=0

(i) For g defined by g(t) = a_m(am(t),s), se T, we have

m—1

vigh =G0} = .

< Gk (@1(8),9)Grr (01K (2), 5)

Proof 1t is sufficient to prove the results for a discrete time scale T. We will prove by in-
duction. If m =1, then f(¢) = @(t, s) =t —s and, clearly, v, (t) = @_y (¢,a) holds by Exam-
ple 3.4(ii). Now we assume that

V() =Gy (&, a)ZGk $)Gm-1-k(6:5)

Page 9 of 27
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holds for f(£) = Gyu(t,5). Let

m m-1
E(t) = Gua(t:9) = [ [(£- ) = (£ = ™) [ ] (£ - P/ 9)) = (£ - " (5))f (2).
j=0 j=0

By the product rule (Theorem 3.5(iii)), we obtain
VIE®) = Gy (ta)f (0(0) + (£ - p™(5)) VL (2)

m-1
=G1y (6 @)Gu (p(2),5) + (£ = p"(9)) Gy (6:@) Y Gic(p(8),5) Gonr—i(£:5)

k=0

:@y(t,a)[gm( (£),5) + Z (o(2),5) gmlk(t,s)}

k=0

m—-1
= Q\l—y (t: d) |:§m (p(t)’s) + Z (,O(t), S)é\m—k(t’s)j|
k=0

=G, (¢, a)ng P(©),5)Gon-i(t,5).

k=0

Hence, by mathematical induction, part (i) holds.
Next, for g(¢) = Q\_m(a”’(t),s) = f(Lt) we apply Theorem 3.5(iv) to obtain

Va(t)
Y —
(Vae) =~ 7orto@)

Gy (6,0) Y10 Gi(p(0),8)G 1 1 (8,9)
Gon(£,9)Gm(p(8),5)

. ~ Gi(0(0),9)Gm1-4(t,5)
=Gt ’§ Gon(6,5)Gm(0(0),9)

k-1 m—-2-k
(p(t) p’(S))l_[ o (t=p(s)
-G, ta)) L =
1;/ akXO: ,o )=o) [T Yt - pi(s))

m-1

1
= g t,
ot ﬂ)z 3 T12 (o) = D) Ty i = £(5)
R m-1 1
= _gl—y (t7 ﬂ) Z 11— _ X

S T1 0%1() = () TT o (o1 (2) - pi(s))
m-1

o~ 1
= _gl—y (t; (l)
k

~ Gt (051(8), )Gk (01K (1), )]

provided G, (o (£),5)Gr,1(0 (£), 5) #0.

Example 3.8 Consider the time scale

1
T =Ng :={/n:neNy}

Page 10 of 27
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\X/ehavea(t)—«/ +1land p(t)=+t*—1forteT.Lety = % =0eT.

i) Let f(£) = Go(t,0) =t for t € T (¢ > 1), then we have

O N|>—

1
Z Vt_ Oglkto
k=0

7)[t(1) + («/ﬂj) W ]
=[t+Ver- 1]1:(%)

(ii) Let g(t) = G_a(02(t),0) = -y for t € T (¢ > 1), then

1
|: :| = G k(W k=1,0)Gk (W +1-k,0)

NI»—A
M -

[=INT

\Y

1 1 1
i [d DOED) | ]t(Z)'

4 Conformable V-integrals

In this section, we give the definition of conformable fractional V-integral of order y €
(0,1] starting from a € T (or simply y-nabla integral from a) on a time scale T.

Definition 4.1 Assumethaty € (0,1],a,t;,6, € T,a <t <t andf € Cy(T
that f is (y,a)-nabla integrable on the interval [£1, £;]7 if the following integral:

= [ 1@ it [ 06,0 wa)ve

exists and is finite.

Remark 4.2 1f t; € T and sup T = 00, and f € Ciq(T), then the improper nabla integral has

the form

[ rervie-pm [ :f(r) it

Example 4.3 For the case T = R, we have the classical conformable integral as defined in

[5], namely

/ f) vt = / FO) e —ay 1 dr.

For T = hZ h > 0, we have a new conformable fractional /-sum given by

/f(r)vyr— 3 b @) (7 @) —a)y T =0 Zﬂf)(m(%)'

r€(a,t] T€(at]

For T = ¢"0, we have a new conformable fractional g-sum given by

/ fOFiT= Y t1-f @ (" ) -a) T =(1-9) Y f (D)@ e -a)]”

1€(a,t] T€(at]

), then we say

Page 11 of 27
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Example 44 Let T =7,a=0and y =1/2. Then

: RO
fogv t= Zg(t 1/2)C12 = 23 -1

(1) r') r'(3)
“tan " ten T Ten)
1 18 72
= E + E + E
91
- >

The proof of the following theorem is similar to that of Theorem 8 in [23], hence omitted.

Theorem 4.5 Let y € (0,1] and a € T. Then, for any ld-continuous function f : T — R,
there exists a function F : T — R such that

VIF(t) =f(t) forallteT,.
The function F is called an (y,a)-nabla antiderivative of f.

Lemma 4.6 Assume a,t1,tp € T,a <t; <ty and f € Cq(T). Let the function F : T — R be
(y,a)-nabla differentiable on [t1,t;] such that

VIF(t) =f(t) holdsforallt € [ti, t;]r.

Then
/ Cf(0) V2 T = E(ty) - F(1). (43)

Proof Since f € Ci¢(T), by Theorem 4.5, we have

) vl = / VIR VT = / " FY(0)Vr = F(6) - F(ty). -

5] f

Similar to the proof of Theorem 9 in [23] (see also [34]), one can prove the following
theorem.

Theorem 4.7 Let y € (0,1]. If a,t1,t0,t3 € T, a <t; <t, <t3,x € R, and f,g € Cy(T),
then
W) [2U @0 +e@IvEt=[2f@Ovit+ [ e0) Vit
(i) > ef (6) vl t= affzf(t ) Vi t;
(ii) f fOvit==[f@) Vit
(iif) f,fff(t) Vat=[2f@)vht+ [2f@) vZ t
) [2U O] Vi t = O] - [ Vi (©)glp() Vi &
HFE) v t=0;

Page 12 of 27
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i) IfIf ()] <g(t) om [t1, 1), then

/t :2f(t) T / FORT

Theorem 4.8 Assumey € (0,1] and a € T. If f € Cu(T) and t € T, with p(¢) > a, then

/ SO = 0G0 0a)
p(t

Proof Since f € C4(T), by Lemma 4.6, we have

/ SOFLT=FO-F(p(0)
p(t
) [m) - F(p(t))] Gy (t,0)
v(t) G, (t,a)
=v(@O)[FY ()G, (t,@)]Gy-1 (07 (v), a)
=v@f (6)Gy1 (077 (1), a). O

Theorem 4.9 Lety €(0,1],a,t €T, t > a and f € Cq(T). Then, for all t € T, we have

VIV ) @) =1 (@) (4.4)

Proof Since f € Ciy(T) and v,” f(¢) is (v, a)-nabla integrable, we have
VUV ® =Gy a7 (N©)]

= gl—y(t)a) |:/ f(T)gy—l (O_}/l(.’:)’a)v.’_{|

G a)[f(t) ! ]

gl y(t ﬂ)
=f(®). O
Theorem 4.10 Let f : [a,b]t — R be (n, a)-differentiable for n € (0,1]. Then, for all t > a,
we have
va Vi f(6) =f(6) - f(a). (4.5)

Proof Since f is differentiable, by Definition 4.1, we have
t o~
v TS0 = [ GG, 0)a) Ve

/f (t)gl v (T, ﬂ)gl y(‘L' 2 Vvt

t

= | fY(r)Vr

a

=f() - f(a). O
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5 Conformable exponential function
In this section we define the conformable fractional nabla exponential function on time

scales.

Definition 5.1 The function p: T — R is said to be v-regressive if
1-v(t)p(t) #0 forallte T,

holds. Define the v-regressive class of 1d-functions on T, to be
Ry :={p € Cu(T):1-v(t)p(s) # 0}

and define the set R} of all positive regressive elements of R, by
R} = {p €R,:1—v(t)p(t) >0forallt e T}.

Definition 5.2 For p € R,, define circle minus p by

Definition 5.3 For />0, let
Zn=lzeC:-Z cim@z) < 2 d Cp=lzeCizgl
hi=1\% .—h< Z<h an hi=11% 'z h.
Define the v-cylinder transformation ,S;(z) :Cy — Zy by

—% Log(1l -zh), h#0;

Ei(2) = (5.1)

zZ, h = O)
where Log is the principle logarithm function.
The inverse transform E,;l is then given by
1 —zh

- z(1-e*), h#0;

& Y(2) = . (5.2)
z, h=0.

The following lemma is an easy exercise.

Lemma 5.4 It holds that

&,(0uwp) = Eup) forallpeR,.

Definition 5.5 Let « € (0,1], a,s,t € T,a <s <t and p € R,. Then we define the (con-
formable) fractional nabla exponential function of order y from a by

t
’é;’(t, s;a) = exp(/ /S\v(t)(p(r)) vy r) fora,t e T. (5.3)

Page 14 of 27
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Remark 5.6 In the case s = a, we write e, (t,a;a) =€, (t,a) and, if ¥ = 1, we have the usual
nabla exponential function as defined in [35].

Example 5.7 Let T =R and A € R, a constant. Then

t—a)’

t
e (t,a) = exp(/ Az —a)t dr) -5
a

A(t—a)

Notice that, if y = 1, we havee} (¢,a) =¢,(t,a) = e , which coincides with the classical

exponential function.

Example 5.8 Let t,a € T =7 and let A € R, be a constant. Then

(t—y+1—ﬂ)(V)

1 12
/e\}}:(t,d)z <m) , t>a.

Indeed, by (5.1) and (5.3), we have
t
¥ (ta) = exp(— / Log(1-A)(z -y +1- aw”vf)
a
t
= exp(— Log(1 - )»)/ (t—-y+1- u)(”_l)Vr),

Since Vi) = tr=D we obtain

./t(‘l.' -y +1 —a)(y—l)v-;: = Xt: (t-y+1 _a)(y—l) _ Ll—a)(y)'
’ T=a+l y
It follows that
(t=y+1-a)¥) M
e (ta)y=e v o <m

Note that, for y = 1, we have

Bta) - (%) )

which coincides with the nabla exponential function given in [35].

Theorem 5.9 Letp,q € R, and a,s,t €T (a<s<t). Then:
(i) eyt,a)=1,¢)(a,a) =1;
(i) & (p(t),a) = (1= v(p(O)% " O (1,a);

‘s 1 =y .
(iii) T = eevp(t, a);

=

sy oY _ 1
(iv ep(t,a)—?—;(u’t)

)
v) & (t,a)es, ,(s,a) =€y (t,s;a);
(vi) e (¢, a)e (t,a) :A;@vq(t,a);

)
) 2 o ()
T = u(ba):

=e5,p(at);

(vii
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Proof (i) Clear by definition.
(ii) It is sufficient to prove the property for left-scattered points (i.e., p(t) < £),

2 (p(0),a) = exp( [ o) v r) exp (— / Eo) v r). (5.)
a p(t

By Theorem 4.8,

/ B0 (0(0) V7 T = w0t (00) Gy (07 (0), @) = —Log(1-v(p(0)) 10,

and substituting into (5.4), we get the required property.

(iii) Follows directly from Lemma 5.4. Indeed,

7 ( /% ) Vi )—exp(/ Bio(Guplr ))var),

hence the property (iii).
(iv) The result follows directly from (5.3) and part (iii) of this theorem.
(v) By Lemma 5.4 and Definition 5.5, we have

3t )2, (5,) = exp ( f Eo(p(0) V1 T / (o) 77 r)
- exp( / Bo(p() VI T+ / B0 (p(0) 7 r)
= (f Svr t) gy l(oy I(T) )VT>

=e(t,s;a) ifa<s<t
(vi)
e (t,a)e) (t,a) = exp(/ @,(I)(p(f)) +/§v(r)(q(t)) vl 1)

= exp </ Eo(p @ 9)(0) v r)

=254t a).

(vi) The result follows easily using parts (iii) and (v). O

Lemma 5.10 Let g € C(T), g(t) > 0 and g ) € R,. Then

- ng(t)]
% = , T, '
v/ [Log[g®)]] é‘gl_;zm) [ 0 t>ae (5.5)

where Log is the principle logarithm function.
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Proof Let f(x) = Log[x]. Clearly, f : R* — R is continuous on R*. By using Lemma 3.6, we
have

V! [Log[g®)]] = vZ[(f o 2)®)]

1
K;f%g@)—hvﬁmvundh}vzg@)

' 1
- I ,
/o [g(t) - hv(t)gv(t)] dh} Va 8(t)

) B v h=1__
_@MﬂW%W]QMMW

v(t)g¥ (1) o
[ Loglg(t) - hv()g" (¢)] h=1__
T l)(t) gl_y(t,ﬂ)
- h=0
(D () 1 A
| Logl 001G, (a), v(e) #0;
- v o~
gg(_gt) l—y(t;d); U(t) =0
Gy (ta v
- _ylvﬁ(; HLogl -0l v 70
a8(t) _
vg(gt) ’ v(t)=0
g1y (ta) () vag® :
_ [_ 7o) Log[l_gl_ya,a) 0 b v #0;
40 ~
NN b(t) = 0
- [TE0]
Ql_y(t,a) g(t) D

6 Conformal dynamic equations and inequalities
In this section, we consider solutions to the conformable dynamic equations and prove
several related inequalities.

Let f € Cia([a,b]r x R) and x € Cfi([a, b]t). Consider the following conformable frac-
tional dynamic equation:

Vix() =f(tx(t)), telablr,y €(01]. (6.1)

However, one can also consider the integral form of the equation:

x(t) = x(a) + / Gy 1 (077 (x),a)f (z,%(x)) V. (6.2)

The integral form is useful for proving the existence and uniqueness of solutions or for
studying analytical properties of solutions.

Lemma 6.1 Lety € (0,1] andf : [a,b]r x R — R. Function x € Cy([a, b]t) is a solution of
problem (6.1) if and only if x is a solution of (6.2).

Proof (=) By Theorem 4.10, we have

Vo' (Vix)0) = v (6x(8)),



Segi Rahmat and Noorani Advances in Difference Equations (2021) 2021:238 Page 18 of 27

x(t)—x(a):/ éy,l(UV‘I(I),a)f(t,x(r))Vr,
x(t):x(a)+/ @,,1(UV’I(r),a)f(r,x(r))Vr

(<) By taking (y,a)-nabla derivative of both sides of (6.2), we have
t
(Vix)@®) =} [x(a) + / Gy-1(o" (o), a)f(r,x(r))Vr]

v
=G, (t,a [ / gy (077 )f(r,x(r))Vt}
=61y (60)[Gya (07 1), @) (5,1(0) ]
=f (& x(2)).

These completes the proof. 0

Let X be the Banach space of all x € Ci4([a, b]T) with the norm

[l := sup |x(t)| < 00.
telably

In the following theorem, we examine the solution to problem (6.1) on Banach space X.

Theorem 6.2 Let the function f : X x R — R be Lipschitz continuous with Lipschitz con-
stant L > 0. If

L(t—a)”
Y

< 11 te [ﬂ,b]’[r,

then problem (6.1) has a unique solution in X.

Proof Define the operator T : X — X by

/ Qy 1 JV L )f(‘l,' x(r))Vt.

We show that 7 has a fixed point, which is a unique solution of (6.1) on [a, b]. For that,
we show that T is a contraction mapping on X.
Now, for x,y € X, we have

| Tx(6) - Ty(o)] < / Cyr (o7 (), a) | (65(0) —f (6,3(0)) | V7

<L sup |x(t) y(t)| gy 1(0” (1), a)

tela,blp

<L sup |x(t) y(t)| gy 1(0” (1), a)

telablr

t
<Llx—yl / Gyt (o7 (0),a) Ve
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Since for y € (0,1), y — 1 <0, By Lemma 2.3 and Remark 2.6, we obtain that

(t—a)

/ gy_l(ay‘l(r),a)Vf 5/ (t—a)’ldr =

holds for all ¢ € [a, b]t.
It follows that

(t-a)

L Y
1Tx - Ty|l < #le—ylh

Thus, for @ <1, T is a contraction mapping on X. Hence, by Banach fixed point the-

orem, T has a unique fixed point x in X. This completes the proof. g

Considering the existence and uniqueness of the solution of the equation (6.1) above, by
letting £ (¢, y(¢)) = W) (p(t)y(t)), we are able to prove the following theorem:s.

Theorem 6.3 Fory € (0,1], a € T and V) (p) € R}, the exponential function €, (t,a), de-
fined by (5.3), is a unique solution of the following Cauchy problem:

viy@®) =V (p(0)y(0), ya)=1,
where

Joo L= (L= v(@)p() 97 0o
w) (p(t)) = v(t)éy_1(0y_l(t);ﬂ)

and W (p(t)) =p(t) forallteT.

Proof 1t is sufficient to prove the property for left-scattered points (i.e., p(¢) < £). By the

definition of conformable nabla derivative and part (ii) of Theorem 5.9, we have

Y0 -¥0) 5

VZy(t) U(If) gl—y (tr d)
_ ’éz(t, 61) _’é\;(p(t)rﬂ) =
= V(t) gl—y (tr 61)
_ 1= (—v@pe)Frr00) ()
 v®OGaler ) P
=W (p(1)y(t),

where
(11— Gy-100""1(0).)
wr (P(t)) = 1- (- v(ep() forallteT

v(#)Gy1 (a7 1(t), )

and

W (p(0) = lirr(1) U (p(t)) =p(t) forallteT. O

Page 19 of 27
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Remark 6.4 Note that, if y = 1, we obtain the usual V-derivative of the exponential func-
tione} (t,a), i.e.,

vi[eta)] =2 (t,a) = pt)ey (£, ).
For T = R, we have v(¢) = 0 and W/} (p(¢)) = p(¢). Hence

(t-a)¥
1z

viler ta) =pt)e v
The following lemma is useful.

Lemma 6.5 Let V) (p(t)) be defined as in Theorem 6.3 above. Then

-V (p(2))
v’ (o, _ p .
v (9 p(t)) (1- v(t)p(t))gy_l(gy—l(t),a)
Proof
T Gy-1l077100)
vy (@up(t))zl (1-v(&)(S.up)(t)

V(t)Gy_1(a71(2), @)
1= (- v(@p(@) G0
C u(®Gya(or (), a)

__1-a- V(B)p(£) G107 00 . 1
_ v(6)G, 1 (o7 1(2), a) 1 vOp(@)Frie 0
- v (p(0)
(1 - v(D)p(t)Fr1" " O .

Theorem 6.6 Supposep € RY.Lety € (0,1],a € T and y, € R. The unique solution of the
initial value problem

vLy(E) = -V (p®)y(p(1)), ¥(@)=yo
is given by
W0 =2, (. a)yo.
Proof Using Theorem 6.3 and Lemma 6.5, we get

vies, ,(ta) =V (6,p(0)el, ,(t,a)

W (p(t))
o (1- V(t)p(t))éy—l(tﬂ"l(t),a)%lJP(t’ a)
L (p16) @,(0(0),a)

(1= v(Op@)F 0D (1 u(e)(©,p) ()0

Page 20 of 27
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Wl (p(t)) . 25,p(p(0),a)
(1 v(O)p(e) 91700 (1 p(p)p(r)) G107 O

=) (p(t )eep( (8),a).

Since y(a) :?éup(a,zz)yo = 99, we have the desired result. O

Theorem 6.7 Ifp € R} and a,b,c € T are such that a < b <c, then

V18 0] - ¥ ()2 (@ 00), T

and
| 9100z (@ 00) v <30 h) -2 @
Proof We use Lemma 6.5 and the properties in Theorem 5.9 to find

W ()R] (a0 (0)
0 (), (0101, 0)
- W7 (p(0) (1~ v ©up)®) 7 O (t,a)

_1-(-v(epe)%r 00
v()G,-1(071(t),a)

_ Gy-1(0771(8)a)
__1-(-vpe) 2 )

v(6)Gy-1(071(t), @)
= -V (e,p(t)eb, ,(t a)
=- v} [e5,,(ta)]
==, [G@D]

(1- v )7 O (t,a)

It follows that
[ W@ ew) vie-- [ vi@olvie
=%, (a,b) —¢;(a,c),
which proves the desired identity. O

For the introduction to the Gronwall’s inequality, we refer to [34, 38]. The following
dynamic inequality is useful in proving the Gronwall’s inequality in this new setting.

Theorem 6.8 Let y,f € Cy(T), p € R} and a € T. Then
Viy(t) < WY (p(t))y(t) +f(t) forallteT

implies

y(t) < y(u)'é;f(t, a) + ‘/t'éz (t, p(s);zz)f(s) vrs forallteT.
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Proof Using the product rule in Theorem 3.5 and Lemma 6.5, we get

Vi ®es, (¢ a)] = viytyes, ,(o(t),a) + y()¥) (0up(0)el, ,(t, a)

Y)W (p(o))es, ,(t,a)

= y y - G. ’
VRS, (0 0r8) — o0

Note that, from Theorem 5.9(ii), we have

/éévp(t’ ﬂ)

a - C. ’
(1 - v()p(t)))9r-1e” " O

which implies that

?/evp(t: a) Z/ééup(p(t)’a)(l _ v(t)p(t)))gy—l(ayfl(t),a).
It follows that

B (O (p(t))es, (¢, a)

(1 - v(E)p(t))Fr-107 7 )
= V1 y()eh, , (p(1),a) - OV (p(®))eb, , (0(0), a)
= [Viy(©) - W (PO, (p(0),2)

<@, (p(0),a)f (o).

vy [y(t)?éup(t’ u)] = VZy(t)?éup (p(t),a)

Now, taking (1, )-integral on both sides of the latter inequality yields
t
y()es, ,(t,a) — y(a) < / es,,(p(s),a)f(s) v s.
a
Using parts (iii) and (v) of Theorem 5.9 yields
t
0 < (6.ay@) +8(6.0) [ 2, (a0 VL5
a

t
90 <Gy s [ F(epoay©vis
a
This completes the proof. d

Next, we prove Gronwall’s inequality, which will be useful in establishing the stability of

conformable dynamical systems on time scales.

Theorem 6.9 (Gronwall’s inequality) Lety,f € Cq(T), p € R}, and a € T. Then
t
90 £+ [ W) 2 v
implies

YO <0+ [ W BN 6 peralf 0 T v
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Proof Define g(t) = f; WY (p(2))y(r) v . Then g(a) = 0 and
vie(t) = W (p@)y(e) < I (pO)f () + ] (p(0))g(®).
By Theorem 6.8,
g0 = [ W (e (6 peralf 0 2 v

Since y(t) <f(t) + g(¢), the claim follows. O
If we take T = #Nj and 4 = 0 in Gronwall’s inequality, we obtain the following example.

Example 6.10 Let T = hZ N [0,00).If y,f : T — R and 5 > 0 is a constant such that

yO) <f®)+ Y W(n)y(th) forallteT,

7e(0,t/h]
then
V) _(zh=n)¥)
1 vh
y(t) <f(t) + Z \Ilg’(n)f(th)(—) forall £ € T.
Te(0,t/h] 1-nh

Corollary 6.11 Lety e Cy(T),pe R}, xeR,acTandy>0. Then
t
¥ <+ [ W @) vl
a
implies
y(t) < )»?; (t,a) forallteT.

Proof By letting f(t) = A in Theorem 6.9, we have

y(E) <A+ /t)\‘lfr (p(0)ey (¢, p();a) v} ©

A1 +/t\115(p(r))ﬁz (& p(2);a) v f}

1+ ft W (p())ey (¢ p(r);a) V) f}

1l
>
—
—_
+
<
=~
S
&
|
<
—
S+
*
Q
=

where we use Theorem 6.7 and'e\},f(t, a;a) =€, (t,a). This completes the proof. O

Finally, we present a new version of Gronwall’s inequality in this new setting (see [38]).
The proof of the following theorem is similar to that in [38].
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Theorem 6.12 Lety € Ciy(T), —p(t) e R}, A €R,a e T, and y > 0. Then

y(t) <A+ / W (p(0))y(t) vl T

implies

Xey(t,a), fort € [a,00)T;

Xe’y(t,a), forte (-oo,alr.

Proof The proof is given in two cases.
Case L. For ¢ € [a, 00)T, we have

y(t) <A+

/ [ 24 (p(l’))y(l’) viT|=A +/ [ 24 (p(‘[))y(‘() vyt

a

Then, by Corollary 6.11, we have
y(t) < A?Z (t,a) fort € [a,o0)r.
Case II. For t € (—00,alT, let
t
z(t) :/ W (p(0)y(x) v .
For any s € [t,a]T, we have

y(t) <A+

| ooy e

- / WY (p(0)y(e) VL T

= A —z(s).
Since, y >0, p > 0, A > 0, we have A — z(s) > 0. It follows that

¥(s)

A—z(s) —
Multiplying by =W (p(s)) both sides of the above inequality, it follows that
W (p)6) _
A—z(s) — 7

Vall-2()]
A —z(s)

Notice that

1= (1 v(s)pls) G0 p(s)

v($)Gy1(a7(s)a) G107 Ns),a)

W (p(s))
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It follows that

Vo [h —2z(s)]

)
o Z W)= 5

= G,a(o7(s),a)

Since —p € R}, we have

—p(s) _ Valr-2(s)] c R
Gya(ov-s)a) = A—zls) v

Integrating the above inequality over the interval [¢, 4]t and using Lemma 5.10 leads to

‘s Va2 —2(s)] } /“A [ -p(s) }
v(s) - v]/ V(s =, ., < v}/ )
/t Egl_izs.a) |: A —z(s) = t Egl_(yzsm Gy 1(071(s), @) )

Log[)L —:z(s)]lgZ > /ﬂgg U(sg ) [L(S)]V"s,

Gy1(o71(s),a)

AL(S)]WS
Gyalorls)a) ]

A “ —p(s) }w}
r—20) —exp[ﬁ iEgl”fim)[éy_l(ay—l(s),a) il

“ e
A —z(t) < /\exp[—/t $g1_v;siw) [G\y_l(a”‘l(S),ﬂ)}vys}

A—z(t) < Aexp[/ a(s) [—p(s)]G\l_y (s, a)VVs] < Xexp [/ a(s) [—p(s)]VVs],

Log[A] - Log[k —z(t)] > / Eg u(sg ; |:

A—z(t) < )Cé‘fp(t, a) forte[-00,a)T.
Therefore,
y(¢) §'Efp(t,a) for t € [-00,a)r.
This completes the proof. d

7 Concluding remarks

In this paper we propose a new conformable nabla derivative and integral on arbitrary time
scales which generalize the conformable fractional derivative and integral introduced in
[5]. With this new definition of conformable derivative, we are able to define the con-
formable exponential function which is the solution to the linear conformable dynamic
equation on time scales. Several useful results pertaining this exponential function are
obtained. As an application, in the last section of this paper, we study the conformable
dynamic equations and inequalities. We prove the Gronwall’s inequality which is useful in
establishing the stability of nabla conformable dynamical systems on time scales.
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