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1 Introduction
Let Hy, H,, and Hj be real Hilbert spaces with their inner products and induced norms
(-,-)and || - ||. Let C; and C; be nonempty closed convex subsets of H; and Hy, respectively.
Recall that a mapping U; : H; — H; is nonexpansive if ||{U1x; — Uy |l < ||x1 — y1|| for all
x1,y1 € Hy. Note that if Fix(U;) := {1 € Hy : Ujx1 = %1} # @, then Fix(U) is closed and
convex.

We consider the following split equality equilibrium problem (SEEP): Find x; € C;
and x, € C, such that

g1(x1,91) >0, y1eCy, (1.1)
&(x%2,52) =0, y€Cy, (1.2)

and

Axy = Axxy,
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whereg; : C; x C; — Rand g : C; x C; — R are monotone bifunctions, and A; : H; — Hs
and A, : Hy — Hj are bounded linear operators. When looked separately, (1.1) is called the
equilibrium problem (EP). EP (1.1) was introduced and studied by Blum and Otteli [3]. We
denote the solution set of EP (1.1) by Sol(EP(1.1)). The solution set of SEEP (1.1)—(1.2) is
denoted by €2 = {(x1,x2) € C; x C; : %1 € SOl(EP(1.1)), %5 € Sol(EP(1.2)), and A1x1 = Agxs}.
If H3 = H, and A, = I (the identity operator), then SEEP (1.1)—(1.2) is reduced to the split
equilibrium problem (SEP), which was initially introduced by Moudafi [26] and studied
by Kazmi and Rizvi [19] for monotone bifunctions. Recently, Hieu [14] studied the strong
convergence of some projected subgradient-proximal iterative schemes for solving SEP for
a pseudomonotone bifunction. For further related work, see [12, 15]. As particular cases,
SEP includes the split variational inequalities [7] and split feasibility problem [6], which
have a wide range of applications; see [4, 5, 7, 10, 11, 21, 31, 32].

SEEP (1.1)—(1.2) has been studied by many authors; see, for instance, Ma et al. [23, 24]
and Ali et al. [2] for monotone bifunctions gi, g;. It is interesting to study SEEP (1.1)—(1.2)
when both bifunctions g1, g2 are pseudomonotone.

Further, we consider the split equality hierarchical fixed point problem (SEHFPP) [8]:
Find x; € Fix(V7) and x, € Fix(V5) such that

(%1 — Uix1,%1 —y1) <0,  y1 € Fix(Vy), (1.3)

(%9 — Uz, %2 —¥2) <0, y3 € Fix(Va), (1.4)

and

Arx1 = Ay,

where U3, V7 : C; — C; and Uy, Vs, : C; — C, are nonexpansive mappings. When we look
separately, (1.3) is called a hierarchical fixed point problem (HFPP), introduced and stud-
ied by Moudafi and Mainge [29]. Since then, HFPP has been studied by many authors; see,
for example, [9, 16-18, 20, 25, 29, 30, 33, 35]. The solution set of HFPP (1.3) is denoted
by Sol(HFPP(1.3)). The solution set of SEHFPP (1.3)—(1.4) is denoted by I' := {(x1,x,) €
Fix(V1) x Fix(V5) : 21 € Sol(HFPP(1.3)), x5 € Sol(HFPP(1.4)), and Ayx1 = Ayxo}. If Hy = H,
and A, = I, then SEHFPP (1.3)—(1.4) reduces to a new class of problems called the split
hierarchical fixed point problem. In particular, if we set U; = I; and U, = I, (the iden-
tity mappings), then SEHFPP (1.3)—(1.4) reduces to the split equality fixed point problem
(SEFPP) [27]: Find x; € C; and x5 € C, such that

X1 € FiX(Vl); Xy € FiX(Vz), and Aix1 = Axxo. (15)

The solution set of SEFPP (1.5) is denoted by I';.

SEHFPP (1.3)—(1.4) was introduced and studied by Behzad et al. [8] for nonexpansive
mappings Ui, Uy, V1, V,. SEHFPP (1.3)—(1.4) covers the split equality variational inequal-
ity problem over the fixed point sets, and so on; see [8]. Very recently, Alansari et al. [1]
suggested an iterative scheme for solving a split equilibrium problem for a monotone bi-
function, a pseudomonotone bifunction, and a hierarchical fixed point problem for non-

expansive and quasinonexpansive mappings.
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In 2013, Moudafi and Al-Shemas [28] proved a weak convergence theorem for a simul-
taneous iterative algorithm to solve SEFPP (1.5). However, to employ this algorithm, we
need to know a priori the norms (or at least estimates of the norms) of the bounded linear
operators A; and A, which is in general not an easy work in practice. To overcome this dif-
ficulty, Lépez et al. [22] presented a helpful iterative method for estimating the stepsizes,
which do not need a priori knowledge of the operator norms for solving the split feasibil-
ity problems. In 2015, Zhao [36] extended the iterative method [22] for SEFPP (1.5). Very
recently, Behzad et al. [8] have extended the iterative method [36] for SEHFPP (1.3)—(1.4).

Inspired by the works mentioned, in this paper, we consider SEEP (1.1)-(1.2) where the
both bifunctions g; and g, are pseudomonotone, and SEHFPP (1.3)—(1.4) where the U3, U,
are quasinonexpansive mappings and Vi, V, are nonexpansive mappings in real Hilbert
spaces. We propose an iterative scheme where the stepsizes do not depend on the operator
norms for approximating a common solution of these problems. We further prove a weak
convergence theorem for the proposed iterative scheme. We present a numerical example
to justify the main result.

2 Preliminaries

Let the symbols — and — denote strong and weak convergence, respectively.

Definition 2.1 A mapping U; : C; — C; is said to be:
(i) quasinonexpansive if, for any p; € Fix(Uy),

1Uix1 —pill < %1 —pill, x1 € Cy;
(ii) monotone if
(Uyx, — Ury1,%1—y1) =0,  x1,91 € Cy;

Lemma 2.1 ([13]) Let V;: C; — C; be a nonexpansive mapping on Cy. Then V1 is demi-
closed on C; in the sense that if {x} converges weakly to x, € Cy and {xX — V1xX} converges
strongly to 0, then x; € Fix(V7).

Definition 2.2 A bifunction g; : C; x C; — Ris said to be:
(i) strongly monotone on C; if there exists a constant y; > 0 such that
glxn,y1) + @, x1) < =yl =l %, € Ci;
(i) monotone on Cy if g1(x1,51) + g@1(¥1,%1) <0, 1,91 € Cy;
(iii) pseudomonotone on Cy if g1(x1,y1) = 0= g1(y1,%1) <0, 21,1 € C1.

Note that it is evident from the definition that a strongly monotone bifunction is mono-

tone and a monotone bifunction is pseudomonotone.

Definition 2.3 ([12]) Letg; : C; x C; — R be a bifunction, where g; (x3, -) is a convex func-
tion for each x; € C;. Then, for € > 0, the e-subdifferential (¢-diagonal subdifferential) of

&1 at x1, denoted by g1 (x1, ) (1) or d.g1(x1,%1), is given by

degi (1, ) (1) = {w1 € Hy : g@1(x1,51) — g1(x1,%1) + € > (w1, 31 —x1), 91 € Ci}.
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Assumption 2.1 For each i = 1,2, the bifunction g; : C; x C; —> R satisfies the following
assumptions:
(i) gi(xix:) =0, € Cj
(i) g1 and g, are pseudomonotone, respectively, on C; with respect to
x1 € Sol(EP(1.1)) and on C, with respect to x, € Sol(EP(1.2));

(iii) g; satisfies the following condition, called the strict paramonotonicity property:

X1 € SOI(EP(II)),yl S Cl,gl(yl,xl) =0 = Y1 € SOI(EP(II)),

X9 € SOl(EP(lZ)),yz € Cl,gz(j/g,XQ) =0 = ye Sol(EP(lZ)),

(iv) g is jointly weakly upper semicontinuous on C; x C; in the sense that if x;,y; € C;
and {xf |9 {yf } € C; converge weakly to x; and y;, respectively, then
@90 = gilan ) as k — oc;
(v) gi(x;,-) is convex, lower semicontinuous, and subdifferentiable on C; for all x; € Cj;
(vi) If {xf} is bounded sequence in C; and € — 0, then the sequence {wf} with
wE € 3, gi(xF, ) (xF) is bounded.

Lemma 2.2 ([34]) Let {8} and {y+} be nonnegative sequences satisfying

o0
Z(Sk<+oo and Y1 < +0 k=0,1,2,....
k=0

Then {yx} is a convergent sequence.

3 Simultaneous projected subgradient-proximal iterative scheme
We suggest the following simultaneous projected subgradient-proximal iterative scheme
for solving SEEP (1.1)—(1.2) and SEHFPP (1.3)—(1.4).

Scheme 3.1 (Initialization) For each i = 1,2, choose x? € C;. Take the sequences of real
numbers {0}, {B}, {€x}, {7}, {e}, {8k}, and {ox} such that

(D) pk>p>0,8>0,6,>0,¢p >0ask—>00,r,>r>0,0<a<d<b<1,and

O<d <or<b <1.

(i) D02 ﬁ—’k‘ =400, Y rop ﬁ;—:" <+00,and Y o BE < +00.

Step 1. Choose wf € H; such that wf.‘ € 8Ekgi(xf, -)(xf) and compute oy = 5—’; and n; =
max{pg, [|wf|}.

Step I1. Compute y¥ = Pc,(x — ayw¥).

Step I11. Compute tf =(1- Sk)xf‘ + 8 Vi((1 - crk)LIiyf + akyf).

Step IV. xf‘*l =P, (t{‘ + ukAj‘(Aitlf — A,tb)) for all k > 0, where the step size j; is chosen

in such a way that for some € > 0,

Mk € (E: Vi — 6)1 k e A; (3‘1)

20| A1k -Ax k|12
A (AL LR -Aat5) 12 +]1 A5 (A1 5 -A0K)

otherwise, ux = u (u > 0), where y; :=
A= {k: Atk — Aytk #0).

B and the index set



Alansari Advances in Difference Equations (2021) 2021:226 Page 5 of 14

Remark 3.1 ([36]) Condition (3.1) implies that infgea{yx — ux} > 0. Since ||A’{(A1t’1‘ -
Asts)|| < AT At} - AstS || and [|A3 (A1 85 — Agt)|| < | A3]|[|Ar2} — Ast5 |, we observe that
{yx} is bounded below by m, and so infiecp Y% > 0. Consequently, with an appro-
priate choice of € > 0 and y, € (¢,inf,cp 1, — €) for k € A, we have sup,, px < +00, and
hence {1} is bounded.

Remark 3.2 ([12]) Foreachi=1,2,sinceg;(x;,-) is alower semicontinuous convex function
and C; C domg;(x;,-) for every x; € C;, the €,-diagonal subdifferential 3gkgi(xff, ~)(xf) Z0
for every €, > 0. Moreover, px > p > 0. Therefore each step of the scheme is well defined,
implying that Scheme 3.1 is well defined.

Remark 3.3 ([12]) For each i = 1,2, if g; satisfies Assumption 2.1 ((i), (ii) and (iv)) then
Sol(EP(1.1)), Sol(EP(1.2)) are closed and convex. For each i = 1,2, since A; is a linear op-
erator, the solution set €2 of SEEP (1.1)—(1.2) is closed and convex.

4 Weak convergence theorem
We now prove the following weak convergent theorem, which shows that the sequence
{(xX,4%)} generated by Scheme 3.1 converges weakly to (71,42) € ® = Q N T, a common
solution of SEEP (1.1)—(1.2) and SEHFPP (1.3)—(1.4).

Assume that ® # .

Theorem 4.1 Let Hy, Hy, and Hj be real Hilbert spaces. For each i = 1,2, let C; C H; be a
nonempty closed convex set; let A; : H; — Hs be a bounded linear operator with its adjoint
operator AY; let Vi : C; — C; be a nonexpansive mapping, let U; : C; — C; be a continuous
quasinonexpansive mapping such that I, — U; (; is the identity mapping on C;) is monotone,
and let g; : C; x C; — R be bifunctions satisfying Assumption 2.1. Assume that Fix(U;) N
Fix(V1) # @, Fix(U,) NFix(V5)) # @, and © = QN (Fix(U;) NFix(Vy), Fix(Uy) NFix(V,) # 0.
Then the iterative sequence { (x’l‘ , x’z‘)} generated by Scheme 3.1 converges weakly to (q1,q2) €
o.

Proof Let (p1,p2) € ©. Then (p1,p2) € 2, p1 € Fix(U;) N Fix(V1), and py € Fix(ls) N
Fix(V5). For each i = 1,2, setting

zf = (1-01)Sy} + 0wyl (4.1)

and using the arguments used in the proof of [1, Theorem 3.1], we obtain that

2 = pil* < 15 = pill* = 01 - o0 | Uiyt - 5[ (4.2)

< |k -m’, (4-3)
[t -pil* < =802 = pi])” + 8i]2f - ]| * - 861 - 800 Vik - £, (4.4)
Jim [ 5] <o, @5)

and

|6 pi” = ok = i + 25l pi— )+ 26082~ 1 -0 Vi~ (@)
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Since xf € C;and wf‘ € 8ekg,-(xf, ')(xf‘), we have
&G(¥ i) + ex = (¥ pi) — il %) + e = (Wi, pi - &), (4.7)
and hence from (4.6) and (4.7) we have

[ =pil]” < k=l + 2800k (g1 (aF 1) + ) + 265
— 81— 8| Viek - x| (4.8)

Now from the definitions of o and n; we obtain oy = ﬁ—’; < ﬁ—’;. Hence from (4.8) we have

+ 28 B}

26
e = pil]* < 2 =Pl + 2800 () + k,fkek

= 81 - 89| Vizf - . (4.9)

Again, since p; € C;, we have

[« -1’

= |Pe, (t]f + MkAT(Aﬂ/f —Aztg)) - (P1)||2
= Ht]f -p1 ”2 - 2Mk<A1t]1( —Aip1, At} —Agté) + g ”AT(Altll‘ —Aztlz‘) ”2
= d-pu | -l itk - A | + At - A8 | - [ Aot - A ]

i} | A% (Autf - Aqth) | (4.10)

Similarly, we have

o1

”x §2)
<[4 - pa|” - el 4285 = Aops|)” + [ Astf — Ast5|* ~ [ Avtf —~ Asps ]

+ 2] A5 (A - At | (4.11)

From (4.10), (4.11), and the fact that A, p; = Ayp, we have

k+1

A B 1

|«
k 2 k 2 k 2
<& -pi]" + & - p2|” - 2] A2ts ~ Aops |

— (A7 (Arth - Aoth) |* + A5 (Artf - Axth) )] (4.12)

From (4.9) and (4.12) we have

L Y e o A

< [ =pa])” + 45 - 2 ]” + 2600 (@1 (55, 21) + 2245, 2))
= 2] Asth - Aapo |* - i (| AT (At - Aath) | + [ A5 (Arf - 4255) )]

50t -0 (Vi - 47+ ek -4 + g @13

where ¢; = 28,((’9/’;? + BR).
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Since (p1,p2) € Q and xf € C;fori=1,2, p; € C;, and hence gi(pi,xf‘) > 0. By the pseu-
domonotonicity of g; we have

g(*k.pi) <o. (4.14)

Hence, using condition (3.1) and 8 € (0,1) in (4.13), we have

[ =+ |57 = pal)” = [ =) + 5 = o + (4.15)
It follows from the conditions on B, €k, and p that Z/tio Cr < +00. Hence it follows from

Lemma 2.2 and (4.15) that the sequence {||x]1‘ -pl*+ ||x’2‘ — p2|?} is convergent, that is,
. k 2 k 2 .
klggo(nxl -pi|" + |45 —po||) exists, (4.16)
which implies that the sequences {xll( } and {xlz(} are bounded. Therefore it follows from

(4.5) and (4.3) that, for each i = 1,2, the sequences {y{f}, {zf} are bounded.
Since 8x € (0,1), >_po &k < +00, and {ux} is bounded, from (4.13), (4.14), and (4.16) it

follows that
i 47 (A st = Jim 45 (418 - 4058) | <01 417)

Similarly, from (4.13) we obtain that

Jlim [Vieh ] = Jim | Vb - 4] 0. (@18)
Now from Y 7, &k < +00, (4.13), (4.14), and (4.16)—(4.18) it follows that

Jim [ 4,47 - Ayt =0. (4.19)
Again, since & € (0, 1), from conditions (3.1), (4.13), and (4.17)—(4.19) it follows that

28kt (g1 (x’f,pl) +& (xlz(’PZ))

<[st =i’ = I =P+ | = ol = 57 - o+ (4.20)

Hence, for every m, from (4.14) and (4.20) it follows that

0< Z 28kak(g1 (x]{,m) +gz(x§,pz))
k=0

m m
e R e A L o IR ) DLy 03
k=0 Pk k=0

By taking the limit as m — oo we have

0<2 Z Sk (g1 (+,p1) + &2(x5, p2)) < +00,
k=0
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which implies

ZSkakgi(xf,pi) < +00 (4.21)
k=0

fori=1,2.Fori = 1,2, the boundedness of the sequence {x} and Assumption 2.1(vi) imply
that the sequence {w¥} is bounded. Further, using the conditions on the parameters, we

have oy = % > ﬁ’;—i. Since 8¢ € (a,b) C (0,1), from (4.21) it follows that
pk max{l, e I}

2pa & =
0= %ﬂ Z %(—gi(xf,l?i)) <2a Z“k(_gi(x{'(’Pi)) < Foo. (4.22)
k=0 k=0

Since Y 22, ﬁ—: = +00, from (4.14) and (4.22) it follows that

limsup g (xll(,pl) =limsup g, (xé‘,pg) =0. (4.23)

k—o00 k— o0

Further, from the equation in Step III of Scheme 3.1 and (4.18) it follows that

i |4 =t = tim |4~ ] - e
Since
17 = pi])* < [ =i+ 20k — bk i) (1=1,2) (4.25)

and {)%}, {yX} are bounded, from (4.2), (4.4), and (4.12) it follows that

Sxor(1 - Uk)(” Ul)’]f —J’If ”2 + H ley’Z‘ —J’Iz( ||2)

k+1

i Y e o B Al

< | -p]” - |x
+ 255 =5 [ - o]l + 95 =530 155 - 2] ]
81 = 80| Vazk -k + | vadh - "]
- (2] 455 = Ao |* - i (45 (Ast - 455)

+ Az (At - A025) )] (4.26)

Again, since 8 € (a,b) C (0,1) and oy € (a',0') C (0,1), from (4.5) and (4.16)—(4.19) it

follows that
i etk 4 = tim |tk -4 <o, 27)

For each i = 1,2, from the inequality

[Vizk =511 = Vit =t |+ 20 = o1, Vizt =)

< |Vizf =t + 2] = 5] | Vi 54

, (4.28)

Page 8 of 14
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the boundedness of the sequences {yff } and {zf }, (4.5), and(4.18) it follows that
Jim [[Vizf -5 = 0. (4.29)
Since

Juist - ikl = etk 541 + ot - v

(4.30)
from (4.27), (4.29), and (4.30) it follows that

lim | Uy} - Vizf|| = 0. (4.31)

k—o00
The equality

|2 =51 = (=00 - 7]
implies that

: k_ k| =

Jim |z = 5| =0. (4.32)
The inequality

[Viek -] = Vit -] + I 4] (439
implies that

Jim | Vizk - 2f|| = 0. (4.34)

Now, since the sequence {x}} is bounded in C; for i = 1,2, without the loss of generality, we
can assume that there exists a subsequence {xf’} of {xff } such that xf’ —~qieCiasl— o0
and limsup_, gi(xf, pi) =1lim;_, gi(xf’ ,pi). From (4.5), (4.24), and (4.32) it follows that
the sequences {xf‘ 1 {yf I {tf }, and {sz } have the same asymptotic behavior, and hence there
are subsequences {yf’} of {y*}, {tl],(’} of {¢}, and {zfl} of {zX} such that y;(’ - q;, tf’ — ¢;,and
zf’ — gq; as [ — o0. Since A; is continuous for i = 1,2, Aitf’ — A;q;. Further, for i = 1,2, it
follows from the demiclosedness of I; — V; on C; and (4.34) that g; € Fix(V;). We now show
that (q1,92) € T'. From (4.1) it follows that

k k

kg 1
BT R (- )yt + — (Unk - Vidh). (4.35)
Ok Ok

Therefore, for all z; € Fix(V;), using (4.1) and the monotonicity of (I; — U;), we estimate

<zf-‘—\/isz k >
—Ji %

i
Ok

= (I = Wy)ys = i - UDziyf - zi) + =i — Uizinys — z1)
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1
+ G—/{(L[iyf - Vizf‘,yff - zi)

1
> (Zi — Llizi,)/f — Zl') + o'_<UZ'yi< — V,Z{(,yf — Zl'). (4.36)
k
Since {y*} is bounded and oy € (@', ') C (0,1), from (4.31), (4.34), and (4.36) it follows that

lim sup(z,' - L[iz,»,yf-‘ - zi> <0, z eFix(V)). (4.37)

k— o0

Replacing k with k; in (4.37) and then taking the limit as / — oo, we have

(I - Upzinqi —2i) <0,  z; € Fix(V)). (4.38)
Since Fix(V;) is convex, Az; + (1 — A)gq; € Fix(V;) for A € (0,1), and hence

(- U)(rzi + A= N)gi),qi —z1) <0, z; € Fix(V)). (4.39)
Since (I; — U;) is continuous, by taking the limit as » — 0., we have

(Ii - U)ginqi —z:) <0,  z; € Fix(V), (4.40)

that is, g, € Sol(HFPP(1.3)) and q; € Sol(HFPP(1.3)). Further, since || - || is weakly lower

semicontinuous, from (4.19) it follows that

[A1g1 - Asqa ) < l%(nigf’{Altfl — A8 =0, (4.41)

thatis, A1q1 = A2q». Hence (41, g2) € I'. Next, we show that (q1, g2) € Q2. Since xf’ — g;and
limsupy_, gi(xf, pi) = lim;aoog;(qu, pi), by the weak upper semicontinuity of gi(-, p;) and
(4.23) we have

g:(qi,p;) > limsupg; (xf(’ ,pi) = lim g; (xf(’ ,pi) = limsupg;(xf, p;) = 0. (4.42)
I—00 =00 k—00

Since (p1,p2) € Q2 and ¢; € C;, we have g;(p;,q;) > 0, and hence from Assumption 2.1(ii) it

follows that g;(g;, p;) < 0. Consequently, g;(g;, p;) = 0, and therefore by Assumption 2.1(iv)

we have ¢q; € Sol(EP(1.1)) and g, € Sol(EP(1.2)). Hence (q1,42) € 2, and thus (q1,92) € ®.

From (4.16) it follows that limy_, o, ||xi< —p;i|l exists for i = 1, 2. Therefore since the Hilbert

space H,; satisfies the Opial condition, it follows that the sequence {x} has only one weak

cluster point, and hence {(xX,x%)} converges weakly to (q1,42) € ®. O

5 Consequences
Now, we give some consequences of Theorem 4.1.

(I). The following theorem shows that the sequence { (x’l( ,xé)} generated by Scheme 3.1
with U; = I; (i = 1,2) converges weakly to (g1,42) € 1 = 2 N I';, a common solution of
SEEP (1.1)—(1.2) and SEFPP (1.5).
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Assume that ©; # (.

Theorem 5.1 Let Hy, H,, and Hs be real Hilbert spaces. For i = 1,2, let C; C H; be a
nonempty closed convex set, let A; : H; — Hs be a bounded linear operator with its ad-
joint operator A, let V; : C; — C; be a nonexpansive mapping, and let g;: C; x C; — R be
a bifunction satisfying Assumption 2.1. Assume that Fix(V1) # ¥, Fix(Va)) # ¥, and ©, =
Q N (Fix(V1),Fix(V,) # 0. Then the iterative sequence { (x’{,x’z‘)} generated by Scheme 3.1
with U; = I; (i = 1,2) converges weakly to (q1,q2) € 1.

(I). The following theorem shows that the sequence {xX} generated by Scheme 3.1 with
Hy=H,, Uy =U,, V1 =V, Cy =Cy =Qy=Qq, and A; = B; = I; (i = 1,2) converges weakly
to g € ®, = Sol(EP(1.1)) N Sol(HFPP(1.3)), a common solution of EP (1.1) and HFPP (1.3).

Assume that @, # 0.

Theorem 5.2 Let Hy and Hs be real Hilbert spaces. Let C; C H; be a nonempty closed
convex set, let V1 : C; — C; be a nonexpansive mapping, let U, : C; — C; be a continuous
quasi-onexpansive mapping such that I, — Uy (I is the identity mapping on C;) is mono-
tone, and let g1 : C; x C; — R be a bifunction satisfying Assumption 2.1. Assume that
Fix(Uy) NFix(Vy) # 0 and ©, = Sol(EP(1.1)) N Fix(U;) N Fix(V1) # @. Then the iterative
sequence {x\} generated by Scheme 3.1 with H, = Hy, Uy = Uy, Vi = V5, C1 = Cy = Qy = Qy,
and A; = B; = I; (i = 1,2) converges weakly to ¢, € ®,.

6 Numerical example

Finally, we give a numerical example for Scheme 3.1.

Example 6.1 Let H; = H, = H3 = R, the set of all real numbers, with the inner product
defined by (x,y) = xy, x,y € R, and induced usual norm | - |. Let C; = [-7,0] and C; =
[0,7], let g1 : C; x C; — R and g : C; x C; — R be defined by g1 (x1,y1) = 2x191(y1 —
x1) + x1y11y1 — x1], x1,1 € Cy1, and g (x2,2) = x5(y2 — %2), %2, € C,. Let the mappings
A;:R— Rand Ay : R — R be defined by A;(x1) = 2%1, 1 € R, and A (x3) = —2x, x5 € R.
Let the mappings V; : C; — C; and U; : C; — C; be defined by Vix; = %1, Uyx1 = x1 cosxq,
x1 € Cp,and V5 : Cp — Cy and U, : C, — C, be defined by Vaox, = ’%, Usxy = —x5 COS X9,
xy € Cy. Setting & = ﬁ, ok = ﬁ, pc=1¢€=0,a = %, Bi = %, k > 1. Then the sequences
{xX} and {x}} generated by Scheme 3.1 converge to q; = 0 and g, = 0, respectively, so that
(q1,92) = (0,0) € .

Proof 1t is easy to prove that the bifunctions g; and g» are pseudomonotone on C; and
C,, respectively. Note that g;(x;,-) and g1(xy, ) are convex for x; € C; and x; € C, and
g1 (x, -)x1 = [x2,3x2] and 9gy(x2,-)x2 = [x3] by taking €, = 0 for all k € N. A; and A, are
bounded linear operators on R with adjoint operators A} and A3, | A1 || = [|A}]l = 2, |A2]| =

A%l = 2, and hence px € (e, % —¢€). Therefore, for € = =, we choose u; = 0.02 + 0‘—,?2 for all

1
100
k. The mappings V; and V; are nonexpansive with Fix(V1) = {0} and Fix(V3) = {0}. Further,
U, and U, are continuous with Fix({/;) = {0} and Fix(U,) = {0}, and (I — U;) and (I — U>)
are monotone. The mappings U; and U, are quasinonexpansive but not nonexpansive.

After computation, we obtain I' = Sol(SEHFPP(1.3)—(1.4)) = {0} and 2 = {0}. Therefore
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Figure 1 Convergence for initial values X? =-3, xg =3

® =QNT ={0} # . After simplification, Scheme 3.1 is reduced to the following:

0
=11
xl—akwll‘
0
¥=11
X — A

wk € Hy,wh € Hy such that wk € 3, g1(xf, ) (%) = [(6})2, 3(x%)?]

and WA € 3 @2 (%8, ) (%) = [(x5)2];

ifx; <0,
ifx; >1,
otherwise;
if x9 <0,
ifxy > 1,

otherwise;

tf = (1 -8k + 8 Vi ((1 - o)y cos yf + arph);
th = (1= 8)k + 8¢V (—(1 = o)y cos & + 0v9h);
x’{*l =Pc, (t’l‘ + MkA’{(Altlf —Agtlz());

x5 = Pe, (8 + 1Az (Ast) — Asth)).

(6.1)

Finally, using the software Matlab 7.8.0, we have Fig. 1, which shows that {x¥} and {4}

converge to q¢; = 0 and ¢, = 0, respectively, so that (g1,¢,) = (0,0) € .

7 Conclusion

O

We have proved a weak convergence theorem for an iterative scheme called the simultane-

ous projected subgradient-proximal iterative scheme, where the stepsizes do not depend

on the operator norms, for solving the split equality equilibrium problem SEEP (1.1)—(1.2)

for pseudomonotone bifunctions and the split equality hierarchical fixed point problem

SEHFPP (1.3)—(1.4) for nonexpansive and quasinonexpansive mappings. Further, we have

discussed some consequences of Theorem 4.1. Finally, we presented a numerical example

Page 12 of 14
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to justify Theorem 4.1. Further research is needed to extend the presented work to the

setting of Banach spaces.
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