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1 Introduction

The study of g-calculus was initiated in the early 20th century after the work of Jackson
(1910) who defined an integral later known as the g-Jackson integral (see [16, 22, 23, 27,
28]). In g-calculus, the classical derivative is replaced by the g-difference operator to deal
with nondifferentiable functions. For more discussion on this subject, we refer to [8, 21].
Applications of g-calculus can be found in various disciplines of mathematics and physics
(see [13, 26, 36, 45]).

Many well-known integral inequalities, such as Holder inequality, Hermite—Hadamard
inequalities and Ostrowski inequality, Cauchy—Bunyakovsky—Schwarz inequality, Griiss
inequality, Griiss—Chebysev inequality, and other integral inequalities, have been studied
in the setup of g-calculus using the concept of classical convexity. For more results in this
direction, we refer to [1-7, 10, 11, 14, 18-20, 24, 29-32, 34, 35, 37, 39-43, 46, 47].

The purpose of this paper is to prove several new quantum integral inequalities by apply-
ing the newly defined concept of a ¢”-integral. We also discuss the relation of our results
with comparable results existing in the literature.

The organization of this paper is as follows: In Sect. 2, a brief description of the concepts
of g-calculus and some related works in this direction are given. In Sect. 3, the bounds of
Hermite—Hadamard-type inequalities for the g”-integrals are presented. In Sect. 4, several

© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’'s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-021-03382-0
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-021-03382-0&domain=pdf
http://orcid.org/0000-0002-0944-2134
mailto:chuyuming2005@126.com

Li et al. Advances in Difference Equations (2021) 2021:225 Page 2 of 15

special cases of our main results are discussed. The relationship between the results pre-
sented herein and comparable results in the literature is also studied. Section 5 contains
some conclusions and further directions for future research. We believe that the study
initiated in this paper may inspire new research in this area.

2 Preliminaries of g-calculus and some inequalities
In this section, we first present some known definitions and related inequalities in the
g-calculus. Set the following notation (see [28]):

n

—4 =l+g+q*+---+q"", qe(0,1).
q

[”]q: 1-

Jackson [27] defined the g-Jackson integral of a given function f from O to b as follows:

b 00
/ fx)dx=(1- q)qu”f(bq”), where0<g<1, (2.1)
0 n=0

provided that the sum converges absolutely.
Jackson [27] defined the g-Jackson integral of a given function over the interval [a, b] as
follows:

fa bf (%) dgx = /0 bf (%) dyx — [0 ‘ fx)dx.

Definition 1 ([38]) Letf: [a,b] — R be a function. The g,-derivative of f at x € [a, b] is
identified by the the following expression:

x)—flgx+ (1 -q)a)
1-g)x-a)

aDyf (%) :f( , x#a. (2.2)

If x = a, we define ,D f (a) = lim,_, , .D,f (x) if it exists and is finite.

Definition 2 ([15]) Let f : [a,b] — R be a function. The g’-derivative of f at x € [a, ] is
given by

gx + (1 - q)b) —f (%)
(1-4)b-x)

quf(x):f( , x#b.

If x = b, we define quf (b) = lim,_, quf (x) if it exists and is finite.

Definition 3 ([38]) Letf : [a,b] — R be a function. Then, the g,-definite integral on [a, b]
is defined by

b o0
f f@adgr= (- b-a) S qF(@"b + (1 - 4")a)
a n=0

1
= (b—a)/ f((Q-t)a+tb)dt.
0

Alp etal. [11] proved the following g,-Hermite—Hadamard inequalities for convex func-
tions in the setting of quantum calculus:
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Theorem 1 Iff: [a,b] — Ris a convex differentiable function on [a,b] and 0 < q < 1. Then
we have

qa+b qf(u) +f(b)
f([zlq)_b a/f WS, (23)

In [11] and [33], the authors established some bounds for the left- and right-hand sides
of the inequality (2.3).
On the other hand, Bermudo et al. [15] gave the following definition and obtained the

related Hermite—Hadamard-type inequalities:

Definition 4 ([15]) Letf : [a,b] — R be a function. Then, the g°-definite integral on [a, b]
is given by

b o0
[ r@rdp-0-a6-aY ¢f@as (1-q))

n=0

1
=(b- a)/o Sfta+ 1 -0)b)dyt

Theorem 2 ([15]) Iff: [a,b] — R is a convex, differentiable function on [a,b] and 0 < q <

1, then the q-Hermite—Hadamard inequalities are given as follows:

a+qb _ @ +qf(b)
f( [2]q)—b a/f( q_T. (2.4)

From Theorems 1 and 2, one can obtain the following inequalities:
Corollary 1 ([15]) For any convex function f : [a,b] — R and 0 < q < 1, we have

qa+b a+qb 1 b b , }
f( 2, >+f( 21, )S b—a{/ﬂ f(x)adqx+/a]f(x) dx

<fl@) +f(®) (2.5)

and

b 1 b b b
f(a; ) =< 2(b—a){/a f(x)adqx+/a f(x)bdqx} SM' (2.6)

We recall the following well-known inequality:

Theorem 3 (Holder’s inequality, [12, p. 604]) Letx >0,0<q <1, p1 > 1 be such that pil +
% =1. Then

J ool (/ el dqx)ﬁ (/ g dqx) g
0 0 i
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3 Main results
In this section, we give some new estimates of Hermite—Hadamard-type inequalities for
functions whose first g”-derivatives in absolute value are convex.

Let’s start with the following useful lemma.

Lemma 1 Iff:[a,b] C R — R is a q°-differentiable function on (a,b) such that *D,f is

continuous and integrable on [a, b], then we have

(b—a)[/v(qt+ yv —y)'Dyf (ta + (1 - t)b) dyt (3.1)
0

/l(qt+ YV — thf(ta +(1 - t)b) dqt]

- / T dyx—y[of(@) + (1= )fB)] ~ (1= y)f (va+ (1= v)b),

where 0 < g < 1.
Proof From Definition 2, it follows that

flgta+ (1 -qt)b) —f(ta+ (1 -t)b)
1-q)(b-a)t '

"D f (ta+(1-1)b) =
By applying identical transformation, we obtain
(b- a)/ (gt +yv - y)quf(m +(1- t)b) dgt (3.2)
0
1
+(b-a) f (gt +yv —1)"Dyf (ta + (1 - )b) dyt

1
= —a)/o (gt +yv - 1)1’qu(m +(1- t)b) dgt

+(b-a) /Vu ~y)'Dyf (ta + (1 - t)b) dyt
0

By the equality (2.1), we obtain

/ ' "Dyf (ta + (1 - t)b) dyt (3.3)
0
_ /“f(qta + (1 —qgt)b)—f(ta+ (1 -1)b) dt
0 1-q)(b-a) B

1 o0 o0
= |:Zf(q’“1va+ (1-q""v)b Zf q'va+(1-q v)b):|
n=0

n=0

= ﬁ[f(b) —f(va +(1- v)b)]

Page 4 of 15
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and

1
/ "D f (ta+ (1 -t)b)d,t (3.4)
0

_ 1f(qta+(1—qt)b)—f(ta+(1—t)b)d ;
0 1-q)(b-a)t 1

= bia[if(qwrlﬂ_'_ (l_qn+1)b) _if(qnd"' (l_qn)b)]

n=0 n=0

1
b a [f () —f(@)].

It follows from (2.1) and Definition 4 that

1
/ t*Dyf (ta + (1 - t)b) dyt (3.5)

0

dyt

_ flf (gta + (1 - qt)b) —f(ta + (1 - )b)
“Jo (1-q)(b-a)
1

-5 -iqnf(qm—la + (1 _qn+1)b) _ iq"f(q”a + (1 _qn)b)i|

—a
n=0 n=0

e S e () - (e (1 —q"”’)}
n=0

n=0

=% 511 > a'f(q"a+ (1-q")b) - H @~ q"f(g"a+ (1~ q”)b)j|

n=0

1

- (; -1) nfojq"f(qna +(1-g")p) - ;If(a)}

1 (1-¢q S it ., 1
=7 (T);Qf(qﬂJr(l—Q)b)—mf(ﬂ)

—a

1 b 1
= d;x — ————f(a).
q(b _ 61)2 L f(x) qx q(b —ﬂ)f(a)
Using (3.3), (3.4), and (3.5) in (3.2), we obtain the required identity. O

Remark 1 If we take ¢ — 1~ in the Lemma 1, then we have [25, Lemma 2.1].

Before we present our main inequalities, we first give some calculated quantum inte-
grals:

ﬁ v2y(1-v) 2y3(1-v)3

v - + » Y+gv>y,
[3] [2] ([21g)([319)
Alq(y,u)zfo tigt+yv—yldgt = {UZ:(I—V) ‘f)gq e

[2]q - [3]q7 ()/ + q)V S 7/;

Biy(y,v) =/ (1-Dlgt +yv—yld,t
0

v v
:/ |qt+yv—y|dqt—/ tigt + yv —yldgt
0 0
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v2g+2y2(1-v)2 412y (1-v) _ _ _ v3q _ 2y3(1-v)3
2l @ =v)= @y -y YOV,
v2grly(-v) | v3q
vy(l—v) - SEEE 4 oL (y+qv=vy,

1 g _loyv | 20-yv) 1
, yv+g>1,

Asgly,v) = / thgt + yv-1ldyt = | B~ Pl 0
0 2, ~ Bl yv+q<1,

1
By (y,v) = / (1-Dlgt +yv—-1|dgt
0

1 1
:/ |qt+yv—1|dqt—/ tigt + yv —1|d,t
0 0

q+2(1=yv)2+1-yv 2(1-yv)3
Bl A=y -5 —@oEy Yvrac L

g+l=yv q
l_yU_W+@’ yv+q<1,

@ yy) 2y

Asg(y,v)= [ tigt+yv—1dgt=1"5)" e - ClBl)
0 ve(l-yv) _ qv v+ag<1
2l By’ yv+qg=4,

Bsy(y,v) =/ (1-9lgt +yv—-1]d,t
0

v Vv
|qt+yv—1|dqt—/ tigt + yv—1|dgt
0 0

v2+2(1—yv)2+v2(1—yv 2(1—)/1))3
2l —v-yv) - [31q ey Ve b
2a2(1-yv) | qv
V(I—VV)—W'F@; yv+q=1,

2
S0y pago

1
Ciy(y,v) :/ lgt + yv—1|dyt = .
0 (l—yv)—@, yv+q<1.

Theorem 4 Iff : [a,b] C R — R is a q’-differentiable function on (a,b) such that *D,f
is continuous and integrable on [a, b], then we have the following inequality provided that

|quf| is convex on [a, b):

b
‘ﬁ / F@) dgx - y[vf@) + 1 - v)f(B)] - 1 - y)f (va+ (1 -v)b)

< (b-a)[(Aig(y,v) + Ay(y,v) = Asg(y,v))|"Dyf (a)]

]

+ (qu(% V) + qu()’; V) - BSq(y: V))

where 0 < g < 1.

Proof On taking the modulus in Lemma 1 and applying the convexity of |°D,f|, we obtain

o f F@dgx—y[vf@+ Q- v)f(B)] - Q- y)f (va+ (@1 -v)b)

< (b—a)[/ gt + yv —y||’Dyf (ta + (1 - t)b) | dyt
0

1
+/ gt + yv —1|[’Dyf (ta + (1 —t)b)|dqt]

Page 6 of 15
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:(b—a)[/o lgt + yv —y||"Dyf (ta + (1 - t)b) | dyt
1
+/ |qt+yv—l|‘quf(ta+(1—t)b)|dqt
0
_i/”w+yv—HVDJ@a+ﬂ—0@h%4
0
5(b-a)[|bDJ(a)|/ t|qt+yv—y|dqt+|quf(b)|/ (L-t)lgt +yv—yld,t
0 0
1 1
+|quf(a)|/ t|qt+yv—1|dqt+|quf(b)|/ A-t)lgt+yv—1ld,t
0 0

—|quf(a)|/0 t|qt+yv—1|dqt—|quf(b)|/o (1—t)|qt+yv—1|dqt]

= (b—a)[(Asg(y,v) + Asg(y,v) = Asgy,v))I"Dyf (a)|

+ (Big(y,v) + Bag(y,v) = Bag(y,v)) ’quf(bN]»
which completes the proof. d
Remark 2 Under the assumptions of Theorem 4 with ¢ — 17, we have [25, Corollary 2.3].
Theorem 5 Suppose that f : [a,b] C R — R is a q°-differentiable function on (a,b) and

quf is continuous and integrable on [a, b]. If|quf|1’1,p1 > 1, is convex on [a, b), then we
have following inequality:

b
ﬁ / F@)dgx—y[vf@) + QA -v)f )] - A -y)f (va+1- v)b)’
< (b—a)(Cry(ys 1)) 71 (Aag(y, v)|"Dyf (@) + Bayg(y, ) |PDyf (8) 1) 71

1-5o V_2b p, V(2lg-v) 2 n
+(b—a)v ([2]q qu(a)‘ +7[2]q ‘qu(b)‘ ) ,

where 0 < g < 1.

Proof Taking the modulus in Lemma 1 and applying the well-known power-mean inequal-
ity for quantum integrals, we have

b
ﬁ / F@dgx—y[vf@ + 1 -v)f(B)] - Q- y)f (va+ (@1 -v)b)

=(b-a)

/V(qt +yv—y)’Dyf(ta+ (1 - t)b) dyt
0

1
+ / (gt +yv —1)"Dyf (ta + (1 - )b) dyt

=(b-a) /Ol(qt —yv=1)’Dyf(ta + (1 - t)b) dyt

+ / V(1 ~y)'Dyf (ta + (1 - t)b) dyt
0

Page 7 of 15
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1
< (b—a)/ gt — yv —1||°Dyf (ta + (1 - £)b)| d,t
0

+(b-a)(l- y)/ov \quf(m +(1 —t)b)|dqt

1 1_1711
< (b—a)(/ lqt +yv — 1|dqt>
0

X (/01|qt+yv—1||bD,1lf(ta+(l—t)b)Ip1 dqt>p_1

v 1—1% v pl—l
+(b—a)(1—y)</o ldqt> (/0 |quf(m+(1—t)b)|p1dqt> .

By the convexity of |quf |P1, we have

b
|ﬁ / f@) dgx—y[vf(@) + Q- v)f(B)] - A -y)f (va+(1- v)b)’

1 157
< (b—a)(/ |qt+yv—l|dqt>
0

1
X (|quf(a)|pl/(; tlgt +yv — 1] dgt

1 ot
+|quf(b)|p‘/0 (1—t)|qt+yv—1|dqt)

v -5
+(b—a)(1—y)</0 ldqt>
"1b n " b T "
><(f0 |”Dyf (a)| fotdqt+|qu(b)| /0(1 t)dqt>
= (b= a)(Crg(y»)) 71 (Ang(y ) PDgf (@)["* + Bagly, v)[PDyf ()| 71

-5 V_Zb n V(2lg—v) 1 n
+(b-a)v <[2]q|qu(a)| + ol \qu(b)| ) ,

which completes the proof. d
Remark 3 1f we take ¢ — 1~ in Theorem 5, then we have [25, Theorem 2.2].

Theorem 6 Let f : [a,b] C R — R be a q’-differentiable function on (a,b) and quf a
continuous and integrable function on [a, b]. If |”D@f|f”1 is convex on [a, b] for some p1 > 1

L -1, then we have

and + + L =
r b1

| 1

b
-y / fx)? dgx— y[vf(a) +(1- v)f(b)] -(1- y)f(va +(1- v)b)’ (3.6)

1/|°D P14 gD F(B)PL\ P
S(b—a)(ulq()/,v))n(| /(@) [;]m PAGI >
q

1

‘ol + “= gl )
(2],

\)2

+(b-aymn ( P
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where 0< g < 1 and

1
u1q(y,v) = f lqt + yv—11"d,t.
0

Proof Taking the modulus in the Lemma 1 and applying well-known Holder’s inequality
for quantum integrals, we obtain

b
‘ﬁ / f@)dgx—y[vf(@) + 1 -v)f(B)] - A -y)f (va+ (1 -v)b)

=(b-a)

/v(qt +yv—y)Dyf(ta+ (1 - t)b) dyt
0

1
+/ (qt+yv—1)quf(m+(1—t)b)dqt

=(b-a) /Ol(qt —yv=1)’Dyf(ta+ (1 -t)b) dyt

+ / V(1 ~y)'Dyf (ta + (1 - t)b) dyt
0

1
< (b—a)/ |qt—yv—1||quf(ta+(1—t)b)|dqt
0

+(b-a)l-y) /Ov |"Dyf (ta + (1 - t)b) | dyt

1 i 1 o
§(b—a)</ |qt+yv—1|’1dqt) (/ |quf(ta+(1—t)b)|pldqt>
0 0

+(b—a)(1—y)</ov 1'1dqt>rl(v/ov|thf(toz+(1—t)b)|lg1 dqt>m.

Using the fact that |thf |P1 is convex, we have

b
ﬁ / f@) dgx—y[vf(@) + Q- v)f(B)] - A -y)f (va+(1- v)b)‘

: L
S(b—ﬂ)</ |qt+yv—1|’1dqt)l
0

1 1 o
X (|quf(a)|pl /o tdgt+|"Df ()" /o (l—t)dqt>

+(b—a)(1—y)([)v 1" dqt>H

. (|quf(a)]p1 / Ctdgt+ [PDfB) / U(l—t)dqt>m

L ("D yf (@) + qPDof (b)) \ T
=(b-a)(u1g(y, )" <| of (@) [;]’ﬂ o (D) )
a

i V2o pn V(R2lg-v)y, n n
+(b—a)v (@{qu(aﬂ +W‘qu(b)| ) ,

which completes the proof. d

Page9of 15
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Remark 4 On taking limit as ¢ — 1~ in Theorem 6, we have [25, Theorem 2.8].

4 Special cases
In this section, we discus special cases of our main results and the relationship between

the results presented herein and comparable results in the literature.

Remark 5 From Lemma 1, we have following observations:

(i) If we take v = 0, then we obtain following new identity:

1
(b-a) / (gt — 1)’Dyf (ta + (1 - t)b) dyt
0
b
_ ﬁ / FG) dyx — £ (D). 1)

(ii) By setting v =1 in Lemma 1, we obtain following new identity:

1
(b -a) f qt’Dyf (ta + (1 - t)b) d,t
0

b
, ﬁ / F) dyr—f(a). 4.2)
(ili) Setwv = ﬁ to obtain the following new identity:
(b—a)[/[;]q< t—ﬁ)quf(tm(l—t)b)dt (4.3)
o \ "1z ‘ '
1 b
¥ /[;]q (qt ¥ [;—]q - 1) Dyf (ta +(1-t)b) dqt]
IR T P f(@) +qf(b) a+qb
“ea ] @ "q"‘yT‘“‘y’f( 2, )

Remark 6 In the following, we give the different variants of Lemma 1.

(i) If we set ¥ =0, in Lemma 1, we have following new identity:

(b-a) |:/U qthqf(ta +(1- t)b) dgt + /l(qt — 1)”qu(m +(1 - t)b) dqt] (4.4)
0 v
b
- ﬁ f F@) dpx—f(va+ (1= v)b).
1

Specifically, for v = o), We have following midpoint-like identity given in [17, Lemma 2]:

(b-a) [ fo B G Df (ba+ (1— 0)b) dyt + / (@t = 1)'Dyf (ta+ (1~ 0b) dqt]

1 b b a+qb
- [ dqx—f( o )

2l
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(ii) Taking y = 3 1n Lemma 1, we have following new identity:
v b
(b- a)[/ (qt + 1v - 1) qu(m + t)b) dgt (4.5)

0 3
1

+ /v <qt + %v - 1) D,f (ta + (1 -1)b) dqt]

= 1 /bf(x)bd X — l[Uf(t/z) + (1 =v)f (D) + 2f(1)u +(1- u)b)]
b-a)l, 3 ’

Specifically, for v = ﬁ, we have Simpson-like integral identity given as follows:

%q b
(b—a)[/o[] (qt— 3([”21] )) D,f(ta+ (1 - 0b) dyt (4.6)
q
1 b
+/1 (qt+@—l) qu(ta+(1—t)b)dqt]

Rlg
by, L f(a) +qf (b) <a+qb)i|

/f() [ 2, \m, )]

(iii) If we set y = % in Lemma 1, then we have following new identity:

(b—a)[/ov(qt+ %v - 1) qu(m +(1- t)b) (4.7)

+/vl<qt+%v—l) qu(m+(1—t)b)dqt]
—L/bf(x)bd x—l[vf(a)+(1—v)f(b) +f(va+(1—v)b)]
b-al, = 2 ’

Specifically, for v =
identity:

[2] , we get following averaged midpoint—trapezoid-type integral

b
(b- a)[ / & (qt— . ([Z]q)) D,f(ta+ (1 - 0b) dyt (4.8)

1 1 b
+ /[1] (qt + m - 1> D,f (ta + (1 -1)b) dqt]

/f( )\l [ )[;]Zf( “f(“&fib)}

(iv) By setting y = 1 in Lemma 1,we have following new identity

(b-a) [ / V(qt +v—1)’Dyf (ta + (1 - t)b) dyt (4.9)
0
1
+ / (gt +v - 1)’Dyf (ta + (1 - t)b) dqt]

1 b
“hoa / f6) dgx = [vf (@) + (L= v) )],
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Specifically, for v = ﬁ, we have following trapezoid-like integral identity given in [17,

Lemma 1]:

L b
(b—a)[/[ (qt+@—l> Dyf (ta+ (1 - 0)b) dyt

b
/ (qt +— - 1) Df (ta+(1-t)b) dqt]
e (2],

i oy J@ )
- f st dye O,

Q

Corollary 2 Under the assumptions of Theorem 4 with v = ﬁ, we have following new

inequality:

/f [f(a)wf(b)}_(l_y)f(mqb)‘ (4.10)
[ q [2]51

1 1 1 b
. “"‘”[(AM(V'@) () -4 ) ) o @
19\ V> [2]q 2\ V> [2]q 3q\ V> [2]q .

Remark7 We now deduce some more inequalities from Corollary 2.

(i) By putting y =0 in Corollary 2, we obtain following midpoint-type inequality [17
Theorem 5]:

/ 7 (“Zﬁb)|

<(b- a)[ "D f (a)|

" —q+2q2+q3]'
7)3([3] ) + " Df D)=~

([21)(319)

(ii) If we take y = 5 in Corollary 2, then we get following Simpson’s-type inequality:

1 b b 1[ f(a) + qf (b) a+qb
m/a f(x) dqx—g[i[z]q +2f( [2]q )}’ (4.11)

11 11 1 1Y),
= (b—ﬂ)|:<A1q(g: @) +A2q<§: @) _A3q<§’ @))| qu(ﬂ)
11 11 11 b
(oul5a) 2l 7)o ) o)

Specifically for ¢ — 17, we have following inequality given by Alomori et al. [9,

Corollary 1]:

/f(x)d ——[ +f(b)+2f(ﬂ;b>”55(b7;a)[[f’(b)|+[f’(a)|].

Page 12 of 15



Li et al. Advances in Difference Equations (2021) 2021:225 Page 13 0of 15

(i) Takey =3 m Corollary 2 to obtain the following averaged midpoint—trapezoid-
type mequahty.
f(a)+qf (D) a+qb
(x)" dg [ (4.12)
il 2, I\,

- 11 113 11 \\p
_w_a{<AM(2Tﬂq>+AM<2Tﬂq> A”(z’mh>)’DJm”
11 11 1 ,

’ (qu(im) *qu(a’@) Bsq(z mq))' Do “’)'}

Specifically, for g — 17, we obtain the following inequality in [44, Corollary 3.4]:

e e[ o (4]

2wl i)

(iv) If we take y =1 in Corollary 2, then we obtain following trapezoid-type integral

inequality:
f@+qfb)
‘ba/f 2,
b b 1+49+4°) q(1+3q +2q3)],
5(“WDJ‘ PP EMCAUNPRTER)

which is given by Budak in [17, Theorem 3].

Remark 8 Under the assumptions of Theorems 5 and 6 with v = L], we may choose y =
0,y = 3, y = 2, and y =1, to obtain the midpoint-like integral inequality, the Simpson-
like integral inequality, the averaged midpoint—trapezoid-like integral inequality and the
trapezoid-like integral inequality, respectively.

5 Conclusions

In this paper, some new bounds of Hermite—Hadamard inequalities for convex functions
by applying the notions of the newly defined ¢’-integral and ¢°-derivative are obtained.
It is shown that the results proved herein are generalizations of the existing comparable
results in the literature, like the results proved in [9, 17, 25, 44]. It is an interesting and new
problem that the upcoming researchers can offer similar inequalities for different kinds of
convexity in their future work.
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