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1 Introduction

Following the classical risk model introduced by Lundberd], we suppose that the sur-
plus process of an insurance company, denoted{X¥(t)}; o, follows the classical Cramér-
Lundberg process,

N(t)
X()=u+ct.St)=u+ct... Y t O 1)
k=1

whereu 0 is an initial surplus, or capitalc> 0 is the constant premium income per
unit time. The aggregate insurance claim procesgt) = E:(tl) Yk is a compound Poisson

process, wheré\ (t) is a Poisson process with intensity parameter which represents the
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number of claims up to timet; {Y«}k 1 is a sequence of positive, independent, and identi-
cally distributed random variables representing the claim amount. As usu@,(t)}; o and
{Y}x 1 are independent of each other.

At present, the classical insurance risk model and its extended forms, such as dividend
strategy, capital injection strategy, investment strategy, reinsurance strategy, etc., have
been studied by many scholars, interested readers may refer to Gerber and Sjiudhi
and Lin [3], Yu [4], Yin et al. [B], Shen etal. §], Yuetal.[7, 8], Zhou et al. B, 10], Xu et al.
[11], Yin and Wen [12], Dong et al. [L3], Li et al. [14], Peng and Wang 15|, Yao et al. [L§],

He and Liang [L7], and Zhu and Yang18]. It should be stressed in particular that the above
dividend and capital injection are all considered as continuous, but this is not consistent
with the actual situation. In the actual economic activities, the board of directors of the
company generally holds a meeting at certain periods of time, and then decides whether
to pay dividends to shareholders or inject capital into the insurance company, which result
in that dividend payments or capital injection occurs at some discrete time points rather
than at continuous time points, so the periodic dividend strategy or periodic capital in-
jection is more in line with the actual situaion. Therefore, it is necessary to study this
kind of risk model with randomized observation. Albrecher et al1p] study a modi“ca-

tion of the horizontal dividend barrier strategy by introducing random observation times

at which dividends can be paid and ruin can be observed. Avanzi et aD0][study a peri-
odic dividend barrier strategy in the dual model with continuous monitoring of solvency.
Zhao et al. P1] investigate an optimal periodic dividend and capital injection problem for
spectrally positive Lévy processes, and both proportional and “xed transaction costs from
capital injection are considered. Zhang et aR®] and Cheung and ZhangZ3] study peri-

odic dividend threshold-type strategy under a compound Poisson risk model, in which the
observation interval follows the Erlang distribution. Peng et ak4] consider a perturbed
compound Poisson model and suppose that the insurance company can only observe the
surplus process and decide whether to pay dividends at some discrete time points. Pérez
and Yamazaki25] and Noba et al. R6] study the optimality of periodic barrier strategies

for a spectrally positive Lévy process and Lévy risk processes, respectively. Other relevant
literature can be found in Yang and Dend[7], Dong and Zhou R8], Dong and Zhao R9,
Yang et al. BQ], Liu et al. [31], and Yu et al. B2].

In this paper, we assume that the insurance company can only observe the surplus pro-
cess at a series of discrete time poinf&},_, (i.e.,Zy is the kth observation time, with
Zo=0). LetTx =2 .. Zx..1(k=1,2,...)denote thdth interobservation time and assume
that {T¢},-, is ani.i.d. sequence distributed as a generic random variablend indepen-
dent of {N(t)}; o and {Yx}x 1. Under the above discrete assumptions, we introduce the
periodic dividend strategy and capital injection strategy into the classic risk modé&).(

At the time of observationZy, if the current surplusu of the insurance company is less
than zero, ruin occurs immediately. If the current surplusi is greater than zero but less
than injection line b; (b; > 0), the shareholders should immediately inject capith] ...u

to bring the surplus level back to the injection linéb;. If the current surplusu exceeds
the dividend line b, (b, > b,), a lump sum dividend payments of size .. b, will be paid
immediately. Ruin is declared when the observed surplus level is negative (seelli¢n
addition, we assume that no matter what the level of surplus is, ruin, capital injection, div-
idend payments, and other acts will not happen outside the observation time point. With
the above-de“ned dividend and capital injection rules, denote the sequences of surplus
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Figure 1 Sample path oi{;f(k)

levels at the time points{Z;},_; and{Zih-; by (X2 (K)} o and {W? (K)o, respectively,
i.e.,{Xf)’f(k)}k:0 and{Wt?f(k)}k:O are the surplus levels at thith observation before (after,
respectively) potential dividend payments or capital injection. With initial surplus level
ng(O) :W;’f(O) =u, that is, at time zero, neither capital injection nor dividend payments
are required, we then have the following surplus process of the modi“ed risk model:

Xp2(K) = W2 (K ... 1) X(Zi) . X(Zw..d, k=1,2,..., @
W?(k) = min[max (X(?(K), by), ba.
We then let 2 be the ruin time de‘ned as ? = Z , wherek =inf{k  1|X2(k) <
0}. In this paper, we are interested in studying the Gerber...Shiu function, the expected
discounted capital injection and the expected discounted dividend payments.
The Gerber...Shiu function is de“ned as follows:

b
_ b b. _
W=Ee" ™ X2k | e [Xp2(0)=u, 3

where isthe force of interest]» is the indicator function of the eventA. The quantity (x)
is a nonnegative measurable function de“ned on [0,) that can be interpreted as a penalty
at the time of ruin for a de“cit upon ruin of |ng(k )I. In particular, if the function (x) 1
and >0,then (u)=E[e" §f|{ by |Xf)’f(0) =u] represents the Laplace transformation
of the ruin time. The relevant references of Gerber...Shiu function can be found in Gerber
and Shiu B3], Lin et al. [34], Willmot and Dickson [35], Li et al. [36], Huang et al. B7],
Zhang and Su 38], Preischl and Thonhauser39], Zhang et al. 0], and Palmowski and
Vatamidou [41].

The expected discounted capital injection is described by

W=E e 1 b XK |, by Xp2(0)=U @)

1
k=1 b1

where the function (X) is a nonnegative function of the amount of capital injection for
X (0,bi],and 1(x)=0forx O.
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The expected discounted dividend payments are de“ned as follows:

(W=E e 5 XZ()..b |
k=1

2, Xp2(0)=u 5)

b
<
{2k by

where the function ,(x) is a honnegative function of the amount of dividends payment
forx>0,and »(x)=0forx O.

In order to facilitate the description of the formula, we preprocess the model as follows.
It is assumed that the interobservation tim& follows the Erlang(n, ) distribution with
density

ntn... .t

mO= o

t>0, >0, (6)

and the claim amountY follows an arbitrary distribution on (0, + ). The density function
of Y isfy(y), the corresponding Laplace transformation is

fv(9= . ey (y) dy, (@)

and assume thafy () can be rewritten as follows:

Q2,r e (S)
Qur(9

fy(9 = 8
whereQ,(9) is a polynomial insof degreer, Q... {9) is a polynomial insof degree at most
r... 1. We also suppose th&t(s) and Q... {S) have no common zeros, an®;,(s) has
leading coe cient 1. According to Albrecher et al. B2], the pairs (I'k,ng(k 1) .ng(k))
(k=1,2,...) form an i.i.d. sequence with generic distributio( )Y, ..cT), and joint
Laplace transform

Ee- T NOvieT) = Ee(9TE @ i'i(lt)vil-l—

= E ed( c9T+ [L.&OIT)

= : ©)
+ ..cst [1..fy(9)]
In addition, the above formula can be changed into the following form:
N() y. *
E e...T..S( i=1 Yi-€T) — e..Syg (y) dy, (10)
where g (y) is the discounted density function of the increment ,N:(lt) i ..CT between

successive observation times. According to the varialyléeing positive or negative, we
can decompose (y) as follows:

g =9.(Wy<g+9 +Mlysg, .. <Y<+ . (11)
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Albrecher et al. B2] prove that as long as the density function of the claim amount satis“es

fy(9) = Qéi-r-é)s), 9. (y) andg +(y) in the above formula have the following expressions:

_ n ije y _ rn "yj...Je.kiy
9,.y= o B, G g.+y)= o Bj Gy 12)

where s the only positive root of the equatiorcs... (+ + )+ fy(9=0,{. k}i; is
the negative root of the equation, and

"1 dv [QuEl”
c (n.)ldgd T (stk)" o

B =(..1)* . =12, (13)
"1 dd [Q1r(9)]"

Bi= ¢ Gmopidsi( Lo T LI,

i=1,2,...r;j=1,2,...n. (14)

The layout of the paper is as follows: Se@.presents the explicit expressions for the
Gerber...Shiu function. Similarly, the expected discounted capital injection and the ex-
pected discounted dividend payments are studied in Se®@snd 4, respectively. In Sect
we present some examples to show the e ect of relevant parameters on the actuarial func-
tion.

2 Gerber...Shiu function
According to the “rst observation whether ruin occurs, the Gerber...Shiu function of the
risk model with capital injection and barrier dividend strategy can be written as follows:

(U= . U+ Yy by + (02Dl urysby 9,.(Y)dy

u

t (U Wy byt (O)luy<by 9.+(Y)dy

+ w(y ..u)g +(y)dy. (15)

u

Taking the expression of _(y) into the “rst integral of Eq. (15), we have

U+ Yy b3+ (B2)lurybyy 9,.(Y) dy

by..u
= (u+y)g, (y)dy+ . (b2)g . (y)dy
_ by..u n yj ...... y
= (u+y) ) B; i 1)!dy
=1
+ (b;) B y-e- ydy. (16)
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Forthe expression > (u+y) LB, y’(J ”'1)| dy, letz=u+y. Theny=z..u, and thus
we get
b2..U y’ %
(U+y) B ——— d
0 =1 G 1)!
n bo..u }ﬁ 1
= B R s e
=1
n b2 j...1
= Bj (Z)(Z.”U) e W4z 17)
j:l u (J 1)
For ,,, (b2 4B yJ(J '"1). dy, we have
b B = d
®) BT
= (b)) B y dy

. Vo G 1)

n i
1 (by..u) e"- (bz..u)

= (b B :
(b2) =1 ) o FLIT (L 1)
" j R (.u)m-t
= b B. _ 2 obya U
) e g () m. °
_ n n n 1 blz..me... by (1I)1hml !
= (b)) i B 1 Tom (m.. 1) e Y (18)

Substituting the expression off +(y) into the second integral of Eq.X5), we have

u

.Yy byt (Bl yby 9 +(y)dy

u..by u

= . (U..y)g +(y)dy+ (by) g +(y) dy. (19)

u..bp

u..by

For the expression (u..y)g +(y)dy,letz=u..y. Theny=u ..z and thus

u..by rn u

(u..y)g +(y)dy= Bj )

i=1 j=1 b1 G-

i1
(u ..Z)l)'e,,ki(u..z) dz. (20)

For (b1) ., 9.+(¥)dy, we have

u

(ba) g +(y)dy

u..by
u u..by

= (by) g «(y)dy... g +(y)dy
0 0
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1

= () B
i=1 j=1 =1 i

= () Bij

i=1 j=1

I (bl)lm uml

T m oy

ron i .1
1
Bij j+1.l (|u 1)?.kiu
1=1 ki s
1 (bt
")l

(by)
i=1 j=1

r n n n m...1
u .kju

(m...1)?

= ()

izl m=1i=m j=I

r n n

(b1)

1 um...l
Bi — kju
I (m L 1)

i=1 m=1 j=m i

N
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kju

(21)

Now we consider the third integral of Eq.15). Letz=y ..u, theny=z+ u, and thus the

integral can be written as follows:

w(y ..u)g +(y)dy

u

w(2)g +(u+2z)dz

r
w(2) BlJ
0 i=1 j=1

(u+2)-
G0t

rn i ym--1
= Bi w2 e*i*2 gz

0 m:l(j..m)!(m...l)!

r-n n m...1 j..m
) z
kiU w(2)

7, G.m)

-ki(u+2) dZ

Z-m

e..kiz dz.

Applying the operator (%

(22)

»n ir:l((;’—u + k)" simultaneously on both sides of Eq16),

the left-hand side is clearly zero. The corresponding right-hand side result depends on
the situation after the action of operators on the three right-hand side integrals. Due to

& )mum-e
acting on (18), (21), and @2) are 0, and then we have

j by
;'—u J (z)(...].i)"l%le Uddz=(...1) (),
£+ki] ’ (z)(u 2 L"(““Z)dz: ().

du by (" ).

X)=0and (& +k)'(u"-&*4*) = 0, the results of the above operators
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Therefore, the higher-orde di erential equation of  (u) can be obtained as

d nTod n
— .. — +k
du _du T (u)
i=1
r n n.j jon b
d d d 2 (z..u)
= —+k —. B @ @W gz
_, du d du o ou 1!
d nTod niog J
Y du R TR TR
i=1
rn u j..1
5 B, @ (u. . Z)l)| e kiu.2) 4y
i=1 ]:1 bl aen .
n r n n..j
. d d b
= L IB —+k = ...
. (... 7B Q ki a0 (u)
=1 i=1
r n nr n..
d d }
+ By — .. — +k (w). (23)
i=1 j=1 du i=1 du

Solving the above equation, the general solution form of (u) can be obtained as follows:

n(r+1)

= Ce, (24)

z=1

where 7 is the characteristic root corresponding to the above higher-order dier-
ential equation, and Albrecher et al.42] proved that 7 is the root of the equation
E[e- T iNz(lt)Yi“CT)] = 1 with respect tos. We now substitute formula @4) into Eq. (15),

and calculate the three integrals, which are recorded Hs, H,, H3, respectively. The “rst

integral is calculated as follows:

Hi= . U+Ylusy b3+ (02)lurysby 9,.(Y) dy

by..u
= (u+y)g,. (Vdy+ (b) g..(y)dy,
0 bo..u
where
by..u
(u+y)g, . (y)dy
by..u N(r+1) n i Y
= C,e z(uty) Bj yj | dy
0 =1 =1 G...1)
n(r+1) n bo..u yjl ( )
- C,e zu B i ...zydy
» R
n(r+1) n j I..1
- Ce® B 1 1 G e

1 " J ( z)j ...izl ( Z)j+1..|. (| l)'
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n(r+1) n n(r+1) n j Il )bo.u
1 by . ) 2)b2.1)
= C,e® Bj 7( )j . Ce B]- ( (2 ) )j+1_,|,(| 1)!
1 =1 e 2 1 =1 -1 e 7 L)
n(r+1) n n(r+1) non ldae( o 2)(b2.u
1 by ..u)-E( D20
= Ce? BJ ( Y ¢ Bi ( (2 ) YL L. 1)!
=1 =1 z z=1 =1 j=I vz B
n(r+1) n
1
z=1 j=1 ¢ -2
n(r+l)C n n n 5 1 b|2,,m - )bz(__.lw...hm...le !
it metiem (e ) moor
and
(b2) g,.(y)dy
by..u
n n n
1 b|2m um...l
= (b) B —17 2Lt
m=1 1=m = L m)! (m...1)!
n(r+1) n n n |.m 1
1 b um
= (0% T —2 oz )bz(...l')"“1 Y,
B B R (] M1
Thus, we have
Hi= . U+ Yy b3+ (02)lusyeny 9,.(Y) dy
n(r+1) n 1
= Ce® B —
o C D
+n(r+1)C n n n 5 1
z j T j+1.1
=1 m=1I=m j=I g ¢ "
bl..me( z... b2 L ...hm...l
x 2 C.1) e Y. (25)

(..m)!

(m...1)!

The second integral is calculated as follows:

u

H, = (U Yy by +
0

u..by

= (U..y)g «(y)dy+

where

u..bg

(Uu..y)g +(y)dy

u..bg N(r+1) rn
Cze z(U--y)
0 z=1

i=1 j=1

(bl)l{u..y<b1} g +(y) dy

u

g «(y)dy,

by

(ba)

yj...l &
G0 “dy

Page 9 of 24
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n(r+1) rn u..by yjl
= C,e zu Bij A ki Z)ydy
z=1 i=1 j:]_ 0 (_I 1)?
) n(r+1)C - roon o 1 j 1 W ..bl)l“'l
z=1 ’ i=1 j=1 ! (ki+ ) m|=1 (ki + it (... 1)
n(r+1) ron
1
= Ce? Bij _
z=1 i=1 j=1 (ki+ )
n(r+1) r n j
zu . 1 (U bl)ll .- Ki+ Z)ue(ki+ 2)by
Ce Bj — e
z=1 i=1 j=1 1=1 (kl + z)J (l l)'
n(r+1) ron
1
= Cee ™ Bj———
z=1 i=1 j=1 (ki+ z)]
n(r+1)
CZ ' " " BIJ 1 i (u -.bl)l.ule”kiuékﬁ_ Z)bl
=1 i=1 1=1 j=I (k+ b (... 1)
n(r+1) ron
1
= Cee ™ Bj ———
z=1 i=1 j=1 (ki+ z)j
(r+1)
n(r c r n n n B 1 ' ("bl)l"me(ki+ Z)bl—?
z=1 i=1 m=11=m j=I J(ki + z)J+l"|' (..m) (m...1)!
and
u
(b1) g +(y)dy
u..by
r n n n
— (bl) ij ];- | (._bl)l..m by ym---1 ?..kiu
+1..
i=1 m=1l=m j=I ki] (I..m) (m...1)!
r n n
1 gmel
(b]_) BIJ —T 7?..k|u
i=1 m=1j=m kf+ m (m 1)
r n n n
= (b ; A1 I(..bl)l"m by um--1 ?..kiu
+1..1
i=1 m=1|=m j=l kll (I'..mj! (m...1)!
r n n
1 gt
(bl) B'J T 76--kiu
i=1 m=1 j=m k{+ m (m l)'
(r+1)
T . s
j+1..1 j+1.m
z=1 i=1 m=1 I=m j=I f (I..m)! =m kil
um...l

* (m ... 1)?“kiu'

Kju

kit 2)(u.b)
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Thus, we have

u

H, = . Uy byt (Ol yby 9 +(Y)dy

n(r+1) r n 1
= C,e z2u Bij —_—
z=1 i=1 j=1 i+ 2)
n(r+1) r-n n n l..
C, Bj N L VA O™ gk
=1 i=1 m=1l=m j=I (ki+ Pt (1..m)! (m...1)!
n(r+1) r n n n éki 2)b1 b l.m n 1
+ Cz (| = ((l in)| B|J 1. me b1
z=1 i=Ll m=1 |=m j=I k j=m k
m...1
x u ?..kiu
(m...1)!
~ n(r+1)C o r n 5 1
- 4 (i
z=1 i=1 j=1 (ki + 2)
n(r+1)
+ CZ r " | " B“ ];_ T 1 e ki+ z)bl("bl)lum
+1.. : +1.1.
=1 i=1 m=1 |=m j=I kll (ki+ 2) ¢..m
" 1 b um-t K
Bj —77€ " e i, (26)
K (m... 1)
The third integral is calculated as follows:
r n )A"':b"kiy
Hs=  w(y..u)g «(y)dy= Bj  w(y..u) i 1),dy- (27)

u i=1 j=1 u

Plugging the integrals%5)...27) into the Eq. (L5), we have

n(r+1) n 1 r n 1

(U) = Cze 2 B] —_—+ B”
z=1 j:l ( e Z)J i=1 j:]. (kl Z)J

n n(r+1) n n
1 1
+ C; B — :
] 1.1 1.l
m=1 z=1 I=m j=I " ¢ .

y blzme( z... b2 (1r)1hm1 .
ml  (m..1 -

r n n(r+l) n n
1 1 b
+ CZ BIJ j+l..|. k " j+1__| ék| Z)bl( l) I
mme oz emge K (ki+ 2) (..m)!
n(r+1) n .,
1 um
C; Bij - l..I.e 2 ?..kiu
21 jem K (m... 1)!
r n .
)ﬂ :br-kly
+ Bj w(y ..u) D dy. (28)
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When the penalty functionw(y ...u) is determined,n(r + 1) equations with coe cients
C; can be obtained from Eq.48). Based on this, the parameters contained in (u) =
N C,e 2 can be obtained, and then the corresponding Gerber...Shiu function can be

obtained.

3 Expected discounted capital injection

Page 12 of 24

Similar to solving for the Gerber...Shiu function, we can get the integral equation satis“ed

by the expected discounted capital injection

(u) = i (U+Y)lusy byt (02)lusysby
X
+ U.Wyyby+ 1b1...0
x g +(y)dy.

For the following integral

u u

1 b1 0y) Ly 9 +(Y)dy=

0 u..bp

g..(y)dy

YY)+ (D) luy<oy

(29)

1 b1, 0..y) g «(y)dy, (30)

letz=Db;...qQ..y),and theny=z..b; +u. After bringing g +(y) into integral (30), the above

integral can be simpli“ed as follows:

u

1 b1 G Y) luyeby g +(y) dy

u

1br...0..y) g «(y)dy

u..by
by
= @9z by +u)dz
0
r n b
_ By e (-0 ! @ (z+ (?< --bl)l)' le..kiz dz
o (.. 1)
ron _ by 5 po)lBied _
- Bij e..k|(u..b1) 1(2) ((I :3;( J)I e..k,Z dz
i:l J:l O |:l e e .
ron i .1 b j.l
. u..b 1 z .
= Bij e--kl(“--bl) (7“ l?|_)| l(Z)(j J)Ie"kIZdZ
i=1 j=1 =1 s e
ron i m... l.m b il
= B" e"ki(u--bl) —(rl:] ¥1)[;)(1) m)l 1(2)0_2 J)'e'-kiZdZ
i=1 j=1 =1 m=1 .. 0 )
r-n n n l.m m...1 by j..L
— Kib1 ( bl) u . Kiu z .kiz
= i 1(2) = e i“dz. (32)
=1 m=1 1=m ol (I..m) (m...10)I G..n

The operation with other integrals is exactly the same as that of the related integral in
the Gerber...Shiu function. By applying the operatq%(. L) ir:l((f—u +ki)" on both sides
of Eqg. R9) at the same time, a higher-order di erential equation for (u) can be obtained.
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The general solution to this equation can be obtained as follows:

n(r+1)
(W= Ae, (32)

z=1

where 7 is also the characteristic root corresponding to the above higher-order di eren-
tial equation. Now substitute formula 82) into Eq. (29), and calculate the two integrals on
the right. The “rst integral in Eq. (29) can be directly obtained by using the result for the
related integral in Eq. 15) as

(Ut Ylury b+ (02lurybyy 9..(Y)dy

0
by..u
= (u+y)g, (Vdy+ (b) ) g..(y)dy
..U
_n(r+1)A o n 5 1
= . :
z=1 j:1 ( Z)J
+n(f+1)A n n n o 1 1
z j + T j
z=1 m=1l=m j=I . j*1.d ( z)]+l I

N b|2me( z... )b (1r)1hm1 ,
m m.D (33)

By (31), the second integral of Eq.29) is calculated as follows:

u

U-Yluy byt 1 br.@.y) + (b1) luyenyy 9 +(Y)dy

u..bp u
= g.+() (u..ydy+ ) g+(y) 1bi...q@..y) + (by) dy
u..by
n(r+1) r n
1
= Ae Bij —_—
z=1 i=1 j=1 (kl + Z)]
r n n n Im mo1 by Iy
+ ij ibl('-bl) u ?,kiu l(Z) .Z e"kizdz
i=1 m=11=m j=I (..m)! (m... 1) g..n
n(r+1) rn n n |
+ A; B j+11..|. T ! STl elki+ Z)bl('l'bl) '
z=1 i=1 m=1 I=m j=I ki ( i+ Z) ( m)
n 1 b um...l «
B — zP01 kiU 4
D T (34)

Substituting the two integrals 83) and (34) into Eq. (29), we have

n(r+1)
(u) = Ae
z=1
n(r+1) n
= Ae? B
z=1 j=
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n(r+1) n n n

1 1
+ Az Bi j+1.1 ( Z)j+1..l.

z=1 m=1|=m j=I

l.my z... )b 3ym..1
b e 2 (...1)b
(I..m)! (m...1)!
n(r+1) r n
+ Ae?
z=1 i=1 j=I

u

B: 1
! (ki + z)j

r-n n.n l.m m...1 b
" ibl("bl) u kiu

1 12

24+
+ i _ e Kz gz
=1 m=1 I=m j= omf m.f G..1)
n(r+1) r on non 1 1
+ Az Bij PR T
z=1 i=1 m=1 |=m j=I kf+ (k| + Z)J+
« gl o (D)
(I..m)!
n m...1
u
By rrme g
j=m k{ m (m... 1)
n(r+1) n r n
1 1
= Ae? B —— Bj ——
=1 o Coed gy Tt )
n(r+1) n n n
1 1
+ Az B] L ( )j+l..|.
z=1 m=1I=m j=I e Z
y b'z--me( 2w 02 (| )--fyme-L .
(..m) (m...1)!
n(r+1) r n n n 1 1
+ Az Bij PR T
z=1 i=1 m=1 |=m j=I kf+ (k| + Z)J+
x kit z)bl("bl)lum
(..m)!
n m...1
u
Bij = zb1 ?..kiu
j=m K (m...1)
r n n n
IO TR
+ Bijek'bl(l 1) ' lle..k,u
i=1 m=1Il=m j=I ( m) (m )
by Z-1
l(Z) " e kiz dz (35)
0 G..n

The result of the above integral will depend on the form of the loss function; (x). When
the form of function 1(x) is given, the speci“c result of the above integral can be calcu-
lated. It is consistent with the solution method for the Gerber...Shiu function. After com-
bining similar terms, the equation satis“ed by(r + 1) coe cients can be obtained accord-
ing to the above result. Therefore, all parameters contained in(u) = fo YA.e 2 can
be found, and then the expression of (u) can be obtained.
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4 Expected discounted dividend payments
Similarly as for the Gerber...Shiu function, we can get the integral equation satis“ed by the
expected discounted dividend payments

(u)= . U+ Yy b+ 20Uty .bp) + (D2)lusysby 9,.(Y) dy
+ . (b)lu.y by + (X Ylu.yobyy 9 ,+(Y) dy. (36)
Consider the following integral:

2u+y . D)l uysny3 9, () dy = 2u+y..b)g, (y)dy, (37)

by..u

andletz=(u+y)..by, theny=z+b,..u. After bringing g, (y) into (37), the above integral
can be simpli“ed as follows:

2(u+y..by)g (y)dy

byo..u
= 2(2)g .(z+Dby..u)dz
n .
@Z+by..w)y-t o,
= B 7" g @h2U)qgy
o o 2(2) (.. 1)
n i1
" i loLj.1
by .4
= B e (Ub2) @) (2—e.. 24z
o o 27 (DD
n ] .1 i il
= Bj e (u.b) (bZIU?L ' 2(2) .Z J Ie... 24z
=1 I=1 (... o =1 g..n
n i l m...JOI..m Zj"l
= B e (u..b2) (u)—2 (Z) i e ZdZ
1 ot g M DICM)E o BTG
nonon pl:-m ym---1
= B e by 2 (1’)11 u
m=1l=m j=I . (..m) (m... 1)?
Zt )
L, gy e (38)

The operations with the other integrals are exactly the same as that of the related integral
in the Gerber...Shiu function. By applying the operatof(... )" {_;(& +k)" on both
sides of Eq. 86) at the same time, a higher-order di erential equation on (u) can be
obtained. The general solution to this equation can be obtained as follows:

n(r+1)
(W= De, (39)

z=1
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where 7 is also the characteristic root corresponding to the above higher-order di er-
ential equation. Substitute formula39) into Eq. (36), and calculate the two integrals on

the right. The “rst integral in Eq. (36) can be directly obtained by using the result of the
related integral in Eq. 15)

U+Yxry by +  (02) + 2U+Y..02) lsyspy 9,.(Y)dy

by..u
= (u+y)g, (y)dy+ X (b2)+ 2(u+y..by) g (Y)dy
2..U
n(r+1) n
1
= D,e # BJ- ]
o O
nr+d) nonon 1 bg'me( z. )2 (...amp--gym-2 u
o T Cmy
1 m=1 1=m j=! e 7 ..m)! L A)!
+n(r+1)D n n n 1 blz..me( z... )b (___11)1...hm...1 "
. Zm:1|:m - 1oLl (L m)! (m...1)!
n n n |.m LAm.1 il
LA d
+ B] e by b2 ( r)] h e U 2(2) .Z e 2dz
m=1 1=m joi (..mi (m...1)! 0 G..n!
~ n(r+1)D . " n 5 1
= , —
O
n(r+1) n n n
1 1
+ D, B T e o
- e 1=m -l ] j+LL ( Z)j 1.1
y blzme( z... )b2 (_._1r)1...hm...1e "
(I..m)! (m...1)!
. n n n B e by bE'm (1r)1hm1 "
e 1m el ] (..m)! (m...1)!
R
x . 2(2)We“' 2dz. (40)

By Eq. (L5), the second integral of Eq.36) is calculated as follows:

(O)lu.y by + (U Ylu.ysbyy 9 +(y)dy

u u..bg
= (b1)g +(y)dy+ . (u..y)g +(y)dy

u..by

n(r+1) r n n n (__bl)l..me(ki+ z)b1 n ez um---1

+ D, i - Bi —— — ek
j+1.0 I+l I
=1 izl m=1 |=m j=I ko ..m)! em K (m... !
n(r+1) r n 1
+ D,e Bj ——
z=1 o1 K2
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n(r+1) r-n n n

DZ Bij 1 - (__bl)l..m K+ by um...l ?..kiu
O R Er A U
n(r+1) r n 1
= D,e 2! B“ Prm—
=1 i=1 j=1 (ki+ 2)
n(r+1) r o n n n I..
+ D, B o1 ke (D)
=1 =l m=1 l=m j=I N U R (H..m)t
n ym--1

Bi——e zb1 e--kiU_
m ] k=+1..I. (m... 1!

(41)

Substituting the two integrals 40) and (41) into formula (39), we have

n(r+1)
(u) = Dse 2"
z=1
n(r+1) n 1
=  De® B+ 2(u+y..bo)g .(y)dy
=1 i=1 ( z) by..x
n(r+1) n n n
1 1
+ D, B —7 1
z=1 m=1I=m j=I e ( Z)J+

by = e (g

u
(I..m)! (m...1)!
n(r+1) ron n n .
* D; ] -1“ 1 —— el by (--01)
+1.1 g +1.1
z=1 i=1 m=1 |=m j=I k{ (kl + Z)J (l m)l
n n(r+1) ron
1 ym--1 1
B: — e zb1 e'ki” + D,e 2U B ‘
m ] I(f+1..|. (m l)' - z - ij 7(k| " Z)]
n(r+1) n r n
1 1
=  De® B — Bj
I I 71
z=1 =1 ( Z)J i=1 j=1 (k| + z)J
n(r+1) n n n
1 1
+ D, B —— .. :
] 1.1 1.l
z=1 m=1l=m j=I J+ ( ces Z)J+
B i O L A
(I..m)! (m...1)!
. n(r+1) 5 r n n n 5 1 1
z ij PR T
z=1 i=1l m=1 |=m j=I k{+ (kl + Z)J+

. (__bl)l..m
% i+ )by
¢ (..m)!

n
by um-t Kiu
m._. 1

Bij kj+l..|. e
j=m i
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um- 1

bl..m .
oo P22 oo u
+m:1 l=m j=l ik (I “m)!(...l 1(m 1)?
4L ]
0 2(Z)(j ..])!em dz. (42)

The result of the above integral will depend on the form of the loss functiorny(x). When
the form of function ,(X) is given, the speci“c result of the above integral can be calcu-
lated. It is consistent with the solution method for the Gerber...Shiu function. After com-
bining similar terms, the equation satis“ed by(r + 1) coe cients can be obtained accord-
ing to the above result. Therefore, all parameters contained ifu) = 2" D,e 2 can
be found, and then the expression of(u) can be obtained.

5 Numerical illustrations
In this section, we give some examples of the Gerber...Shiu function, the expected dis-
counted capital injection, and the expected discounted dividend payments.

Examplel Itis assumed that the interobservation time iErlang(2, 2)-distributed, the ar-
rival time of a claim and the amount of a single claim are exponentially distributed with
parameters =1,v=1, respectively. The premium charged per unit time is assumed to
be c=2 and the penalty function is (x) = 1. Now we consider the in"uences of interest
force , injection line by, dividend payments lineb, on the Laplace transformation of ruin
time, the expected discounted capital injection until ruin, and the expected discounted
dividend payments until ruin separately.

As can be seenin Fi@, the Laplace transformation of ruin time is a decreasing function
of initial surplus u, which is contrary to the conclusion of traditional actuarial model. This
shows that a higher initial surplusi leads to a smaller Laplace transformation of the ruin
time. This is because the functiore™ tE’12 is a decreasing function of ruin time é’f The

larger initial surplusu leads to a larger ruin time Sf and a smaller Laplace transformation
by
of ruin time is obtained due to the decreasing functioe™ b1 . Moreover, when the initial

surplusu is “xed, the Laplace transformation of ruin time is a decreasing function for
parameters , by, andb,, respectively.

In Fig. 3, we see that the expected discounted capital injection until ruin is also a de-
creasing function of the initial surplusu. When the initial surplusu is “xed, the expected
discounted capital injection until ruin is a decreasing function of parametersand by,
respectively, and an increasing function dif;.

In Fig. 4, we see that the expected discounted dividend payments until ruin is an in-
creasing function of the initial surplusu. When the initial surplusu is “xed, the expected
discounted dividend payments until ruin is a decreasing function of the parameterand
b, respectively, and an increasing function af .

Next, we will analyze the in"uence on the Laplace transformation of ruin time, the ex-
pected discounted capital injection until ruin, and the expected discounted dividend pay-
ments until ruin when the single claim amount is subject to the following four distribu-
tions:

(1) Exponential distribution (Exp) fy(y) = e?;

(2) Combined exponential distribution (Com-Exp) fy(y)=2x 1.5e~%% .. &
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Figure 2 The Laplace transformation of ruin time

(3) Mixed exponential distribution (Mix-Exp) fy (y) = % x 2e-%+ % x 0.8e08,

(4) Erlang(2, 2)distribution fy (y) = 4ye-?.

Page 19 of 24

Example2 Itis assumed that the interobservation time iBrlang(2, 2)-distributed, the ar-

rival time of claim is exponentially distributed with parameters = 1. Letc=1.5, =0.01,

b, =5, andb, = 10. We consider the in"uence of the above four probability distributions
of a single claim amount on the Laplace transformation of the ruin time.
As one can see in Figh, the Laplace transformation of the ruin time is a decreasing
function of the initial surplus u, and it is easy to see that when the average value of claims
is equal, the Laplace transformation of the ruin time will increase with the increase of the

variance of the claim amount distribution.

Example3 Itis assumed that the interobservation time iBrlang(2, 2)-distributed, the ar-

rival time of claim is exponentially distributed with parameters = 1. Letc=5,

=0.01,

b; =2, andh, = 6. We consider the in"uence of the above four probability distributions of
a single claim amount on the expected discounted capital injection until ruin.
It can be concluded from Fig6 that the expected discounted capital injection until ruin

is no longer a strictly decreasing function of the initial surplus, and its monotonicity will

change with the di erent distribution of claims. When the claim amount follows the expo-
nential distribution and mixed exponential distribution, the expected discounted capital

injection until ruin decreases strictly monotonically with respect to the initial surplus.
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Figure 3 The expected discounted capital injection until ruin
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When the claim amount follows the combined exponential distribution and Erlang dis-
tribution, the expected discounted capital injection function will “rst increase with the

increase of the initial surplusu, and then decrease with the increase of the initial surplus
u after passing a certain special value. And when the initial surplussxceeds a special
value, the expected discounted capital injection function until ruin will increase with the
increase of the variance of the claim amount distribution.

Example4 It is assumed that the interobservation time i€rlang(2, 2)-distributed, the
arrival time of a claim is exponentially distributed with parameters = 1. Let ¢ = 5,

=0.01,b; = 2, andb, = 6. We consider the in"uence of the above four probability dis-
tributions of a single claim amount on the expected discounted dividend payments until

ruin.

Here one can see from Fid. that the expected discounted dividend payments until ruin
is an increasing function of the initial surplusu. And it is easy to see that when the av-
erage value of the claim amount distribution is equal, the expected discounted dividend
payments until ruin will decrease with the increase of the variance of the claim amount
distribution. When the claim amount distribution is Erlang, the expected discounted div-
idend payments until ruin is the largest, and when the claim amount distribution is a
mixed exponential distribution, the expected discounted dividend payments until ruin

are the smallest.
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¢ §=0.01;5,=5

Figure 4 The expected discounted dividend payments until ruin
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Figure 5 The Laplace transformation of the ruin time

However, it is worth noting that the injection and dividend levels in the model are as-
sumed in advance, which are not necessarily the optimal injection and dividend levels. So
later, the topic can also focus on the selection of the optimal capital injection and dividend
levels.
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Figure 6 The expected discounted capital injection until ruin
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Figure 7 The expected discounted dividend payments until ruin
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