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1 Introduction

In this paper, we consider a new mathematical model named *-fuzzy measure model. The
idea for this mathematical model is taken from the state of our world today, which is in-
volved in the outbreak of COVID-19. Let us assume that the universal set in our study, T,
is the human community, and the family of all subsets of T is the o -algebra that we denote
by M. Now, if we describe the destructive effect of the disease on each subset of T with
a fuzzy number from (0, 1], then, due to the lack of knowledge and transparency about
this disease, the study population becomes larger and (dealing with this problem) is more
complicated. Therefore, as the subsets grow, the fuzzy number assigned to it decreases,
and the only ideal subset is the empty set that at every time, ¢4, has fuzzy number 1. Now,
if we consider two fuzzy numbers related to two sets @ and «, according to above, we have

fuzzy number (w U k) < min{ fuzzy number w, fuzzy number «},

then, in the best situation, if @ N« = ¥ and * is a binary operation on the unit interval (0, 1]
that is smaller than the minimum (Archimedean property § * § < §) such that

fuzzy number (w U k) = (fuzzy number ) * (fuzzy number «).
Using the described model, we can define the following dynamical function:
wh M x (0,+00) — [0,1]

such that

(i) n*(@,t,) =1 for every t, € (0, +00) where ¢, is time parameter;
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(i) fwoNk =@ then ub(wUk,ty) = u2(w,ty) * ut(k, t.);
(iii) If w; N @y = ¥ whenever j # 1 then u* (UL, wj ta) = 12, 1* (@), to), where put is
named *-fuzzy measure.
Note that for ¥ € M and when ¢, tends to 0 we confront the worst possible situation while
we are interested in the set x reaching the best possible (eliminating disease) situation by

planning and managing over time. Then,
lim pA(x,t,) =0, lim uh(x,t,) = 1. (1.1)
toy—0 ty—>+00

The dynamic fuzzy measure, integration theory, and norm-based *-fuzzy (L*)” spaces
were introduced in [4]. Now we continue the previous discussion and investigate the dual
of (L*)? x-fuzzy normed spaces. For new results in other situations, we can suggest some
sources, e.g., [7-9, 12].

2 x-Fuzzy measure
Let Y # @ and M be a o -algebra on Y. Also we put I = [0,1] and ] = [0, +00).

Definition 2.1 ([5, 13]) We define a continuous triangular norm (abbreviated ct-norm)

as a continuous binary operation,
x:[0,1] x [0,1] — [0, 1],

such that
(i) 6x0"=60"%0,forall 0,0’ €1,
(i) 6% (0" %0")=(0%0")%0", forall 0,0',0" €1,
(iii) Ox1=0,forall® €1,
(iv) If 01 < 6, and 6] < 0, then 6 * 6] < 0, % 63, for all 6,6,,6;,0; € I.

Now, we consider some examples of t-norms:
(1) 6 %6 =max{0 + 6" — 1,0}, where we put * = %, — the Lukasiewicz t-norm;
(2) 6x0"=0-0', where we put * = *p — the product t-norm;

0, ifo=0"=0,
(3) O%0' = { 1—11—1 oore’ 70, where we put * = %y — the Hamacher t-norm;
oter

(4) 6 %6' =min{0,0'}, where we put * = %, — the minimum t-norm.
Note that, the ct-norm is said to be Archimedean (abbreviated cat-norm) when § *x § < §
for every § € I° (interior of I). For example, *p, *p, and *; are cat-norms, but *,/ is not.

Throughout this paper we use a cat-norm.

Definition 2.2 Let Y be a nonempty set, M be a o -algebra, and let * be a cat-norm. The
fuzzy set u4,

/'LA:MXIO_>11

is said to be a x-fuzzy measure (abbreviated *-FM) whenever
(i) ur@,t,)=1,forallt, €J°
(ii) /L‘(U;ff wjty) = *;ff’u‘(wj, ty), for all t, € J° in which wj € M, j=1,2,..., and
wNay=0j#1.
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Note that, a *-FM p* is finitely additive if
ut <U wj» ta> = ;LIMA(CU;‘Ja), forall ¢, € J°,
j=1

inwhichw;je M,j=1,2,...,n,and w;New; =0, j #1.
The quadruple (Y, M, u4, %) is said to be a x-FM space (abbreviated *-FMS). Now, we

give some examples.

Example 2.3 Suppose (Y, M, u) is a measure space and * = *p. We set,
pt M xJ— 1,
A, ty) = e%tm, forall t, € I°.

Thus 4 is a x-FM.

Example 2.4 Consider the measure space (Y, M, 1) and * = xp. We set,

H’A:M X]g_>1,

—p(@)
e sinty , toz e (2}’}’17T, (21’}’1 + l)ﬂ),

o)
ut(w,ty) = { esnt,  t, € (2m + )7, (2m + 2)7),
()
eTinte |, =2mmort, = 2m + 1),

thus p4 is a x-FM.
Example 2.5 Consider the measure space (Y, M, i) and * = 5. We set,

MA:M X]g—>1,

uh(w,ty) = for all £, € J°.

¢
to + ()’

Thus A is a *-FM.

Remark In Example 2.4 the x-FM p4 is not monotone or continuous in the second place,

but in Examples 2.3 and 2.5 *-FM u4 is monotone and continuous. Thus, we assume that
uh(w,):J° —1,
is increasing and continuous. Also, we let every x-FM satisfy (1.1).

Theorem 2.6 ([4]) Counsider the x-FMS (Y, M, u2, ).
(i) Ifw,k € M and o C k then

Wi, ty) > utic,ty),  forall ty € (0,+00);
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(ii) If wj € Mand w =\J;T w; then

+00
uh (U w,> > 57Tt (@) ta),  for all ty € (0, +00);
j=1

(ili) (continuity from below) Suppose w; € M and w; t @ = U]*flo w;. Then,

+00

ur (U wj, ta> = lim u*(wj,t,), forallty €(0,+00);
et Jj—+00
]:

(iv) (continuity from above) Suppose wj € M and w; | w = ﬂ]ff w;. Then,

+00

ut <ﬂ wj» ta> = lim u*(w;t,), forallty € (0,+00).
1 Jj—+00
i

Definition 2.7 Suppose that u* is a *-FM. We say u* is bounded if u*(Y,#,) > 0 for
each £, € J° and pu* is o-bounded if there exist sequence {w;} € M for j € N such that
u*(wj,ty) >0 for eachje Nand Y = U;flo w;. Also we say 4 is x-fuzzy pseudobounded
if for every w € M with u*(w,t,) = 1, there exists « € M such that x C w and 0 <
Ak, ty) < 1. If u* is a bounded *-FM, then (Y, M, u4, %) is said to be a bounded *-FMS,
similarly, if u* is a o -bounded *-FM, then (Y, M, u*, x) is said to be a o -bounded *-FM.

3 Measurable functions
The concept of *-fuzzy normed spaces (x-fNLS) was defined in [2, 6, 14].

Definition 3.1 Let Y be a vector space, * be a ct-norm, and let the fuzzy set N4 on Y x
(0, +00) satisfy the following conditions for all £,¢ € Y and ¢,, s € (0, +00):
(i) N2(,t,)>0;
(i) NA(5,t,) =1ifand onlyif & =0;
(iii) N*(c&,ty) = N*(§, %), for every ¢ > 0;
(1v) NAE ) % NAE, ) < NAGE + 8 + 19);
(v) NA(E,.):(0,+00) — (0,1] is continuous;
(vi) limg, .00 N*(§,2,) =1 and limy, .o N4(&,2,) = 0.
Then, N4 is called a *-fuzzy norm on Y and (Y,N*, %) is called *-fNLS.

Lemma 3.2 ([3, 11]) Let (R,N*, %) be %-fNLS. Then w C R is fuzzy bounded if and only if
w C R is bounded in (R, | - |).

Definition 3.3 Consider the measure spaces (Y, M) and (Z, ). Themap £ : ¥ — Z is
said to be (M-N)-measurable if £1(k) € M for every k € N.

We denote by By the Borel o -algebra on Y.

Theorem 3.4 ([1, 10]) If& : ¥ — R is a measurable function, thus there is a sequence {1}

of simple functions such that 0 <1 <y <--- <§& pointwise.
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4 %-Fuzzy integration

Now, we study *-fuzzy integration and its properties.

Definition 4.1 Suppose that (Y, M, u4,*) is a x-FMS. We put
L= {5 T —>R|§is (M,BR)-measurable}.

We consider v (v) = Z}il bj)(,(/.(v), for every b; > 0 where k; € M for j € N, we define the
x-fuzzy integral of ¢ as

dpt ,a=/ b (0) A (1) = ‘(-,t—“).
Lw(u)wut) szzl,x,(v)u(vt) Lot (i

In [4] the authors showed:
(i) phc, %) puh(c, ) < ur(c, 7<) for each b,c € R*, t, €%
(i)
(iii) limg, o u*(c,ty) = 0and limg, oo u2 (i, ty) = 1;
(iv) lim,),— ()0 (*ll.zl,u‘(/c/, (t)n) = *14:1 limge, ), — (t)o /LA(K}, (ta)n) for every k; N k; = 9,
j7i

(V) lim(&y)y,-)(ta)o limm—>+oo (/LA(Kmv %)) = liInm—>+o<> lim(ta)nﬁ(tg)o (MA(KW!; %))~

A (k,+): (0, +00) — I is continuous and increasing;

In this article we let
Q)" urk, ht—jjc) = ut(k, %) * A (k, %") for each b, ¢, t, € J°.
If k € M, then yrx, is a simple function (¥ x« (v) = 37 bjXena; (V)), 5O

f () dpd (v, ) = f Ve (V) i (0, 8).

Theorem 4.2 ([4]) Let ¥'(v) = 2;11 bjXw;(v) and Y'(v) = 377, cxxi; (v) be simple func-
tions in L. Then,

() [ 0dpt(v,t)=1;

(i) Ify' and " are simple functions and ', " € L., then

/ (0 + ") (o) dut (v, ) = ( f w’<u>du‘(v,ta)) ; ( / w(u)du‘(u,ta>);

(iii) [by'(v)dur(v,ty) = [/ (v)dur(v, %), for all b> 0;
(iv) If ' <", then [ ' (v)dur(v,t) = [ ¥" (V) dp* (v, to);
(v) The map

&E: M —[0,1],

c— / W (0)dpt (v, 2,)

is a x-FM on M, for every t, > 0.

Now, we study the concept of x-fuzzy integral in L,.

Page 5 of 18
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Definition 4.3 If £ : Y — R" is a measurable function in L,, we set

f s(umu‘(u,ta):inf{ f V() dut (0, 2,)
T T

0<vy' <&,¢ isasimple function}.

It is straightforward to prove that

(i) If&,¢ e L, and & <¢ then [E(v)dut(v,t) > [ ¢ (V) du* (v, t,);
(i) [bEW)du*(v,ty) = [E)du* (v, %), forall o, b € J;
(i) [+ dur (v, &)= ([E)dut (v, &) * ([ (W) dut (v, &)).

Definition 4.4 Let £ : Y — R* be a measurable function in L,. If [£(v)du*(&,4,) >0
then we say that & is fuzzy integrable. Also, if (Y, M, u4, %) is a *-FMS, we set

Lt = {E:T — ]R*:/ E(v)du‘(u,ta)>0}.
T

Theorem 4.5 ([4] Monotone convergence theorem) Let {£,} C L, be a sequence such that

&y <&, foreveryn e Nand & =1im,,_, .00 &, = sup,,.n (&}, then
[ et = tim [ w)dit o).
T H—>+00 h'e

Lemma 4.6 ([4] Fatou’s lemma) If{§,} C L, is a sequence, then

/liminfg,,(u)du‘(v,ta)zliminff £,(v)dut (v, ty).
' '

n—+00 n—+00

Theorem 4.7 ([4] Fundamental convergence theorem) Let {§,} C L* be a sequence and
En—> Eae,then € L* and [ E()du* (v,ty) = lim,_ o0 [ Ex(V) dut (v, 1)

In [4] the authors proved that, if 1 < p < +00, then (L*)? is a complete x-fNLS. Also, they

proved the following inequality.

Theorem 4.8 (Holder’s inequality) If& and ¢ are measurable functions on Y and 1 <p <
+00 such that 5 + - =1, then

NAEL L) = NA (5, (0)7ta) 5 NA (£, (@)78).

5 Lebesgue-Radon-Nikodym theorem
Definition 5.1 Let (Y, M, u*, %) and (T, M, v4, %) be two x-FMSs. If v4(w,t,) = 1 for
each w € M for which u*(w,t,) = 1 then we say that v4 is absolutely continuous with

respect to u* and write vA <« ut.

Definition 5.2 Let (Y, M, u4,%)and (Y, M, v4, %) be two %-FMSs. If there exist w, k € M
suchthat o Nk =0, w Uk =Y, u*(w,t,) =1 and vA(k,£,) = 1 then we say u*, v4 are

mutually singular or that v4 is singular with respect to u* (v4 L u4).

Absolute continuity is in a sense the antithesis of mutual singularity. More precisely, if
vA | uh and v* « A, then v4 =1, for if w and « are disjoint sets such that w Uk =T
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and put(w,t,) = vh(k,t,) = 1, then v* < u? implies that v4(w,£,) = 1 and vA(Y,¢t,) =
vai(wUk,t,) = vh(w,t,) * vA(k,t,) =1, then v4 = 1.

Theorem 5.3 Let (Y, M, u*,x) and (Y, M,v4,x) be two x-FMSs. Let v be a bounded
x-FM. Then v* < u* if and only if
(ED) for every 0 < &' < 1 there exists 0 < 8’ < 1 such that v*(w,t,) > 1 — & whenever
uh(w,ty)>1-45".

Proof From condition (ED) we conclude that v4 « 4. On the other hand, if the condition
(ED) does not hold, then there exists g > 0 such that for each j € N we can find w; € M
with 4 (wj, ) > 1 - % and vA(wj, t,) <1—¢o. Letk; = J T w; and k = (), ;. Then,

j=i
+00
IU’A(Kir tDt) = MA (U Wj, ta)

jei

> *;:l’o“" (wj: ta)

- (1 - %) (5.1)

Thus according to Theorem 2.6(iv) and (5.1),

+00
:u’A(K» ta) = MA (ﬂ Ki» tOl)
i=1

= lim /‘LA(KL': te)

i—+00
1
> lim *,sz(l - —,)
i—>+00 2
=1.
Thus
uh(k,ty) =1.
But

+00
VA(Ki’ te) = vt (U @j, t)
j=i

< v*(wita)

<1-gp.

Since v (k;, t,) > 0, according to Theorem 2.6(iv), we get

+00
0<vh(c,ty) =vt (ﬂ Ki,ta>
i=1

= lim v4(k;,t,) <1 —&.

i—+00

Thus, it is false that v < uA. O
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Lemma 5.4 Let u* be a *-FM and & € L,. Then the x-FM v* defined by v (w,t,) =

A

fwé(v)du‘(v,ta) is absolutely continuous with respect to u*. Also, v* is a bounded *-

FM if and only if &€ € L*(u*).

Proof Let u*(w,ty) =1, so
o) = [ sw)dit )

_ / 5o (0) di (v, )

n—+00

i t
- 1 {(n) AlEN o o
b (*“”):1“ O
> lim [ %" wh | o, o
= oo\ JM)=1 bj(n)

= lim {f VnXo(0)dut (v,ty) : 0 < ¥, < Eandyy,, is simple}

Thus v4 <« A Now, if vA4(Y, ) > 0 then v4(Y, %) = [§(v)du*(v,t,) >0s0 & € L*. Con-
versely, if £ € L* then vA(Y,4,) = [ £ (v) du* (v, ty) > 0. O

Corollary5.5 If§ € L*(ut), forevery e’ > O there exists 8’ > 0 such thatfwé(u) dur(v,ty) >
1— ¢’ whenever u*(w,t,) >1-45".

Proof We set v4(w) = [ &(v)du*(v,t,), thus v* is a bounded %-FM. By Lemma 5.4, we
get vA < ut. O

We are going to prove an important theorem in x-FMS.

Theorem 5.6 (Lebesgue—Radon—Nikodym theorem) Let (Y, M, u*,*) and (Y, M, v4, %)
be two *-FMSs. Let vA, u* be o-bounded *-FMs, then we can find a unique o-bounded
*-FM p* such that p* < u*. Moreover, there is a u*-integrable function £ : Y — R*
such that dp* =&du®.

Proof Case I: Suppose that v4 and u* are bounded *-FM. Let k = {§ : ¥ —> [0, +00) :

[, §W)du*r(v,t,) = v4(w,t,) for all w € M}. Since 0 € k, k is nonempty. Also, if §,¢ €k,
thus o (v) = max(&(v), ¢ (v)) € k and if A = {v : &(v) > ¢ (v)} for any w € M we have

/ o () dpt (v, ) = / o (0) A (v, 1)

wN(AUAC)

:/ o) du*(v,ty)
(wNA)U(wNAC)

_ / lortrorss) - )(©) dit (0, £)

- / (lor) -0 + Xrue) - )(0) d? (0, ).
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By Theorem 4.2(ii), we get

/ o (V) dpt (v, 1a) = ( f Xort -0 (W) A (v, ta>> . ( / Kone - o (V) du‘(u,ta)).

Thus,

/o(u dut (o, ta>>( o (v)dpt (v, ta)) (f o(v)du‘(u,ta)>
wNA wNA¢

( v, ta)) ; ( / mci(v)du‘(v,ta))

MwnA,t,)* (a)ﬂA”,ta)
=vh(w,ty).
Let b = inf{ [ £(v)dpr(v,t,) : € € k}, 0 < VA(Y) < 1 and choose a sequence {&,} C k
whenever [&,(v)du*(v,t,) — b. Let ¢, = max{&,...,&,} and & = sup, . &,. Then ¢, €
K, {y increases pointwise to & and [ ¢,(v)du*(v,t) < f&n(u) du*(v,ty). It follows that

lim,, 100 [ £u(v)dp (v, t,) = b and hence, by monotone convergence theorem (Theo-
rem 4.5), we get

Jim [ dntwe) - [ ditn) < tim [ 60 dit w0 -,
thus
/ E(w)dpt (v,ta) < b. (5.2)

On the other hand, ¢, € k, and so

LiTw/Cn(U)dﬂA(U,ta) =/§(U)dﬂ‘(v,ta)2b~ (5.3)
From (5. 2) and (5 3) we have fé Ydur(v,ty) =bso& ck.
We set p =/ & t,) and get:
(i) f@ du‘(v Ly ) L;

@
(Uw,, )= | @)dut(v,ta)
- [Ex)w)dit 0,8
-/ (fsm,>(v)dm(u,ta)

Jj=1

-5 [En))dit w,0)
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_ *l,;ffg(u)du‘(v,ta)

7

= ;—zolopA (Cl)/‘; ta)’

whenever w; Nw; =@ for j # 1. Thus p* is a x-FM. Also, p* (Y, t,) = [ §(v) du* (v,t) = b,
thus p* is a bounded *-FM.From p* <« pu*, [&(v)du*(v,t,) =b>0and § € L* and so,
using Corollary 5.5 and Theorem 5.3, we get p* < u*.

Case II: Suppose that u*, v are o-bounded *-FMs. Thus, Y is a countable disjoint
union of u*-bounded sets and a countable disjoint union of v4-bounded sets. Taking
intersection of these, we obtain a disjoint sequence {A;} € M such that *(4),¢,) and
v4(A),t,) are bounded for all j and Y = U;floAj. Define ;Lj‘ (w) = u*(w N A;) and vj‘ (w) =
vA(wNA)). We set & = ;’ff & and p* = *};"f’(p,-)‘. We assert p <« ut and p(w,t,) >
1-¢ forevery 0<¢' <1, thus [ §(v)du*(v,ty) >1-¢"and [ &(v)du*(v,t,) =1. On
the other hand, we have

[ cwrdit - [ 36w dut (v, )

j=1
+00

=1 ifand onlyif Zéjxw =0 a.e,
j=1

ifand onlyif £x,=0 a.e,foreveryjeN,

ifandonlyif w=0 a.e,
thus u4(w,t,) =1 and p* <« uA. O

6 The dual of (L*)P
We remember that a linear operator & : (Y,N4, %) — (Y,N7, V) is said to be bounded if
there exists a constant a € R \ {0} such that, forall v € Y and £, > 0,

N (Ew), 1) = N*(av, &).

Theorem 6.1 Ipr‘ (LM x J° — (0,1] is a fuzzy set such that Np‘(qﬁ, ty) =
inf{N2 (¢(§),t,): for all & € (L*)}, then (L*))* is a complete x-fNLS.

Proof
(EN1) N'(¢,t,) > 0 is obvious.
(EN2) ¢ #0 if and only if there exist £ € (L*)? such that ¢(§) > 0, if and only if
NE (#(8),t,) #1, if and only if N2 (¢, ¢,) # 1.
(FN3)

N2 (b, to) = inf{N# ((bp)(€), 1)) : for all € € (L*)"}

= inf{Nﬂg o), %“) forall & e (L*)”}

for some b > 0.

Page 10 of 18



Ghaffari and Saadati Advances in Difference Equations (2021) 2021:202

(FN4)
Ny (¢ +¢",ta +tg) = inf{Ng (¢ + ¢") (), to + 1) }
=inf{Ng (¢'(§) + ¢"(§)), ta + )}
> inf{Ng (¢'(6), ta) * Ng (¢"(€),5) }
> inf{NA (¢'(€),£) } * inf{NA (¢"(6), )
NA ) < NA )
(FN5)

NA(@,) =inf{N& (p(&),-) : £ € (L*)"},

N (¢(&),-) is increasing and continuous in the second component, so Np‘ (¢,).

(FN6)
tiiLnON; (P,ty) = t(lyiino(inf{NDQ (¢(&),to) forall & € (L*)"})
= inftiiino{NHQ (¢(&),to) :forall & € (L*)"}
= inf{0}
=0
and
t, I—IPBOQN (¢, ) =1

Let {¢,} € ((L*)?)* be a Cauchy sequence. Then for every & € (L*)?, {¢,(§)} S R" is a
Cauchy sequence in R and, since R is complete, we can find vg € R* such that ¢,(§) — vs.
Now, we define ¢ : (L*)? — R* by ¢(&¢) = vs. Hence ¢, — ¢ almost everywhere, also ¢,
is linear, i.e., ¢, (b€ + &) = b, (§) + ¢,(¢), and so

¢b§ +¢) = lim ¢,(b& +¢)
= lim (bgu(€) +$u(0))
=b lim ¢,(§)+ lim ¢,(¢)
=bp(§) + ¢(2).
From Lemma 3.2, we conclude that ¢ is fuzzy bounded and so ¢ € ((L*)?)*. 0

Theorem 6.2 Suppose that p and q are conjugate exponents and 1 < g < +oo. If ¢ € (L*)1
then

1
N;(grta) :N‘(¢C’ta) =in{/§;dﬂ‘(U,ta) :N;(g’ta) > E}r

for some constant b € (1, +00).

Page 11 0f 18
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Proof We have Np‘(f,ta) > % so [(EW)Ydur(v,ty) > % > 0. It means & € (L*). By
Holder’s inequality, we get

NAES 1) = (NAE () - 1)) * (NA(S, @)1 - ))-
We havepll’ >1and q% > 1, thus

NAEL 1) = (NAE ()7 1)) * (N2, (@7 1)
(NP (é t )) (NqA(z;’ta))
1 A
Z * N (8, )
and
NA(¢$’tot) = inf{NlA(E;7ta) inA@xfa) > %}
1
Z Z *NqA(é‘rta)~ (61)
When b — 1, we have
NA(¢¢,t) > hm % * IIE}Nq (¢, L),

and then

N4, 1) > NAGE 1) 62)
Let & =@, Then
[ W) dutw,e) = [ (€@)"? dut .t
= /(z(v))"du‘(v, ta) >0
and £ € (L*)?. Since
N4t = [ Ecw)dito,8)
- [(cw) dut )
- NA ),
we get
NA (e, 1) < NAGE, 1) 63)
From (6.2) and (6.3), we conclude that

NA(¢C7ta):NqA(§)ta)' O
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Conversely, if ¢ — f £C(v)du*(v,t,) is a bounded linear functional on (L*)?, then ¢ €
(LT)2.

Theorem 6.3 Counsider the conjugate exponents p and q in which q < +00. Let ¢ be a mea-
surable function on Y such that £¢ € (L*)! for all & in ¥ of simple functions that vanish
outside a set of bounded *-FM. For some constant b > 1, define

My(&,t) :inf{/@;)(u)du‘(u,ta):s € 5 NAG ) > %} >0

and assume that either S; = {v : {(v) # 0} is o-bounded or u* is x-fuzzy bounded. Then
¢ e (L") and My(¢,ta) = NJ () ta).

Proof If £ is a bounded measurable function that vanishes outside a set @ of bounded -
FM and NpA (&,ty) > % for some b € (1, +00), then [(§¢)(v) du* (v, ty) < My(¢,t,). Indeed,

by Theorem 3.4, we can find a sequence {£,} of simple functions such that &, 1 £ a.e. Thus
£, 1 £¢. By the fundamental theorem (Theorem 4.7), we get

Jeowntw.e) - tin_ [ @owdutw.c)

> inf{ [Ewant o s ez NpE ) 2 %}

= Mq(gr tot)
and
/ (EQ)W) duA (W, t2) = M,y (¢ ta). (6.4)

Now, we suppose that g < +0o and S; is o-bounded. Let {w,} be an increasing sequence
+00

of sets such that u* (w,, t,) > 0 for every n € N, thus S; = J,,2] w,. Let {¢,} be a sequence
of simple functions such that ¢, 1 ¢ pointwise and let ¢, = ¢, Xw,. Then ¢, 1 ¢ pointwise
and ¢, vanishes outside w,.

Let &, = ,‘,7_1, then by Fatou’s lemma, we get

[ Jim inf6,6.)) dict (0,8 tim inf [ (6,00 dnt 01t

= lim_inf / (60) (V) i (v, 1) (6.5)
and

[ Jim_infts,6)0) it (wt) = [ tim inf(e,(0)" dit (.2

- f (c) dp* (v, 1)

=N} (¢ ta)
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From (6.5), we get
N2 k) > im inf [ (6,0)0)diet (018,
and, by (6.4), we get
NPE te) = My (&, o). (6.6)

On the other hand, using Holder’s inequality, we get

1)) * (NA (2, (@)7 - £4))

S

[Eowantw.e) = (4 6.0

> (N2 (€ ta) % (N2 (&) 1))

Letting b to 1, we get
[t .0 im(5 (N2 )
> i N )
Thus,
[€owutw.e) = Nt
and

inf [ GO)0)diet (0,8) = NAE )

and then
My(8,ta) = Ny (¢, to). (6.7)
Now, (6.6), (6.7), and M,(¢,t,) = Nq‘(f, ty) > 0, imply that ¢ € (L*)? when g < +00. O

Now, we study the surjectivity of the map ¢ — ¢, in ((L*)")*.

Theorem 6.4 Consider the conjugate exponents p and q and let 1 < p < +00. For each ¢’ €
(L*)P)*, we can find ¢ € (L*)1 such that [ ¢'(§)du*(v,t,) = [(E¢)(v)du*(v,t,) for all
& € (L") and hence (L*)1 is isometrically isomorphic to (L*)?P)*.

Proof First, let us suppose that u is a bounded *-FM (u*(Y,#,) > 0). Suppose that ¢’ €
((L*)P)* and w is a *-FM set. Also let v4(w, ) = [ ¢'(x0)(V) d* (v, t,). Then, we have

Page 14 of 18
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vA(@,0) = / & (o)) dud (v, )
- / #(0)duA (v, 1)

- [odut s

=1.
(ii)
j=1
=/¢/<2Xa)]> d/J«A(U,ta)
j=1
:/Z¢/(ij)dMA(U,ta)
-1
= ;=OlovA(wj’tot)r

whenever w; N w; = @, j # 1. Hence, v4 is a x-FM. Also, if u*(w,t,) = 1, then u(w,t,) =
J xodu*(v,ty) = 1 hence x,, = 0 a.e. as an element of (L*)?. Thus

VA (0, t) = / &' (o) it (v, 1)

- / 0duA (v,1,)

- 4L

which implies that v4 « u*. Using the Lebesque—Radon—Nikodym theorem (Theo-
rem 5.6), we can find ¢ € L* such that

/ & () diA (U, 1) = VA (@, 1a) = / () dpt (v, 1), 6.9)

for all w. Now, if & = Zle b; Xwj is @ simple function, we have

/¢/(E)dMA(Urta):/¢,(ijij> dﬂA(U:toz)
j=1

- [ S 0) dut vt
j=1
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s [ b9 ) w.)

Lo
= *;;1/‘ly()(w;)dﬂA <U, ;)
7

From (6.8), we get

f ¢/ (&) dpt (v, o) = ., f W) du‘(v,tb—“). (6.9)

J

On the other hand,

/(55)(11)&1#‘(%'30{) =/<Zb/)(w,) : {d/»LA(U’ta)
j=1

=*7=1/b/(Xw,-C)(v)du‘(v,ta)

=t [ G- Ot (u, 2—1)

Lo
= *7:1 cw)dur (U, Z) (6.10)
j

@)

Using (6.9) and (6.10), we get [ ¢'(§) du* (v, to) = [(6¢)(v) dpu* (v, t,) for all simple func-
tions &. Moreover, ¢'(§) < ||¢’]| - ||1€] thus,

/ &) dut (. t,) = / ()W) dut (v, 1)

/ . A
> [ 1o/l Hedn vt

f,
=prlr,—2—)>0.
”( ||¢>/||-||$||>>

By Theorem 6.3, we have ¢ € (L*)4.

Now, suppose that u* is a o-bounded *-FM. Let {w,} be an increasing sequence of
sets such that 4 (w,, t,) > 0 and Y = ;] w,, and let us agree to identify (L") (w,) and
(L*)1(wy) with the subspaces of (L*)?(Y) and (L*)?(Y) consisting of functions that vanish
outside w,. The preceding argument shows that for each n € N there exists ¢, € (L*)?(w,)
such that [ ¢'(§)du*(v,t,) = [(E¢u)(V)dut (v,t,) for all & € (L*)(w,) and N (¢, te) =
N‘(q&l/(v)p(wﬂ),ta) > NA(¢',ta), ¢'(§) = [(§¢,)(v)dpu* (v, t,). The function ¢, is unique on
null sets. Thus ¢, = ¢, a.e. On w,, for n < m, we can define ¢ on Y by setting ¢ = ¢, a.e.By

the monotone convergence theorem, we have

tim [ (6.0)"dnt w0 = [ lim (6,00)" dit (0,2

n—+00

- [ dut 0.2

= NqA(grta)
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> N*(¢',to)
> 0.

Then ¢ € (L*)?. Moreover, if £ € (L*)? and £ x,,, —> &, then, by the fundamental conver-

gence theorem, we have
[e@dutw.t- [¢( 1im ex,)dnt 0t
- [ Jim (6 x0)) i v.)

= lim [ ¢'(§ xw,) du (v, ty)

n—+00

= lim /Eané'd,lt‘(v,ta)

n—+00

= lim gcdpt(v,t)

_ / ECdpt(u,ty).
T

Finally, suppose that u* is arbitrary and p > 1 is such that g < +00. As above, for each
o-bounded set @ C Y, there is a unique ¢, € (L*)?(w) such that [¢'(§)dur(v,t,) =
J(ECo)()dur (v, t,) for all & € (L*)?(w) and Nq‘(fw, ty) > N4(¢',t,).If k is o-bounded
and w C «, then ¢, = ¢, a.e. on w and Nq‘(é‘,{, ty) < Nq‘({w, ty). Let m = inf{Nq‘(gw, ty),w C
Y be o -bounded}, then m £ N4 (¢, t,). Choose a sequence {w,} such that Nq‘ (L ta) —
m and set k = | ;2] w,. Then « is o-bounded and NP (Gerta) < N (opota) forall n e N,
whence Nq‘(g“,(, ty) = m. Now, if A is a o -bounded set containing «, we have

N @ta) = [ (ea0)" dut (v,

_ / (6 )"+ (Cace(©))") dit (v, )

. ( / (g(u))q) " ( / (;A_K(w)q) dur(w,,)

2 m= NqA(gK: toz)
- / (6 (0)" it (, ).

Thus [(Sa—)(v) dput (v,t,) =1 and Ca— = 0 a.e. or {4 = ¢ a.e. (here we used the fact that
g < +00).Butif§ € (L*)?,then A =k U{v :&(v) #0} is o -bounded and [ ¢'(§) dut (v,t,) =
JEC)W)dur (v, ty) = [(E¢)(V)du (v, t,). Thus ¢ = ¢, and the proof is complete. [

7 Conclusions

In this paper, we applied the theory of x-fuzzy measure to study a mathematical model
related the outbreak of COVID-19. Next, we considered some properties of x-fuzzy mea-
sure and fuzzy integration, in particular we have shown the relationship between two -
fuzzy measures defined on the same *-fuzzy measure space and we have proved the fuzzy

Lebesque—Radon—Nikodym theorem.
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