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1 Introduction
Let g > 3 be a fixed integer. For any integers k and m with k > 2 and (m, q) = 1, the kth

Gauss sums G(m, k; q) and the two-term exponential sums H(m, k; g) in [1] are defined as

q-1 k q-1
G(m,k;q)=ze(%> and H(m,k;q)=ze<w),

k
a=0 a=0 q

where e(y) = e?? and i% = —1.

We all know that these sums occupy a very important position in the study of analytic
number theory, and many number theory problems are related to them. Therefore, many
scholars have studied their various properties and obtained a series of meaningful results.
We will not repeat it here. Interested readers can refer to references [1-14].

Recently, Zhang Wenpeng and Chen Zhuoyu [1] studied the hybrid power mean involv-
ing H(m, 3; p) and the reciprocal of the quartic Gauss sums G(m,4;p), and they obtained
two interesting results as follows.

If p is a prime with p = 5(mod8), then one has the identity

p-1 2[R g (p-1),

Z H(Wl, 31[)) _ 9p—da? (1)
. T 322 pa .
~—~| G(m,4;p) 1;;_—4;/12—’ if31(p—1);
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If p is a prime with p = 5(mod8) for any real number k > 0, then one has

i Cp-1 (3/p+2)f +(3/p-2a)
—~ |G(m, 4p ) p? - (9p — da)k

(2)

p-1
where o =a(p)=)_,2 1(‘”“) is an integer, ( ) denotes the Legendre symbol modp, and a

denotes the solution of the equation ax = l(modp)

These results are significant, because dealing with the reciprocal of the trigonometric
sums is not common to us. But the methods in their article cannot handle the case of
p = 1(mod8), thus leaving it as an open problem.

Of course, the integer = «(p) in (1) and (2) is closely related to p. In fact, if p = 1(mod
4), then we have (see Theorems 4-11 in [15])

p=a2+ﬂ2,

-1

where 8 =3%",7, T b*}: b , and r is any quadratic non-residue modulo p.

In this paper, we consider a generalized problem: For any prime p with p = 1(mod8)

and number-theoretic function F(m), whether there is an exact calculating formula for
the hybrid power mean

p F(m)
Vip) =S ——
«(®) m§=1 Grom i) 3)

where k > 0 is an integer.
We use the analytic methods and the properties of the fourth character modulo p to give

an interesting fourth-order linear recursive formula for Vi(p).

Theorem 1 Let p be a prime with p = 1(mod8). Then, for any number-theoretic function

F(m), we have the fourth-order linear recursive formula

Vi) =~ Viea () + 5z Vi) - Vealp)

1
pp—4a?)

For all integers k > 4 with the initial values

&8 F(m)
Vilp) = —, j=0,1,2,3.
i(®) ; Gi(m, 4p) J

Obviously, in order to obtain all values of V;(p) for any integer k > 0, we need to com-
pute Vo(p), Vi(p), Va(p), and V3(p), then we can compute all the values of Vi(p) using this
fourth-order linear recursion formula. In general, the first four terms of V;(p) do not al-
ways get the exact value, but for some special function F(#1), we can compute the exact
value of V;(p) withj = 0,1,2,3,and we can get all the terms of the recursive sequence V;(p).

Especially for F(m) =1 and Wi(p) = Zm 1 Gk ; in Theorem 1, we have the following
result.
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Theorem 2 Ifp is a prime with p = 1(mod8), then we have the fourth-order linear recur-

sive formula

8«

6 1
Wi(p) = p_da? Wi-1(p) + p_da? Wi-2(p) T oo 4o Wi-4(p)

1a

for all integers k > 4 with the initial values Wy(p) =p — 1; Wi(p) = Zp(:a2 ;

(p-1)3p + 4a?) and Wi(p) = 4(p - Da(9p — 4a?)

WZ(p) = (p _ 40[2)2 (p _ 4@2)3

If we take F(m) = H*(m, 3; p) and W(p) = Zf,, 11 Zk Zi’g, we prove the following result.

Theorem 3 Ifp is a prime with p = 17(mod 24), then we have

Weerlp) + s - Wicalp) = s W)

Wi(p) =
pP-

3
2

— W 20+ 2pof— -
for all integer k > 4 with Wo(p) = p%; Wi(p) = %;

3
2

3p% + 4p2a? + 8paf — 10p3 o + 202 B — 8p2af + 8pra’

W) =

(p — 4a®)?
and
Walo) - 36p3a — 16p%a3 + 16pa’p — 48p2a® + 28p%ap
} (p - 4a%)?
48p2a —48pia’p - 5p2ﬁ 7p3 +16p2ot4ﬁ
(p—4a?)

where B = t(y) + T(Y), it satisfies the identity B> = 2./pa +2p. And y denotes any fourth-
order character modulo p.

Theorem 4 Ifp is a prime with p = 1(mod24), then we have

Werlo)+ W) - ———  Wiald)

Wilp) = p -4 —4da pp p(p — 4a?)

for all k > 4 with Wy(p) = p(p - 2); W1(p) = 2”(”2)“;19:‘5”’2[3”2

p(p—2)(3p + 4a?) — 8pa?B + 10p3a — 208 + 8praf — 8pra’
(p —4a?)?

W(p) =

and
4p(p - 2)(9p - da2)a — 16pap +48p3 o® — 28p%ap
(p - 4a?)3
48p2ozzﬁ 48pra* + 5p3 B+ 7p3 — 16p2a4ﬁ
(p - 4a?)?

Ws(p) =
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Taking k = 2 or 4, from these theorems we have the following corollaries.

Corollary 1 Ifp is a prime with p = 1(mod8), then we have the identity

p-1

p-1 aN |~
-1
e(ﬂ)‘ (pp 7 - (1797 + 252% - 272pa’ + 64a’).
P

T

Corollary 2 Ifp is a prime with p = 17(mod24), then we have the identity

2

in(m,B;p) pXI: i (25°2)
= GZ(WI,‘L;P) m=1 Za:O m_

_ 3p% +4p’a’ + 8pa’p — 10p2 e +2p%B — 8p2a,3+8p2a
B (p — 4or?)?

Corollary 3 Ifp is a prime with p = 1(mod24), then we have the identity

p-1 H2(m,3p) p- P 1 (ma +a)
2 G ) Z

=1

-1 mdk
Yo e(”)

~ p(p —2)(3p + 4a?) — 24pa®B +6p2a +2p*B +8p2a,3 +8p2a
) (p—402)?

2 Several lemmas

To complete the proofs of our theorems, we need to give some basic lemmas. Of course,
the proofs of these lemmas need some knowledge of elementary and analytic number
theory. They can be found in many number theory books, such as [15-18]. First we have
the following.

Lemma 1 Let p be an odd prime with p = 1(mod4),  be any fourth-order character mod
p. Then we have the identity

p-1 —
2(0) + 2 = V- 2(“;“) 2Jpa
a=1

Proof This is Lemma 2.2 in [2]. O

Lemma 2 Ifp is a prime with p = 1(mod8), then we have the identities

1

() (S ) ()

and
1

Sorm(S(5) )

m=1 a

where ( ;) denotes the Legendre symbol, and  is any fourth-order character modp.
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Proof We only prove the second formula in Lemma 2. Similarly, we can deduce the first
one. Let (;) = X2, note the identities Y% = x2, x2(-1) = x2(2) = 1, ¥ = ¥, 1(x2) = \/p, and
¥ (~1) = 1. From the definition and properties of the classical Gauss sums modp, we have

p-1 p-1 3 2
Zw(m)(ze(mﬂ +ﬂ)>
m=1 =0 p
pl ma +a> pl PP B e mbP ra+b
: S5 )
> z( vom 3

a=0 b=1

p-1

p a bla+1)
=r(w>2%3(a)e(l—7) +T(Y) Y ¥ (d® +1) w(me( ” )

a=1 a=0 b=1

-1

S

=2 (Y) + T (Y)

g

J(as +1)¥(a+1)

&
— O

= tz(w) +72(y) W(ag -3a’+ Sa)w(a)

S

Q

_

=) +2(¥) Y ¥ (1-3a+3a°)

=1

~

&

p-1
=) + 0 W) YV (12a” - 124 +4) - 22T (¥)
a=0

p-1 p-1
W)Y ¥ (3Ra-17+1)=7>y)>_¥(3a*+1). (4)
a=0 a=0

Note that 7(y)7 (/) = p, and for any integer k with (k, p) = 1, we have the identity

p-1
e(ka ) (k)r(xz) 5)
a=0 p

From (5) and the properties of the Gauss sums, we have

L 1 il b(3a> + 1)
2,1) = pe( 222 12
a:Ow(ga +1) ‘E(w) a=0 b=1 w( )e( p )
1 & b\ X [3ba®\ (3 JP &=
- be( 2 (2 b)xo(b
a2 0e() S )= ;) it S vy
BV (B).ED
_(p)r(w) T(l//)_(z) N/ ©

S (£:(%2)) ) -

This proves Lemma 2. g
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Lemma 3 If p is a prime with p = 1(mod8), then we have the identity
G*(m,4;p) = dpa® — p* + 8paG(m, 4; p) + 6pG*(m, 4; p).

Proof From Lemma 1 and the properties of the Gauss sums, we have

pr-1 a* p-
G(m,4;p):z < ) Z 1+1/f(a)+1// )+¢(a3))e<%)
a=0 a=1
= xa(m)/p + ¥ (m) T () + ¥ (m)T (V). (7)

Note that /%(m) = x2(m) and T(¥)t () = p. From (7) we have

G*(m,4;p) = 3p + 2x2(m)/p (¥ (m)T () + ¥ (m)T (V)
+ x2(m) (W) + (V)
= p + 2x2(m)/pa + 2x2(m)/p - G(m,4;p)

and
(G*(m,4;p) —p)2 =4p (o + G(m, 4;p))2,
which implies that
G*(m,4; p) = 4pa® — p* + 8paG(m, 4;p) + 6pG>(m, 4 p).
This proves Lemma 3. d

Lemma 4 Ifp is a prime with p = 1(mod8), then we have the identities

-1

S

1 2(p-Da
Gm,4p) p-4a?’

%

T
L

1 _(p-1)Bp+4a?)
G2(m,4;p) (p — 4a?)?

1

3
I

and

“ 1 4p-1a(9p-4a?)
2 Gmn Gty

Proof 1f p = 8k + 1, then from (7) and Lemma 1 we have

G(m, 45 p) = 3p + 2/p(V(m)T (V) + ¥ (m)T(¥)) + x2(m)2/pes; (8)
G (m, 4;p) = 6pa + 7 x2(m)p? + 6p(Y(m)T (W) + ¥ (m)T (V)
+ ¥ (m) T (Y) + Y (m) T (W). 9)
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Therefore, from (7)—(9) and the orthogonality of the characters modp, we have

p-1
> " G(m,4;p)=0; (10)
m=1
p-1

G*(m,4;p) =3p(p - 1) (11)

m=1
and
p-1
Z G®(m,4;p) = 6p(p — 1)a. (12)
m=1

From (10), (12), and Lemma 3 we have the identity

p-1 1 1 p-1

— 3 cn) — _ .
,; Gomap) - dpa®—p? ;(G (m,4; p) — 8pa — 6pG(m, 4; p))

2(p - Do

=— (6pp-1)a -8 -1)) = . 13
- (6p(p — Dor — 8pa(p - 1)) > da? (13)
From (11), (13), and Lemma 3, we have
p! 1 = 8pa
G*(m,4p) - —— -6
,; G?(m,4; p) 419“2 ,,,X:( o 4p) G(m,4;p) p)
16 Da
= a2 (3 -1 )—L—6 (P—l))
pos —p — 42
-1)(3p + 4a?
_p-1Bp+407) (14)
(p —4a?)?
From (10), (13), (14), and Lemma 3, we have
| 1 2 8par 6p
= G(m,4sp) — -
; G3(m,4;p)  4dpa? —p? ;( (m, &) G2(m,4;p) G(m,4;p)>
1 8a(p-1)(3p +4a?) 12(p-1a
= . +
p—4a? (p — 4a?)? p —4a?
4(p - Da(9p — 4a?
_ 4p - Da(9p - 40?) 15
(p—4a?)3
Now Lemma 4 follows from (13), (14), and (15). O

Lemma 5 Ifp is a prime with p = 1(mod8), then we have the identity

3
2

3
2p(p—2)a-2, 2 .
AR m3ip) | PEREEES, ifp =1(mod24);

[

- 3
G(m, 4 p) 2p%a+2pap-p2 p-p

m=1
p-da?

, if p = 17(mod24),

where B =t(Y) + t(¥) and 8% = 2./pa +2p, ¥ is any fourth-order character modp.
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Proof From (7) and Lemma 2, we have the identity

p-1

> " G(m,4;p) - H*(m, 3;p)

m=1

p-1

=P xa(m) - H*(m,3; p)

m=1

(E) p3 +(3> %(r(lp)+t(W)) (16)
p p

p-1

=2pa Y xa(m) - H*(m,3; p)

m=1
p-1

+3pZH2(m 3;p) +2f2 )+ ¥ (m)T (J)) -H*(m, 3; p)
3 e
=2<I—7)p2(r(w)+r@))— (p>p2a+3pZH2(m,3 D). (17)
m=1
From Lemma 1 we have the identity
2/pa(t) +T(¥)) = () + 2(@)) (t(¥) + T (¥))
=)+ W) +p(r(¥) + T(¥)).

Applying (9), Lemma 1, and Lemma 2, we have

p-1
> G(m,4;p) - H*(m, 3 p)
m=1
p-1
= 6pa ZHZ(m,S;p)
m=1
p-1
+7p? Zm VH2(m,3;p) + 6p Y (W (m)T (W) + ¥ (m)T (D)) H2(m, 3; p)
m=1
p-1
+ Y (W m)TP ) + Y (m) > (W) - H(m, 3; p)
m=1

)t <62}t e @)+ (2)ot P @)
p p

Nl w

=(p1

+ 6pa ZHZ(m, 3;p)

m=1
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- —7(§)p% . (S)ﬁ(za 5P () + @)

p-1
+ 6pa ZHZ(WI, 3;p).

m=1

From the trigonometrical identity

pl (na) 0 ifpin,
el — =
p p ifp|n,
we can deduce that

3 (pie(magm))z: P i3t (p-1),
a=0

p pr-2p if3|(p-1).

11

i

If p = 24k + 1, then (%) = 1. From (16), (17), (18), (20), and Lemma 3, we have

1
H?(m, 3; p)
Z

—~ G(m,4;p)

p-1
4-pa2 ) Z (G*(m, 4 p) - 8pa — 6pG(m, 4; p)) - H*(m, 3; p)
m=1

B 1
~ 4pa? - p?

1
- W(&”“(ﬁz -2p) - 6p? + 617%,3)

(—7p% +p° (20 +5/p)B + 6p(p* - 2p)cr)

_ 2 —2)a - 2paﬁ+p2ﬁ+p2
p — 4a?

If p = 24k + 17, then (;) = —1. From (16), (17), (18), (20), and Lemma 3, we have

p-1

Zl—ﬂ(m ,3;P)

— G(m,4;p)

1 2
=0 2 Z(G (m,4;p) — 8pa — 6pG(m,4;p)) - H2(m,3; p)
4]90{ -p m=1
. 3o p? 3 3 5 5
- W(7I92 —P*(2a +5\/p)B + 6p°c — 8p°a — 6p7 + 6p3 p)

3
2

2pa+2pa/3 p2ﬁ p
p—4a?

Now Lemma 5 follows from (21) and (22).

(18)

(19)

(20)

(21)

(22)
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Lemma 6 Ifp is a prime with p = 17(mod 24), then we have
p-1 .9
— H?*(m, 3; p)
Wop) =Y — 2
2(p) ; G m,4p)

_3p® +4p’a® + 8pa’f - 10p3a + 20 — 8p3ap + Sp%oz?’.
- (p — 4a0?)? ’

Ifp is a prime with p = 1(mod24), then we have
p-1 ;9
= H*(m, 3;p)
Wa(p) = —_—
1) X; G*(m,4;p)

_plp-2) (3p + 4a2) — 8pa®B + 10p2 o — 2p°B + 8p2af — 8p2a
(p —4a?)?

100, 1S a prime wit = mo , then note that (=) = —1, from , , an
P If p is a pri ith p = 17(mod24), th h (;) 1, fi (17), (22), and

Lemma 3, we have the identity

p-1 .09 .
Wa(p) = Z H (m,3:p)

~ G*(m,4;p)
p-1
8pu
G*(m,4p) — ———— —6p | - H*(m, 3;
4pa2 zm_l( (m,4; p) Gomap) p) (m,3; p)
8pa L H2(m, 3; ;p)
=— -2 2p? 6
4pa2—p( pﬁ+poz p  4pa? - 22G(méLp

3p% +2pB -2 /po 8 2p%a + 2paf —pfﬂ —p%
= + .
p—4a? p—4a? p—4a?

 3p% +4p’a’ + 8pa’p - 10p2a +2p%B — 8p2af + 8p2a
B (p - 4o?)?

This proves the first formula in Lemma 6.
Similarly, if p = 24k + 1, then (1%) = 1. From (17), (21), and Lemma 3, we can also deduce

the second formula. O

Lemma 7 Ifp is a prime with p = 17(mod 24), then we have the identity

o) - "Z‘l: H2(m,3;p)  36p°a — 16p%a> + 16pa’p — 48p3a’
T Gmap) (p - 4a?)3

28p af —4A8p3a2p + 48prat —5p3 B — Tp3 + 16p2a4ﬁ
(- 4a?)?
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Proof Since p = 17(mod24), so we have (1%) = —1. From (16), Lemma 3, Lemma 5,

Lemma 6, and the complex calculations, we can get identity

p-1 ;.9 .
Walp) = Y o 3ip)

3 (7 4
= G*(m, 4% p)
-1
1 x 8pu 6p
=— G(m,4;p) - - -H*(m,3;
dpoc* —p? ;< b0~ G, i) G(m,4;p>) o 3ip)
1 2 8pa LN H2(m,3;p)
=— G(m,4;p) - H*(m, 3;
4pa? — p? m=1 (m,4;p) - H"(m, 3; p) — 4po? — Z} G2(m,4;p)
6 ”i H(m,3;p)
dpa’ —p* — G'm,4p)
| 36p%a — 16p%a% + 16pa’p — 48p3a” + +28p%af — 48pla’p
- (p—4a?)?
48p2a _5p3g_7pd +16p2a4,3
(p — 4a?)3
This proves Lemma 7. d

Lemma 8 Ifp is a prime with p = 1(mod24), then we have the identity

Ws(p) = pzi *(m,3; p)
3 G3(
= (m,4;p)
_4p(p—2)(9p — 4a)a — 16pa’p + 48p?a? - 28p%ap
- (p - 4a?)3
48p2a2ﬁ 48pIa* + 5p3 B+ 7p3 — 16p2a4ﬂ
(p - 4a2)?

Proof Note that ( %) = 1. From (16), Lemma 3, Lemma 5, Lemma 6, and the complex cal-

culations, we can get identity

r-l . .
Ws(p) = Z H (m,3;p)

~ G*(m,4;p)
1 & 8pa 6p
= — G y4; - - ’ H2 ,3;
dpa® — p? ;( (m%p) G2(m, 4 p) G(m,4;p)) i)
1 p-1 8pa \ H*(m,3;p)
= 4ol — 2 G(m, 4;p) - H(m, 3;p) - 2 Z 2
o —p 4pa’ — G%(m,4;p)

1

3
I

6p r1 H?(m, 3; p)
dpa’ —p* = Gm,4;p)
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_4p(p—2)(9p — 4o — 16pa®p + 48p3 o — 28p%ap

(p —4a?)?
48p2052ﬂ 48prat +5p3 B +7p3 — 16pratp
(p - 4a®)? '
This proves Lemma 8. g

3 Proofs of the theorems
Now we prove our theorems. In fact, if p = 1(mod 8), then for any number-theoretic func-
tion F(m) and integer k > 4, from Lemma 3 we have

1 ~ 1 (1 8pa 6p ) (23)
GHm,4p)  4pa? - p? G¥(m,4p) G*m4p))

For any integer k > 4, from formula (23) we have

N ) ML Fom) 1
Vi) = ; Gk (m, 4p) ; G4(m,4p) G*(m, 4;p)

pXI: F(m) i 8pa 6p
4poz2 p? GK4(m, 4; p) G3(m,4;p) G*(m,4;p)

8ua 6
ek Vi 1(P)+ i Vi2(p) = o))

Vi-a(p).

This proves Theorem 1.
Note that Wy(p) = p — 1, so Theorem 2 follows from Theorem 1 and Lemma 4.
Theorem 3 follows from Lemma 5, Lemma 6, and Lemma 7.
Theorem 4 follows from Lemma 5, Lemma 6, and Lemma 8.
This completes the proofs of our all results.

4 Conclusion

The main purpose of this article is by using the properties of the fourth character modulo
a prime p and the analytic methods to study the calculating problems of a certain hybrid
power mean involving the two-term exponential sums and the reciprocal of quartic Gauss
sums, and to give a series of fourth-order linear recursive formulae. These results not only
give the exact values of some special Gauss sums, but they are also some new contribution
to the research in related fields.

Acknowledgements
The authors would like to thank the referee for their very helpful and detailed comments.

Funding
This work is supported by the N.S.F. (11771351) of PR. China.

Availability of data and materials
Data sharing not applicable to this article as no datasets were generated or analysed during the current study.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors have equally contributed to this work. All authors read and approved the final manuscript.



Zhang and Lv Advances in Difference Equations (2021) 2021:203 Page 13 0f 13

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 6 October 2020 Accepted: 24 March 2021 Published online: 13 April 2021

References

1.

2.

Zhang, W.P, Chen, Z.Y.: A hybrid power mean of the two-term exponential sums and the reciprocal of the quartic
Gauss sums. Bull. Math. Soc. Sci. Math. Roum. 110, 191-198 (2019)

Chen, ZY. Zhang, W.P: On the fourth-order linear recurrence formula related to classical Gauss sums. Open Math. 15,
1251-1255(2017)

. Zhang, W.P, Han, D.: On the sixth power mean of the two-term exponential sums. J. Number Theory 136, 403-413

(2014)

. Zhang, H., Zhang, W.P: The fourth power mean of two-term exponential sums and its application. Mathem. Rep. 19,

75-81(2017)

. Shen, SM,, Zhang, W.P: On the quartic Gauss sums and their recurrence property. Adv. Differ. Equ. 2017, 43 (2017)
. Han, D.: A hybrid mean value involving two-term exponential sums and polynomial character sums. Czechoslov.

Math. J. 64, 53-62 (2014)

. Liu, XY, Zhang, W.P: On the high-power mean of the generalized Gauss sums and Kloosterman sums. Mathematics

7,907 (2019)
Li, XX, Hu, J.Y:: The hybrid power mean quartic Gauss sums and Kloosterman sums. Open Math. 15, 151-156 (2017)

. Chen, L, Chen, Z.Y.: Some new hybrid power mean formulae of trigonometric sums. Adv. Differ. Equ. 2020, 220 (2020)
. Chen, L, Hu, J.Y: A linear recurrence formula involving cubic Gauss sums and Kloosterman sums. Acta Math. Sinica

(Chin. Ser) 61,67-72 (2018)

. Chowla, S, Cowles, J., Cowles, M.: On the number of zeros of diagonal cubic forms. J. Number Theory 9, 502-506

(1977)

Zhang, W.P, Hu, J.Y: The number of solutions of the diagonal cubic congruence equation modp. Mathem. Rep. 20,
70-76 (2018)

Kim, T, Kim, D.S.: Degenerate polyexponential functions and degenerate Bell polynomials. J. Math. Anal. Appl. 487(2),
124017 (2020)

. Kim, D.S,, Kim, T.: A note on a new type of degenerate Bernoulli numbers. Russ. J. Math. Phys. 27, 227-235 (2020)

Zhang, WP, Li, H.L: Elementary Number Theory. Shaanxi Normal University Press, Xi'an (2013)

. Apostol, TM.: Introduction to Analytic Number Theory. Springer, New York (1976)
. Pan, CD, Pan, C.B:: Goldbach Conjecture. Science Press, Beijing (1992)

Ireland, K., Rosen, M.: A Classical Introduction to Modern Number Theory. Springer, New York (1982)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	A note on two-term exponential sum and the reciprocal of the quartic Gauss sums
	Abstract
	MSC
	Keywords

	Introduction
	Several lemmas
	Proofs of the theorems
	Conclusion
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References


