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1 Preliminaries
Consider a certain function f : [4,b] € R — R. This function is said to be convex if

ftx+ (1 -t)y) < tf (x) + (1= 1) ()

is satisfied for any x, y € [a, D], being ¢ € [0, 1]. Likewise, f is called concave if —f is convex.
One of the most important inequalities that have attracted many experts in the last few
decades is the famous Hermite—Hadamard inequality

a+b f(ﬂ)+f(b)
(48) =3t a2 @2 10 (L)

that holds for any function f convex on the interval [, b]. This inequality was published
by Hermite in 1883 and, independently, by Hadamard in 1893. It gives an estimation of
the mean value of a convex function, and it is important to note that it also provides a
refinement to the Jensen inequality. The interested reader is referred to [3, 4, 10, 13-16,
21, 22, 27-30] and the references therein for more information and other extensions of
the Hermite—Hadamard inequality.

In this paper, following that path, we present a new integral operator (that we could
call “integral of one function with respect to another” for reasons that we will see later)
and apply it to the study of generalized inequalities, more general than (1.1), this time the
so-called Hermite—Hadamard—Fejér inequality.

We assume that the reader is familiar with the classic definition of the Riemann integral,
so we do not present it.
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As we know, basically there are two types of fractional differential operators, Riemann—
Liouville and Caputo, respectively:

d
RED*f(e) = E{I},‘;’ N},
d
CDRf(f) = JEe (di;)u),

with certain kernel F. In particular, we will deal with real integral operators defined on R
of the RL-type.

One of the first operators that can be called fractional is the Riemann—-Liouville frac-
tional derivative of order « € C, Re(a) > 0 defined by [6].

Definition 1.1 Let f € L'((a,b);R), (a,b) € R?, a < b. The right- and left-hand side
Riemann-Liouville fractional integrals of order « > 0 are defined by

RL/ZJ“) = ﬁ /at (t—s)""f(s)ds, t>a,
b
BLje £(7) = ﬁ / (-0 f(s)ds, t<b

and their corresponding differential operators are given by

o _ i RL 71-a _ 1 i ! f(t)
Dt ® = 2, (e 0) = 7= dt/; s ™

o _ i RL 71— _ 1 1 ’ f(t)
Db,f(t)——dt( Ty f(t))__]"(l—oz)dt/; (s—1)

There have been many fractional integrals defined and investigated in the recent years,
for example, so-called Hadamard, Katugampola, k-fractional integrals, etc. (see e.g. 1, 2,
11, 17, 23, 24, 26])).

Now, we give the definition of a general fractional integral. Throughout the work we
consider that the integral operator kernel T defined below is an absolutely continuous
function (see [8]).

Definition 1.2 Let/ be an interval / C R, a,b,t € I, and « € R. The integral operators J,
right and left, are defined for every locally integrable function f on I as follows:

]%,a+(f)(t) =/ %ds, t>a,
b
J1.5- () = /t % ds, b>t.

It is easy to see that the case of the J§ operators defined above contains, as particu-
lar cases, the integral operators obtained from conformable and non-conformable local
derivatives. However, we will see that it goes much further by containing the cases pre-
sented before. It is clear that from our definition new extensions and generalizations of
known integral operators can be defined and many integral operators can be considered
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particular cases of the integral operator defined above, we let the reader complete this
analysis. For simplicity of notation, let us denote (see [14])

b
@70 )O) = | T(3=a) “
b
@n1p- (@) = / %d&
a b-a’

We also use the “central” integral operator defined by (see [31])

S(@®
T(t, )

b
J% L (F)(b) = / dt, b>a

We present the definition of generalized derivative that was defined in [19].

Definition 1.3 For a function f : [0,00) — R, the Nf-derivative of f is defined by

ir]%f (t+eT(t,a))-f()

Ngf(0)=1 ;

forall £>0, « € (0,1), T(¢, o) being some function.

We can also define the lateral derivative operators (right and left) in the case of our
generalized derivative. For this, it is sufficient to consider them from the correspond-
ing integral operator. To do this, just make use of the fact that if f is differentiable, then
NEf(t) = T(¢,o0)f'(t), where f'(¢) is the ordinary derivative. For the right derivative we have
(N;’i:z+ )t)=T(b-t,a)f (¢), similar to the left one. The interested reader can consult [19]
to study the properties of operator N and additional details.

Similar calculations as in [7] show that the following properties hold.

Theorem 1.4 Let f and g be N -differentiable at t > 0 and o € (0,1). Then
a) N§(af + bg)(t) = aN§(f)(2) + bNF(g)(2);
b) N(#) = T(t,a)pt"", p € R;
c) Ni(A)=0,1eR;

d) N7(fg)(®) = N7(@)(®) + gN7(F)(®);

f _ NT(NO-NT@)®) |
e) N%(g)(t) = %T)T,

f) If, in addition, f is differentiable, then N3.(f)(t) = T (t, a)f"(£).

Remark 1.5 The relations a), c), d), and e) are similar to the classical results mathemat-
ical analysis, and these relationships are not established (or do not occur) for fractional
derivatives of global character (see [12] and [20] and the references cited there).

The following statement is analogous to the one known from the ordinary calculus (for
a similar result, see [18]).

Theorem 1.6 Letf be an N§-differentiable function on (ty, 00). Then, for all t > ty, we have
a) Iff is differentiable, then IT.4 (NSf () =f(t) = f (o).
b) NE(%, /(1) =f(@).
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Proof a) By definition, one can calculate

ds =f(t) - f (to)-

) [ N0 4 [ T

T(s,a)
b) Analogously, we have

Ny U0/ 0) = T | [ 2 as] s 0

It is clear that many “classical” properties of integration theory can be proved without
much difficulty, for example, the well-known mean value theorems for integral calculus or

integration by parts.

Theorem 1.7 Let f and g be differentiable functions on (a,b), a < b. Then

J2 AINSF (D]} B) = [f(©)g®)]. -T2 1 O [Nsg )]} b).

In [5], the so-called Hermite—Hadamard—Fejér inequality was established; it is the
weighted generalization of the Hermite—Hadamard inequality (1.1).

Theorem 1.8 Let f : [a,b] — R be a convex function and g : [a,b] — R} = [0,00) be an

integrable function symmetric about %. Then

b b b
f(“; ) / o) d < f fegede <7D f e dx. 12)

In this paper, we present a version of the Hermite—Hadamard—-Fejér inequality for con-
vex functions via generalized integral of Definition 1.2, while several remarks presented
show the advantage of our framework.

2 Main results
Lemma 2.1 Let g:[a,b] — R, a < b, be an integrable function symmetric with respect to
“T*b. Then we have

J7.4.8b) + 7., g(a)
5 .

J1.4:8(0) =J7,,8(a) =

Proof Following [9] and taking into account the symmetry of g with respect to “;—h, we
have

) O _(Pgla+b-x)
J7.0:8(6) = f Tho-ta) ™" / T

b
:L T(ngx:]%b—g(“)'

X —a,a)
This immediately implies the result needed. O

Remark 2.2 In case of T(t,«) = t'*T' (), o > 0, Lemma 2.1 becomes [9, Lemma 2.1].



Vivas-Cortez et al. Advances in Difference Equations (2021) 2021:199 Page5of 11

Theorem 2.3 Let f : [a,b] — R, a < b, be a convex function and g : [a,b] — R} be an
integrable function symmetric about %. Then

b
Y (ﬂ ; )[(a,b)f%,a+(g)(b) + @by (9)@)]

< @70 D) + @17 ,_(f2)(a)

_fla)+f(b)

< 5 (@ 5.ar @) + @i))5_(Q)(@)]. (2.1)

Proof From the convexity of f, we have

2f(a;rb):zf(ta+(1—t)b;tb+(1—t)a)

<f(ta+Q-t)b) +f(tb+ (1 -t)a)

g(tb+(1-t)a)
T(t,cx)

for any ¢ € [0, 1]. Multiplying the first and the last members of this inequality by
and integrating on [0, 1], we obtain

a+b Le(th+(1-1t)a)
y( 2 )A Thw ~

< /1 gtb+ (1 -ta)f(ta+ (1-10)b) +f(tb+ (1 - t)a)] gt
0 T(t,C()

/1 gith+ (1 -t)a)f (ta+ (1 -t)b)
= dt
0 T(t; 05)
1
s / gtb+ (1 -ta)f b+ (1-1t)a) gt
0 T(t, C()

Making the change of variables x = tb + (1 — £)a), we obtain

(45 [P gl
b-a J, T(=,a)

1 [Pgwf(a+b-x 1 (" g W)
_b—a/,l T(:2,q) dx+b—a/a T(2,a) ™

a

1 [Pgla+b-x)f() 1 g)f )
_b—a/a T(2=2,a) dx+b—a/a T(%:a)d

b-a’
1 g ) 1 7 gxf@)
= b—zz/a T(Z%z,a) dx + b_ﬂ/ﬂ T(2, a) dx.

b-a’

dx

This means

b
2f ( 2 ; ) @bV 7,0+ @) = @n)7 0, (1) D) + (ap]T - (f8)(a).

Using Lemma 2.1, we obtain the first inequality in (2.1).
To prove the second part of (2.1), we use the convexity of f. We have

fta+ @ -0)b) +f(th+ (1 -1t)a) <f(a) +f(b)
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‘%{JW and integrating on [0, 1],

we obtain, after making the change of variables and considering the symmetry of g, the

for any ¢ € [0, 1]. Multiplying the previous inequality by
following inequality:

@ F.a: Q) D) + @] Tp_(0) @) < (f(@) + (D)) @i)] .0 (@) (D).

Lemma 2.1 implies the second part of (2.1). This completes the proof of the theorem. [

Remark 2.4 If we consider T(t,«) = 1, inequality (2.1) becomes the classic Hermite—
Hadamard—Fejér inequality (1.2). In case of T(¢, &) = t'*T'(«), the previous result be-
comes [9, Theorem 2.2], and if T(¢,«) = t'*T'(«) and g(x) = 1, then the above result be-

comes [25, Theorem 2].

Lemma 2.5 Letf : [a,b] — R be a differentiable function on (a,b), a < b, such that N3f €

L(a,b). If in addition g : [a,b] — R is integrable and symmetric to %, then the following

equality is valid:
t b
g o) [ 72 asho -] [ 2 aslo)

S,
_f@+f)

Ut @) +7, @ @] - [J7... ) ®B) + 7, (fD)(@)]. (2.2)
2

Proof Using Theorem 1.7, we calculate as follows:

T -s,a)

_ {0 b [f0gO)T ()
‘[f(”/a T(b—w)ds] "“{ Th-t,a) }(”)

a

=f (b7, @) = 7,4, (2) (D)

7 :m{ [N2£(0)] / _8 ds}(b)

and

b
A :/%,a{—[N%f(t)] / &) ds}(m

T(s—a,«a

b b
[ [ | T )

s—a,a) |, T(t-a,a)

=f(@)J7,_(@)a) -J7,_(fg)(a).
According to Lemma 2.1, we have

J7.4:@)b) +J7,,_(2)(a)
2

J7,4.@)b) +J7,,_(8)(a)
2

i =f<b>[ } (D),

)2 :f(ﬂ)[ } —J1-(8)(a),

from where the desired equality is obtained. O
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Remark 2.6 In case of T(t,a) = t'°T'(«), Lemma 2.5 implies [9, Theorem 2.4], and if
T(t,a) = t'*T'(«) and g(x) = 1, then Lemma 2.5 implies [25, Lemma 2].

Theorem 2.7 Let f : [a,b] — R be a differentiable function on (a,b), a < b, such that f' €
L(a,b), |T™| € L(0,b — a). If we also assume that |f'| is convex on [a,b] and g : [a,b] — R
is integrable and symmetric to “*b , then the following inequality holds:

b
[ +f AT e @0) + 5, ©@)] - [ D) + T 0)a)]

b-a boa
< gl (If @] + lf/(b)|)[ /,ﬂ T(s)ds - /0 2 T ds],

where T (s) = fos ITZ#)I
Proof Let us see some preliminary details. First, note that (2.2) is equivalent to
Bt g(s) b gls) :
/ﬂ: {/a T(b-sa) ds - /; T(s-a,a) ds}f Ot
b
SO @)+ @@)] - P O+ (0)@)]. (23)

Since |f’| is convex, we have

ot (22

for any ¢ € [a, b]. Using (2.3) and the symmetry of g, we get

= bia(w—t)lf’(ml +(t-a)|f (b)) (2.4)

b)
’f(a) +f( []TaJr(g)(b) +]Tb (g)(d)] []%,a+(fg)(b) +]%,b*(fg)(a)]
<[ b

_ faby/(t)| ftm_t % ds‘ dt
< lglo / N Lf’@)!{ /h mziiss,an}dt
+ gl /b ol {/h mliiss,om } “

%b/ b=t ds
=||g||00/ lf(t”{ft_a m}‘”
e ds
+ gl f 1 )|{/b_t m}dt’

ds||f'(¢)| dt

()| dt
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from where (2.4) implies

b)
’ﬂa) O @)+ 1 @] - U D) + /s ()(@)]

_|[|9g||a/ ( —D)|f @]+t -a)|f B))(Tb-1)-T(t-a)dt

lglloe 7 / /
* —/M (@-|f @|+E-a|f O (Tt -a)-Tb-1)dt

b-a
2

_b b
el g |[/ b—t)T(b—t)dt+/agb(b—t)T(t—a)dt]

atb

_ : b T
Ilgllwv( )| / (h—t)T(t—a)dt+/ﬂ;b(b—t)T(b—t)dt_

LY a

ath b T

||g”°°[f(b)|_/ i (t_a)T(b_t>dt+/M(t_amt_a)dt

LY a

a+b

- b
—%V(bﬂf t-a)T(t- a)dt+/ (t- a)T(b—t)dt

LJa

ba b-a
= —lgﬂ: If (@) [/bza sT(s)ds + /2 (b—a—-s)T(s) ds]

b-a b-a

—%WH: /0 " (b-a—s)T()ds+ / 2 s’r(s)ds}

0

bea b-a
IIgllooLf(b”/ - a_S)T(s)ds+/ ST(s)ds}

Iglloo 0 i
_b—av(b)|_/o

Adding up the members on the right-hand side of the last inequality immediately gives

S

2

SEON

—a b-a

(s)ds+f ’ (b—a—s)T(s)ds].
0

N‘

the desired inequality. d
Remark 2.8 In case of T(t,a) = 1T (), @ > 0, Theorem 2.7 implies [9, Theorem 2.4].
In a similar way the following result can be proved.

Theorem 2.9 Letf : [a,b] — R be a differentiable function on (a, b), a < b, such that |f'|1 €
L(a,b), g > 1, T € L(0,b — a). If we also assume that |f'|? is convex on [a,b) and g :

[a,b] — R is integrable and symmetric to 2, then

f@)+1®)
2

< 21—1/q||g||oo(lf/(a)iq + lf/(b)|q)1/q|:

2.0, @®) +J%_(@)(@)] - [0 () B) + T (1) (@) ]

T(s)ds - / T(s) ds],

b-a

2

where T(s) = [; it



Vivas-Cortez et al. Advances in Difference Equations (2021) 2021:199

Proof Using (2.3) and Holder’s inequality, we get

’f (@) +£(b)
2

([

=1 - L.

U0+ @B) + 77, (©)(@)] = [J7.4, (f2)(b) +J%,b_(fg)(ﬂ)]‘

a+b—t g(S) 1-1/q b , g a+b—t g(S) 1/q
[ ] [l ]

Analogously as in the proof of Theorem 2.7, we obtain

b-a b%“ 1/q
I, < IIglléf,"(lf’(a)lq + lf/(b)|q)1/q|:ﬁa T(s) ds—/(; T(s) ds] .

By similar calculation,
atb bt

s b t—a ds 1-1/q
e[| oo AL sl
1= 12l g 0 |T(s,0)] arb | Jpp | T(s,0)]

2

a+b

ash b 1-1/q
= ||g||g;“q[/ T(b-t)—T(t—a)dH/M T(t—a)—T(b—t)dt]

b-a b-a

% % 1-1/q
= ||g||;;”q[ T(s)ds — / T(s)ds + T(s)ds — / T(s) dsi| ,
0 0

b-a b-a
2 2

from where a multiplication gives the desired inequality.

Remark 2.10 In case of T(¢,«) = t'*T'(«), & > 0, under the conditions of Theorem 2.7, we

have
b
SO SO iy, @01+ 75 @1@] - [ )0 + 5 () @)
_2(b-a) gl (1 1 ) ( /(@)1 + Lf/(b)w)”q
o +2) 20 2

that corrects the result of [9, Theorem 2.8].

Remark 2.11 If we consider g > 1 and 117 + = =1, we can obtain other inequalities.

1
q

3 Conclusions

In this article we study new inequalities of the Hermite—Hadamard—Fejér type for func-
tions with derivatives of special type via convexity. The results obtained allow to extend
known results in the literature with an appropriate choice of the kernel, since we use gen-
eral fractional integrals. For example, let us take T'(¢,a) = ki (a)t'~*/X, o > 0, and there-
fore consider the Riemann-Liouville k-fractional integrals of order @ > 0 defined by (see

[1,17])

RL yo .k _ 1 ‘ _ o)elk-1
O = / (L~ Yf(5)ds, t>a,

Page9of 11
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RLpA () = —— / (s—0*"*f(s)ds, t<b.

kF()

Under the conditions of Theorem 2.7, we have

fla) +£(b)
2

(b—a)" gl

0 1 , )
= m(l - 2a/k)(lf @] +[f'®)]),

while under the conditions of Theorem 2.9,

[*L 745 (9) (b) + Bk (@) (@)] - [RL2K (f) () + *LT (f) (@)]

fla) +£(b)
2

- 2(b - a)*™* gl <1 > (lf/(ﬂ)|q + lf/(b)|q)
T Tila+k)(F+1) 20/k 2

[*4125 @) ) + *T3 (@) (@)] - [P (f) () + R T () (@) ]

The results obtained also open the door to the generalization study with other types
of integral inequalities such as Ostrowski, Griiss, Jensen among others, as well as for
functions with other types of generalized convexity such as strongly convex, m-convex,
s-convex, relative convex among others. Finally, our results can also be extended to func-
tions of various variables using convexity in coordinates.
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