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1 Introduction

In recent years, fractional differential equations and fractional difference equations have
been attractive areas for researchers. This is because using in modeling real problems frac-
tional order equations gives highly accurate results rather than integer order equations
[1, 2]. Studying the behavior of solutions is very important for analyzing equations, so the
existence and uniqueness, stability, and oscillation of the solutions are the areas where
researchers have worked most, recently. Many studies have been done on the oscillation
of fractional differential equations [3—11], functional differential equations [12—15], and
dynamic equations on time scales [16, 17]. However, few researchers addressed the oscil-
lation of fractional difference equations [18—28].

In [29], Haider et al. introduced a new definition of a fractional difference operator which
is a generalization of Riemann-Liouville and Caputo type difference operator. This oper-
ator interpolates the Riemann-Liouville like fractional difference (8 = 0) and the Caputo
like fractional difference (8 = 1). The type-parameter produces more types of stationary
states and provides an extra degree of freedom on the initial condition. No one has studied,
to the best of our knowledge, the oscillation of equations involving the Hilfer difference
operator in the literature.
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In [5], Grace et al. initiated the oscillation theory for fractional differential equations of
the form

Dey(®) +il®y) =v(x) + folxy),  lim, T %y(x) = by,

where D¢ is the Riemann-Liouville differential operator of order o, 0 < @ < 1 and the
functions fi, f2, v are continuous. The results are also stated when the Riemann—Liouville
differential operator is replaced by Caputo’s differential operator.

In [21], Marian et al. gave similar conclusions for the oscillation behavior of the nonlin-

ear fractional difference equations of the form

A%y(x) +fi(xy(x + @) = v(x) +fo(x,y(x + @), x €Ny, "

Ay ()], = %o,

where A denotes the Riemann-Liouville like discrete fractional difference operator of
order «, 0 < o < 1. In [22], Marian et al. obtained some new results for the initial value
problem (1).

In [20], Kisalar et al. considered higher order fractional nonlinear difference equation of

the form

A%y(x) +f1(x,y(x+ oz)) =v(x) +f2(x,y(x+a)), xeNy,m—-1<a <m,

Ao{—ly(x) |x:0 = X0,

where A® denotes the Riemann-Liouville like discrete fractional difference operator of
order o and m > 1.

This paper aims to state some oscillation criteria for a class of higher order nonlinear
Hilfer fractional difference equations. Some sufficient conditions will be given for the os-
cillation of the solution of Hilfer fractional difference equations. The results also contain
new conditions for the oscillation of the solutions of the Riemann-Liouville and Caputo
difference equations.

2 Preliminaries
Definition 1 ([30]) Suppose f is a real valued function defined on N, and « > 0. Then the
ath fractional sum of f is defined by

xX—o

ALf@) =Y g (%0 (0)f(0) 2)

t=a

for x € N,,q, where £¢ is the generalized falling function and /4,(¢, ) = 1(*t(; Z)i is the ath

fractional Taylor monomial.

Definition 2 ([30]) Let f be a real valued function defined on N, and [«] = n. Then the
ath Riemann-Liouville fractional difference of f, defined by

A%f(x):= A"AF(x), x€Ngpyg 3)
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Lemma 1 ([30]) Letf:N, —> R, ke No, m — 1<ot<momdn—1<,3§n.Then
1 A® APF) = AEF(x )= 3 Mo, @+ 1 — AT "B a s n - B), for

a+n-— /S

X € Na+n—ﬁ+a~
2 Agﬂx _af( ) = Aﬂ_af forxe Natosn- B-

3 AN ) = AL = AL A (), for x € Nasasp.

4 AkAﬂf(x) = A’;*"‘f(x),forx € Numa-

Theorem 1 (Fractional sum power rule [30]) Let > 0 and v > 0. Then

v F(/L + 1) +v
AL (E—a) = m(t - a)=r (4)

fort e N, +p+v.
n [29], Haider et al. introduced a Hilfer like fractional difference operator.

Definition 3 Assume f : N, — R. Then the fractional difference of order n — 1 <o < n
and type 0 < B <1 is defined by

A“Pf(x) = A" AIPIOF (x) 5)

forx € Ngy—q.

Lemma 2 The Hilfer fractional difference can be written as follows:

A%PF(x) = A%Y A"AZf(n),

a+n—y
wherey =a + B(n—a).

Lemma 3 Letf bea real valued function definedon N, n—1<a <nand0 < B <1. Then
) —
() Az [AZF@)] = AL, AP ),

(i) AGLIAf@)] = AL o AL f (%),
forx € Ny

Proof (i) We have

Aa+n a[Aaﬁf(x)] A" A” Bn Ot) A A (1-B)(n— otf(x)

a+n-o —a+(1-B)(n
_ Aﬂfz;ﬂﬂﬂ na An (1-B)(n— af(x)

=A~ (a+Bn—ap) Aot+}3n aﬂf(

a+(1-B)(n-a)
(ii) We have

Aaﬂ[ ;af(x] A -p(n-a) AnA tﬂ)n «) —ozf(x)

a+uo a+a+(1-B)(n—a)

=A —B(n-a) AnA ((1-B)(n— a)+a)f(x)

a+a+(1-B)(n-a)

_ A—ﬁ(" —a) B(n— a)f(x) 0O

a+(n— ﬁnﬂ)lﬂ

Page3of 11
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In this paper, we denote the oscillation criterion of the nonlinear Hilfer like fractional
difference equation

ALPy(x) + fi(%,y(x + @) = o) + fo(x,y(x + @), %€ Napya (6)

AI;—(nfy)y(x” k=0,1,...,n,

x=atn-y Yie

wheren—1<ao<n(mneNy)and0 < <1, wand f;: [0,+00) x R—> R, k =1,2 are

continuous.

Lemma 4 ([31]; Young’s inequality)
(i) Assume x,&€ >0,u>1and % + % = 1. Then the following inequality holds if and only
if&=x""

e < Sy e @)
u Vv

(ii) Assume x >0,€>0,0<u<1and % + % = 1. Then the following inequality holds if
and only if § = x*1:

1
x“+ =& (8)
1%

Lemma 5 The unique solution of the initial value problem (6) is

n-1
Y@ =Y hywkxa+ n—y)ye
k=0
xX—o (9)
+ Z o1 (%0 () [w(6) + fo (8, 0(8 + @) = fi(E,y(¢ + @) ]
t=a+l-a
forall x € Ny
Proof Applying the A%, operator to both sides of (6), we get
AL AP y(x) = A [o®) + (% y(x + @) —fi(xy0 + )] (10

Using equation (i) in Lemma 3 for the left-hand side of (10), we have

A Az,ﬂy(x) — A—(a+5n—a/3) Azﬂin—aﬂy(x)

a+l-a a+(1-B)(n-a)
n-1
= y(x) — thﬁ(,,_a)_mk(x,a +n—o-Bn-a)
k=0

X Aﬁ_(”_“_ﬁ("_"‘))y(a +n—a-pn-a)

n-1

= J’(x) - Zhy—wrk(x:a +n— J/)A’;_(”_V)J’(ﬂ +n-— V)’
k=0
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where y =« + 8(n — «). Hence,

n-1

J/(x) = Zhy—n+k(x7 a+n-— V)Al;i(niy)y((l +n-y)
k=0

+ AT, [a)(x) ) (x,y(x + a)) -f (x,y(x + a))]

n-1

=Yy pi®a+n—y)y
k=0
+ Y e (x0®)[0@) +A(EY(E @) - Al(E+a)].
t=a+1-«
This completes the proof. g

3 Main results

In this section, we will contemplate the following conditions:

Ji(x,y)
y

>0, (k=1,2),y#0,x> xo, (11)
and

i@y = |a@]|ly"* and  |A&Y)| < |g@)]|lyl", ¥ 70,5 > x0, (12)

where gy : [x9,00) = R*, k = 1,2 are continuous functions and u, v > 0 are real numbers.
Also, we obtain another oscillation criterion using the following condition:

fi@)] < |a@]ly* and  |Axy)] = |@@)]|ly1", ¥ #0,x> xo, (13)
where g : [%g,00) = R*, k = 1,2, are continuous functions and u, v > 0 are real numbers.

Theorem 2 Assume the conditions (11) and (12) hold for u > v. If

X—o

liminfa'™ oo (6, 0/(0) [(6) + Kpt, v(6)] = 00 (14)
t=T
and
limsupx!~” i [/ (x, o (t)) [a)(t) -Ku, v(t)] =00, (15)
X—> 00 =T

where K, (t) = (n/v — 1)[qu(t)/u]“/(""’)q?/(v_“)(t), then every solution of (6) is oscillatory
for every sufficiently large T .

Proof Suppose y(x) is a non-oscillatory solution of Eq. (6). In this case, assume that 7 > a
is sufficiently large such that y(x) > 0 forx > T.
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Let F(x) = o(x) + fo(x, y(x + o)) — f1(x, y(x + )). Then we have

n-1 x—a
Y@ =Y by wama+rn—yye+ Y (%0 @)F(@)
k=0 t=a+l-a
n-1 x—a
<D hysatn-yyd+ Y e (x,0(8)|F@)]
k=0 t=a+l-a
X—o

+ Y hg1(x,0(0) [a)(t) +h(6y(E+a)) = fi(ty(t + a))]

t=T
n-1 T-1
< hy—n+k(x7ﬂ tn— )’)|)/k| + Z ha—l (x’a(t)) ’F(t)| (16)
k=0 t=a+l-a

+ ) he (x, O’(t)) [a)(t) + @)yt +a) —q(O)y" (¢ + a)].

Define

n-1

D) =Yy puildsa+n—y)yl
k=0

and

T-1

W, T)= Y hoi(x0()|F(2)

t=a+1-a

’

hence
xX—o

yx) < Px) + W(x, T) + Z |/ (x, U(t)) [a)(t) + @)yt +a) —q(O)y" (¢ + Ol)], (17)
t=T

forx>T.Lett> T and take x = |y|”, & = vq2(£)/(nq1(¢)), u = w/v and v = /(e — v). Then

we have
v\ /v
w0 - gt + o) = 1O [\y(t+a)y“ va:®) (e )l }
v g (t) wlv
_ k() [XE B lxu] (18)
v u

t)1
< &()_EV = I</L,U(t)'
% 1%

Using (18) in inequality (17) we obtain

xX—

yx) < D(x) + W(x, T) + Zha_l(x,a(t)) [a)(t) + Kw(t)], x>T. (19)

t=T
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Multiplying both sides of (19) with I'(y)x!™7, we get

0<T(y)x'7y(x) <T(y)x' " d(x) + D(y)x' 7 W(x, T)

ra (20)
T Y hac (3%,0(8))[0(8) + Ky (8)]

t=T

for t > T. We consider two cases.
Case (i). AssumeO <o < 1.Thenn=1and0< y < 1. Also we have ®(x) = |yolh,_1(x,a +
1-y)forx>T,and

T(y)x"™7 @(x) = T(y)x* " |yolhy-1(xa+1-y)

= |yola' ™ (x — (a + 1—)/))ﬂ
Fx—(@a+1-y)+1)
Fx—(@+1-y)-(y-1)+1)
Fx—a+y)
F'k—a+y+1-y))

1_
= |yolx™™"

1-
= |yolx™ ™

and

T-1
P& 7 W, T) =T()x"" D" o (x,0(0)[F(2)]

t=a+1-«
T «— . -
_mhmmx Yix—t-1) |F(t)|
TO) & ., Ta-p
G Tactrica FOl

T-1
— m (xl—a)l_ﬂ F(x_t) ip(t)|

') = Fx—t+1-a)
T-1
T'(y) 1 . Tk-9
= —— F(¢
M, 2 @ Ta-rri—a )
and using the asymptotic expansion formula
I (x)x®
im =1, >0,
x—o0 ['(x + &)
we have
lim [F(y)xl‘ycb(x) + T()al 7 W (x, T)] =M<oo, x>T. (21)
X—>00

Taking the limit inferior of inequality (20) as x — oo,

lim (i)lgfxl”’ > o (x,0(8) [@() + Ko ()] > =M > —00
t=T

and we have a contradiction to (14).

Page 7 of 11
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Case (ii). Assumen—1<a <n,n>2.Thenn-1<y <nandy >awithy =a+B(n-a);

n-1
D)™ @) = D(¥)a' ™" Y hypuicisa + 1= )|yl
k=0

n-1 y-n+k

- (x a-n+y)
)Y« o
P N(y-n+k+1)

Z Fx—-a-n+y+1) il
L T —a—k+ Dy —nvk+ 1)

Fx—a-n+y+1) Fx—a-k+y)
=T
()/)Z Fx—a-k+y) Xxyfll’(x—a—k+1)

“To—nrksn ¥
n-1 1
=r
(y)kZO: —a+y—-(k=1)---(x—a+y—-(m-1))
Fx—a-k+y)
* 2 Tx—a—-k+1) x F(y—n+k+1)|y"|
and
T-1
P 7V T) =T Y hae (0,0 (0)|F()
t=a+l-o
T w— . -
i m t:u+1—ax y(x —io 1) ’F(t)|
_I'(y) — I'x-t) ©
) mt:pﬁl—a x- 1F(x t+1- Oé)| |
Ty «— (x-1t)
= m . ;_a e 1+ﬁ(n—a)r(x_ 1 —(x)| (L‘)|
— Ix-1)
t;axﬂnaxa ll"(x t+1— | (t)i

Then using the asymptotic expansion formula, we obtain

lim [C(y)x' 7 () + [(y)x' " W(x, T)] =0, x>T.

X—>00

Hence, taking the limit inferior of inequality (20) as x — oo, we get

lim ggfxl 14 Zha 1 x,a(t)) [w(t) + I</l. v(t)]
t=T

which is a contradiction to condition (14).
Thus we complete the proof of the theorem. O
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Theorem 3 Suppose o > 1 and assume that (11) and (13) valid for < v. If

lixrg(i)lgfxl"’ i o1 (x,0(2)) [a)(t) -Ku, v(t)] =-00 (22)
t=T
and
limsupx!~” z_: No_1 (x, o (t)) [a)(t) +Kpu, v(t)] = 00, (23)
xX—> 00 T

where K, ,(t) is defined as in Theorem 2, then for every sufficiently large T every bounded

solution of (6) is oscillatory.

Proof Assume y(x) is a non-oscillatory and bounded solution of (6). Then for M;, M, € R
My <ylx) <M,, x>a. (24)

Suppose that y(x) > 0 for x > T > a. Using inequality (8) and condition (13), we get
@Oyt + )| -a @yt + )| =K@, t=T, (25)

similarly to Theorem 2. Define

n-1
QW) = Y hy_puildsa+n =)yl
k=0
and
T-1
Ve, T)= Y hea(xo@®)|F@)].
t=a+1-«

Then we obtain for x > T

F(y)xl_’”y(x) >T(y)xl 7 o) + D(y)x " W(x, T)

(26)
T oy (3,0(0) [0(0) + K ()], x> T,
t=T

and also using (24)

T(y)x' ™ My > T (y)x" 7 @(x) + T(y)x" 7 W(x, T)

x—a (27)
+T(y)xl” Z )/ (x,a(t)) [a)(t) + Kw(t)], x>T.

t=T

We consider two cases for the proof.
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Case (i) Assume o = 1. Then y =1 and ®(x) = h,_1(x,a + 1 — y)|yol = yol, ¥, T) =
tT:;l |F(£)|. Hence, we see from (27)

T-1 xX—o
|:M2 - |J/o| - Z|F(t)|:| > Zh(x—l (x’a(t)) [a)(t) + I</l.,\)(t)]! x> Ty
t=a t=T

and

x-a T-1
limsupx!™” Zha,l(x,a(t)) [w(t) + Kw(t)] < |:M2 - yol - Z|P(t)|:| <00,

oo t=T t=a

which is a contradiction to (23).
Case (ii) Assume « > 1. Then y > 1. As in the proof of Theorem 2, using the asymptotic
expansion formula we have

lim [F(y)xl’ycb(x) + D)7 W, T)] =0, x>T.

X—>00

Since lim,_, o 17 = 0, from (27)

X—
limsupx!™” Z o1 (x, a(t)) [a)(t) + I(W(t)] <0< o0,
X— 00 T
which is a contradiction to (23). O

Example 1 Consider the following initial value problem:

1 3 (635 2 1
APIy) +y*(x+ = |es = N et 1y (< )es
3 2ar(3)\s 3

[SS

(28)

wherea = 1/3, 8 = 1/2and y = 2/3. y(x) = x? is a non-oscillatory solution of (28). Here, it =

2,v=1/5,q1(x) = g2(x) = ¢35 and w(x) = 2rE’;%)(gxé—xé) +((x+ %)4 —(x+ %)%)e"*%. How-

ever, condition (14) is not fulfilled because of w(x) > 0 and liminfy oo &' Y 70 | hg1(x,
o (@)[w(t) + Ky, (£)] > 0.
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