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Abstract

In this work we investigate the following fractional p-Laplacian differential equation
with Sturm-Liouville boundary value conditions:

hmp 5= ®p(h( CDaUT )+ a®epu®) = Af(tu(®), aetel0T]
Olw¢p(u(0) o DY 1(¢p(8D?‘ ) =0,
,31¢p(u(7—)+,32tD‘%4(¢p(8D u(M) =0,

where §D%, D% are the left Caputo and right Riemann-Liouville fractional derivatives
of ordera € (%, 1], respectively. By using variational methods and critical point theory,
some new results on the multiplicity of solutions are obtained.
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1 Introduction

Fractional differential equations have been extensively applied in mathematical model-
ing. Many scholars have developed a strong interest in this kind of problem and achieved
some excellent results [1-8]. Especially, in the last several years, the investigations on the
equations including both left and right fractional differential operators have got increas-
ing attention. Left and right fractional differential operators are widely used in the phys-
ical phenomena of anomalous diffusion, such as fractional convection diffusion equation
[9, 10]. In [11], Ervin and Roop first proposed a class of steady-state fractional convection-
diffusion equations with variational structure

—aD(poD;"” + q,D7")Du + b(t)Du + c(t)u = f,
u(0) = u(T) =0,

where 0 < B8 < 1, D is the classical first derivative, OD;ﬁ , tD_Tﬁ are the left and right
Riemann-Liouville fractional derivatives. The authors constructed a suitable fractional
derivative space. The main research method is the Lax—Milgram theorem.
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Jiao and Zhou [12] considered the Dirichlet problems

41D () + 1 DY (W () + VE(t,u() =0, ae.te[0,T],0<p<1,
u(0) = u(T) = 0.

The authors gave the variational structure of the problem. Under the Ambrosetti—
Rabinowitz condition, the existence results were obtained by employing the mountain
pass theorem and the minimization principle. The following year, the authors [13] further

studied the following problems:

DT (0D u(t)) = VF(t, u(t)), ae.tel0, T],% <a<l,
u(0) = u(T) =0.

Under the Ambrosetti—Rabinowitz condition, the existence of weak solution was obtained
by using the mountain pass theorem. In addition, the authors also discussed the regularity
of weak solution.

Bonanno et al. [14] and Rodriguez-Lépez and Tersian [15] considered the Dirichlet

problems

tD‘}(gD‘t’u(t)) +a(tu(t) = Af(t,u(t), tF#t,aetel0,T],
AGDENSDEWG) = ph(u(®)), j=12.m,
u(0) =u(T) =0,

where « € (3,1], A, € (0,+0), f € C([0,T] x R,R), I € CR,R), j = 1,2,...,n. a €
C([0,T)), and there exist a1, a, such that 0 < a; < a(t) < a,. In addition,

AP D) 0) = D5 (D5 (5) = D (§DF ) (67)

(D (§D) (1) = tim (1D (5D ) 0),
J

DF (D u) () = Jim (DT (GDF ) (2)-
7

By employing variational methods and three critical points theorem, the existence results
of solution were obtained.

Tian and Nieto [16] studied the Sturm-Liouville boundary value problems

—4G oD W () + 5 D W (1) = M (w(e), ae.telo,T),
au(0) - b(3 oD;"u'(0) + 1 D7 (0)) = 0,
au(T) +d(% oD;Pu/(T) + 1 DY/ (T)) = 0,

where0 <8 <1,a4,¢>0,b,d >0, > 0. The variational structure of the problem was estab-
lished and the existence result of the unbounded sequence of the solution was obtained by

employing the critical point theory. Subsequently, Nyamoradi Nemat and Tersian Stepan
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[17] further considered the Sturm—Liouville problems with p-Laplacian operators

D5 (G (MO D u(®)) + aO)dyp(u(®)) = Af (t,u(t)), ae.t€[0,T],
a1¢,((0)) — a2 D% (¢, ($ DY u(0))) = 0, (1.1)
B1dp(u(T)) + B2 DI ($p(§ DY u(T))) = O,

where a € (%, 1], ng* is the left Caputo fractional derivative, .D% is the right Riemann-

Liouville fractional derivative. oy,a,81,82 > 0, h(t) € L*([0,T],R) with ko =

essinfyo 1) h1(£) > 0, a € C([0, T],R) with a = essinfjo 7 a(t) > 0, there exist a;, a, such that

O<ai<a(t) <ay r>0,feC(0,T] xR,R), ¢p,(x) = lx[P~2x (x #0), ¢,(0) =0, p>1.To

illustrate the main results of [17], we first introduce the following hypothesis about f:
(F1) There exists u > p such that

0< uF(t ) <tf(t,r), VreRtel0,T],

where F(t,7) = [y f(t,5) ds;
(F2) cint :=infjr -1 F(2,T) > 0;
(F3) There exist ¢,, v>p — 1 such that

[f(t,w)] < elul”, V(t,u)€[0,T] x R;
(Fa) F(t,u) = o(|ul?) as |u| — 0 uniformly with respect to V¢ € [0, T'].

Theorem 1.0 (see [17]) Assume that (F1)—(F,) hold. Then (1.1) with A = 1 has at least a
solution.

Based on the above work, this article further studies problem (1.1) with the concave-
convex nonlinearity. In order to compare the results of this paper with Theorem 1.0, the
main assumptions and conclusions of this paper are given below. In this paper, we study
the case that the nonlinearity f € C([0, T] x R, R) involves a combination of p-suplinear
and p-sublinear terms. That is,

f(t) M) :fl(tx M) +f2(t: Li), (12)

where fi (¢, u) is p-suplinear as |u| — oo and f>(¢, u) is p-sublinear growth at infinity. Here
we give some reasonable assumptions on f; and f; as follows:

(Hy) fi(t,x) = o(Jx|P71) as (x| — 0) uniformly with respect to V¢ € [0, T7;

(H) There exist dy >0, dy >0, 6 > p such that

xfi(t,x) — OF (¢, x) > —dy|x|P, Vte[0,T],|x| > doo,

where Fi(t,%) = [; f1(£,5)ds;
(H3) limp_ oo E llgéx) = 0o uniformly with respect to V¢ € [0, T];

(H4) Thereexist 1 <r<p, be C([0,T],R*), R* = (0, 00) such that

Ey(t,x) > b(t)|x|", V(t,x)e€[0,T] xR,

where Fy(t,%) = [; f2(t,s) ds;
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(Hs) There exist b; € L1([0, T],R*) such that
[t x)| <b1@)lx", V(%) €[0,T] x R.

Theorem 1.1 Assume that (Hy)—(Hs) hold. Then problem (1.1) with X = 1 has at least two

nontrivial weak solutions.

Remark 1.1 Clearly, conditions (H;) and (H3) are weaker than condition (F;) of Theo-
rem 1.0. In addition, the nonlinear function f studied in this paper is more general, it con-
tains both p-suplinear and p-sublinear terms. Consequently, our conclusion generalizes
Theorem 1.0 in [17].

Moreover, we also consider that the nonlinear function f satisfies p-sublinear growth.
The specific assumptions are as follows:
(Hg) There exist L >0, 0 < 8 < p such that

F(t,x) <L(1+xP), Y(tx) e[0,T] xR, (1.3)

where F(t,x) = [, f(t,5) ds.
(H7) There exist 1 <r; < p, b€ L*([0, T],R*) such that

[f(t,x)| <nb@®)|x|"t, V(t,x)e[0,T] xR.
(Hg) There exist an open interval IT C [0, T'] and constants 1, § > 0, 1 < 7, < p such that
F(t,x) > nlx|?, V(t,x) €Il x [-4,6].

Theorem 1.2 Suppose that assumption (Hg) holds. Additionally, we assume also that
(Hy) there exist r >0, w € E*P such that

o(T) |p + a—lilz(o)

T
|0(0)|” > pr, fo F(t,o(t)dt>0 (1.4)

lolly +

ﬁlh(T) |
P2

and

T
1 _fo maxlxlsM(rp/A)l/pF(t,x)dt 1

A, r < A
p ) E(t, () dt

= T 7
lollf + 252 (T) P + <410 |(0) 7

hold, where A = min{ay, ho},

T‘X*’% 2p—1 T p ,l,
M := (max{—1,1}+|:—max{l,( ) ” ),
F(@)(ag—q+1)7 r Pl +1)

1 1
-+-=1
rp q

Then, for every A in A, = (A}, A,), problem (1.1) has at least three weak solutions.

Page 4 of 20
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Remark 1.2 Assumption (Hg) studies both 0 < 8 < p and 8 = p. Obviously, when p = 2,
assumption (Hg) contains the condition 0 < 8 < 2 in [14, 15]. Thus, our conclusion extends
the existing results.

Theorem 1.3 Suppose that assumptions (H;)—(Hg) hold. Assume also that

(Hio) f(t,x) = —f(t,—x), V(t,x) € [0, T] x R.
Then problem (1.1) with X = 1 has infinitely many nontrivial weak solutions.

2 Preliminaries
For the convenience of readers, this section firstly introduces some basic definitions and
lemmas of fractional calculus theory.

Definition 2.1 (Left and right Riemann-Liouville fractional derivatives, [18]) Let u be a
function defined on [a, b]. The left and right Riemann-Liouville fractional derivatives of
order 0 < y < 1 for function « denoted by ,D} u(t) and tDZu(t), respectively, are defined
by

([
aDru(t)—Ean u(t)_F(l—y)dt(f (t-s) Vu(s)ds),

d .
Djult) = -—.Dj "u(e) = - Fio y)dt</ (s—1) u(s)ds),

where ¢t € [a, b].
Let AC([a, b]) be the space of absolutely continuous functions within [a, b] (see [16]).

Definition 2.2 (Left and right Caputo fractional derivatives, [18]) Let0<y <1land u €
AC([a, b)), then the left and right Caputo fractional derivatives of order y for function u
denoted by D u(t) and tCDZu(t), respectively, exist almost everywhere on [a, b]. $D} u(t)
and D} u(t) are represented by

ﬂﬁmwam”wm—ru_)/<pgyﬂgﬁ

1
Cryvy —_ VLo - _ Y
cDyu(t) =—Dy u'(t) F(l—y)/t (s—t)7"u'(s)ds
where ¢ € [a, b].

Let us recall that, for any fixed t € [0, T] and 1 <r < o0,
t ¥ T ¥
nmm@m:(/|marﬁ>, HMUZ(/|M@V@),
0 0
HM@—mwlﬂl

Definition 2.3 ([16]) Leta € (%, 1], p € [1, 00). The fractional derivative space

E*? = {ulu € AC([0, T1,R), § D¢u € I7([0, T],R) }
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is defined by closure of C*°([0, T'], R) with respect to the norm

1

T p
lltllap = ( /0 [lu@®|” +|SDeu®)]"] dt) ) (2.1)

Lemma 2.1 ([12]) LetO<a <1,1 <p<oo. ForVf € L’([0, T],R), one has

”ODgafHLp([O’t]) =< ”_f”Lp([O,t])! Vé: € [01 t]rt € [0! T]

t
[N +1)
Lemma 2.2 ([16]) LetO<a <1,1 <p<oo. ForVf € L?([0, T],R), one has

Y (T-
||sDTf||Lp([t,TDsr( )Ilfllw[m) Ve e[t, T],t€[0,T].

Lemma 2.3 ([18]) Letne N, n—1<a <n.Iff € AC"([a,b],R) or f € C"(|a, b],R), then
@,
D (EDH W) =fO =) 5 (t-a, veelab)
=
D (D) =£(£) - Zf (b-t), Vtelabl.

In particular, if0 < a < 1, f € AC([a, b],R) or f € C'([a, b],R), then
D (SDif ) =f(O) ~f@), D (CDLf () =f (&) —f(b).
Lemma 2.4 ([17]) Let % <a<l,1<p<oo.lfueE*, then
llloe < Mllttlla,p

where

(ool [ (s V1)) 3
M:=|max\ ———, 1t + | —/—maxy 1, | =—— , —+-—-=1.
F(a)(ag—q+1)4 T [a+1) P 4q

Lemma 2.5 ([17]) Let 1/p<a <1,1<p<oo,ifac C([0,T],R) and 0 < a; < a(t) < a,
h(t) € L*([0, T],R), then by Lemma 2.4 one has

T T 3
IIulloosLlU a(t)|u(t)|"dt+/ h(t)|gD‘t"u(t)|pdt> ,
2 0 0

(min{ao, ho})?
where hy = essinfi 1) h(t) > 0, ag = essinfjo, ) a(t) > 0.

Remark 2.1 It is also easy to check that, if a € C([0, T],R) and 0 < a; < a(t) < ay, h(t) €
L*([0, T], R) with &g = essinfjo,r) 4(¢) > 0, then an equivalent norm in E*? is the following:

T T 3
||u||a:< /0 a(®)|u(®)|” dt + /0 h(t)|gD<;u(t)|"dr) . (2.2)
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By combining Lemma 2.5, we can see that, for Vi € E*?, if 1/p <« < 1, then

M
lllloo < m””llm (2.3)
where A = min{ay, io}.

Lemma 2.6 ([16]) Let0< o« <1,1 < p < co. The fractional derivative space E*? is a reflex-
ive and separable Banach space.

Lemma 2.7 ([16]) Let 1/p <a <1, 1 < p < 00. Assume that the sequence {uy} converges
weakly to u in E*?, i.e., ux — u, then ux — u in C([0, T],R), i.e.,

lug — tlloo — 0, Kk —> o0.

Lemma 2.8 ([17]) Assume that 1/p <« <1, 1< p < 00, then E*? is compactly embedded
in C([0, T],R).

Lemma2.9 ([18]) Leta>0,p>1,g>1,1/p+1l/g<l+aorp#1,q#1,1/p+1/g=1+c.
Ifu € I?([a,b],R), v € L1([a, b], R), then

b b
/ (oD} u(t)|v(t) dt = / u(t)[ D, v(t)] dt. (2.4)

By multiplying the equation in problem (1.1) by any v € E*? and integrating on [0, T,
one has
1

T T
/0 tD‘;<W¢I,(h(t)§D‘}u(t))>-v(t)dt+ /0 a(t)dy (u(t))v(t) dt

T
= /0 S (& u(®)v(e) de.

From Definitions 2.1, 2.2 and Lemma 2.9, we can get
T 1 c
DS ——— o, (h(t)g DY u(t -v(t)dt
/0 t T<(h(t))p2¢p( ( )() t ( ))) ( )

! d o—1 1 C
:_/o E[fD T (W%(h(t)th u(t)))] - u(t) dt

_ lBlh(T)¢p(u(T))V(T) ¥ alh(o)

B2 o

T 1
o—1 C o 1
+/o [‘DT ((h(t))f’-z(””(h(t)"D‘”(t)))} vod

BTy + 41O

B2 o

¢p(u(0))r(0)

(2.6)

& (1(0))1(0)

o Ll (S D)l (0 e
0 (h(t))p—z 14 0t o/
Buh(T)

- ¢p(u(T))v(T)+alh(0)

2 25

b (1(0))(0)

+ / LS de
0 G
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Getting the similar result for the second part of equation (1.1), we can give the definition
of weak solution for problem (1.1).

Definition 2.4 The function u € E*? is a weak solution of problem (1.1) if the identity

Prh(T)
B2

+/T;¢ (h(6)§ DY u(t))§ D§v(t) dt
o (a(e)p2 TP OO

dp(u(T))W(T) +

a0 o 0)v(0)
[2%)

T T
+ / a(t)g, (u(t))v(e) dt = A f St u®)v(e) dt,
0 0

holds for any v € E**.

Define the functional I : E*” — R as follows:

1 (7 1 (7
I(u):—/0 h(t)|ng‘u(t)|pdt+l—9/ a(®)|u()|” dt

ﬂ; u(T)[" + a;h () -2 / F(tu(®)) dt 2.7)
:1 p /31 P 011]’! P
Sl + | Gl a0 oy - / F(t,u(t)) dt

According to the continuity of f, it is easy to prove I € C'(E*?,R). For Vv € E*?, one has

T
(I'(w),v) = /0 W@, ()5 DY u(t))§ DEv(t) dt

b (u(T))W(T) (2.8)

T
p-2 Bih(T)
+/0 a(t)|u(t)| u(t)v(t) dt + 5

T
- S0 gy w00 - [ (et e
Then
h h
(1’(u>,u)=||u||‘;+ﬂlﬁ—iﬂ )+ & (0| OF - / f(tu®)u(t)dt. (29)

Therefore, the critical point of functional I corresponds to the weak solution of problem
(1.1).
To prove our main results, we introduce the following tools.

Definition 2.5 ([19]) Let X be a real Banach space, I € C}(X,R). I(u) satisfies the (PS)
condition if a sequence {u,},cn C X which satisfies the conditions {I(u,)},cn is bounded
and I'(u,) — 0 as n — oo has a convergent subsequence.

Lemma 2.10 ([19]) Let X be a real Banach space and I € C*(X,R) satisfying the (PS) con-
dition. Suppose that 1(0) = 0 and

(i) there exist constants p, n > 0 such that 1|55, > n;

(ii) there exists e € X/B, such that I(e) < 0.
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Then I possesses a critical value ¢ > n. Moreover, ¢ can be characterized as

= inf I B
¢= inf max I(g(s))

where
I ={geC([0,1],X):¢(0) =0,g(1) =¢}.
Definition 2.6 ([19]) Let X be a real Banach space. Let
Y= {A C X — {0}|A is closed in X and symmetric with respect to 0}.

Let A € Y, if there is an odd mapping G € C(4,R"\{0}) and 7 is the smallest integer with
this property, then we say that the deficit of A is n, and y(A) = n.

Lemma 2.11 ([19]) Let I € CY(X,R) be an even functional on X and I satisfy the (PS)
condition. For any n € N, let

T, ={AeZly4)>n}, Cp = in)g supI(u), K = {u e X|I(u) = ¢,I'(u) = 0}.
€2n yeA
(1) If 2, #0 and c, € R, then c, is the critical value of I.

(2) Ifthere exists a constant | € N such that ¢, = ¢y41 =+ = ¢y = ¢ € R, and ¢ #1(0),
then y(K.) > [ + 1.

Remark 2.2 According to Remark 7.3 in [19], if K, € ¥ and y(K;) > 1, then K, contains an
infinite number of different points. That is, / has an infinite number of different critical
points on X.

Lemma 2.12 ([20]) Let X be a reflexive real Banach space, ® : X — R be a sequentially
weakly lower semicontinuous, coercive, and continuously Gateaux differentiable functional
whose Gdteaux derivative admits a continuous inverse on X*, ¥ : X — R be a continuously

Gateaux differentiable functional whose Gdteaux derivative is compact such that
inf ®(x) = ®(0) = ¥(0) = 0.
xeX

Assume that there exist r > 0, x € X with r < ®(x) such that
(i) sup{¥(x): d(x) <r}< r%,
(ii) foreach

e Ao ®(x) r
< r_(W(%)’sup{\y(x):fb(x)fr})’

the functional ® — MV is coercive.
Then, for each X € A,, the functional ® — AV has at least three distinct critical points
inX.

Page 9 of 20
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3 Main results
In order to prove the theorems, the following lemma plays an essential role.

Lemma 3.1 Under the assumption given in Theorem 1.1, I satisfies the (PS) condition.

Proof Assuming that {ui}xeny C E*? is a sequence such that {I(u)}ken is bounded and
I'(ur) — 0as k — oo, then there exists D > 0 such that

)| <D, 10| gy <D (3.1)

for k € N, where (E*“?)* is the conjugate space of E*“?.

The first step, we prove that {i}icn is bounded in E*?. If not, we assume that || u ||, —
+00 as k — 00. Let z; = ”:T"”a, then ||zx||, = 1. Since E*? is a reflexive Banach space, there
exists a subsequence of {z;} (still denoted as {z;}) such that zx — zy (k = 00) in E*?, then

zx — zp in C([0, T],R). By (H,) and (H5), one has
ot -ul <biolal’s  [Fat0)] < S byOlul” (3:2)

The following two cases are discussed.

Case 1: zy # 0. Let Q2 = {t € [0, T||zo(¢)| > 0}, then meas(£2) > 0. Because ||ux|l, — +00
(k — 00) and |ug(¢)| = |zx(2)| - ||tk |4, s0 for £ € 2, one has |u(t)] — +00 (kK — 00). On the
one hand, by (2.3), (2.7), (3.1), (3.2), we have

T
/ Fl(t, lxlk) dt
0

h h Y
L+ [ﬂl—myukmy" . °“—(°)|uk(0)y"] - / Fot, ug) dt — 1)
)4 pB2 §23) 0

1[ BT h(0 1 (7
||uk||1’+—[’31—()+0“—()]||uk||1;0+—/ b1(t)|u|"dt + D
pL B a rJo

1 nT h(0)\ M? 1
< —||uk||p[1 + (ﬁlﬂ—() . ))—] +~llbilllully + D,

) a; A

1 WT) ah(Q)\MP] M .
s—nukn{;[u(ﬁl +——— )= [+ = ballps ull}, + D.
V4 B2 o A rAT'p

Since @ >p>r>1,so0

TR,
/ B 4y < o1), k- oo (33)
o lullg

On the other hand, according to Fatou’s lemma, the properties of 2 and (Hs), one has

T
Fi(t,u . Fi(t,u . Fi(t,u
lim/ 1 ek)dtzhm/ i :)dt:hm/ i l;)izk(t)|9dt:+oo.
koo Jo  [luxlly k—oo Joq  llukllf, k=00 Jo |ui(2)]

This is a contradiction to (3.3).
Case 2: zo = 0. According to the continuity of f, there exists dy > 0 such that

|ufi(t,u) - OF (t,u)| <do, VIu| <dw,t€[0,T].
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Combined with condition (H;), we get
ufi(t,u) — OF (t,u) > —dq|ul’ —dy, V|ul€R,te[0,T]. (3.4)

According to (1.2), (2.3), (2.7), (2.9), (3.1), (3.2), (3.4) and Holder’s inequality, we have

_ 0D+ Dlluglly _ 010s) — (I'(we), )

P »
NItk lla NItk Il

T
> (g - 1) + W/o [snfi (8, ux) — OF (¢, wi) ] dt

T
LP /(.) [ukf2(t’ ux) — 6F(t, uk)] dt

”uk”u

(9 1) ! /T(d| P+ do)de - — ( +1>/ by (Ol dt
—=1)-— Ui Uk
» Nl Jo T el '
9 T |yl Td, 1 (6 )
> (94 —d/ dt - - Z 1) 1Bl
(p ) T A ARTAY i
0 T Td, 0 M r
z(——l)—ah/ \zl? dt — —— —( +1)||b1||L1 Nl
p 0 r

lloarc|I% T
0
>{—--1), k— oo
p

It is a contradiction. Therefore, {u;}ren is bounded in E*?. Suppose that the sequence

{ux}ken has a subsequence, still denoted as {u }ren, there exists u € E*? such that u — u
in E*?, then u; — u in C([0, T],R). So

(I'(ur) = I'(w),u —u) —> 0, k— oo,
foT [f (& ur (@) = f (& u(@)][ur(t) — u(®)] dt — 0, k — oo,
lur(T) —u(T)P — 0, k— oo,

lu(0) —u(0)]” — 0, Kk — oo.

Since

T
e — w2 = (1) = I o)y — )+ [ [ (i) — £ (& ®) ][ (®) - ()] e
0

D 1y - u - D 0) - wo)
B2 o2
so ||ux — u)|ls — 0 (k — 00). O

The proof process of Theorem 1.1 is given below, which is structured into four steps.

Proof of Theorem 1.1 Step 1. Obviously, 1(0) = 0. According to Lemma 3.1, I € C}(E*?,R)
satisfies the (PS) condition.

Step 2. We will prove that condition (i) in Lemma 2.10 holds. By (H;), for Ve > 0, there
exists a constant § > 0 such that

Fl(t7u)§8|u|p! Vi e [Or T])|M| 58 (35)
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For Vu € E*?, by (2.2), (2.3), (2.7), (3.2), (3.5), one has
1 T 1 T 17
1) = S —/ F(t,u(®)) de = ~ull? —e/ P di - —/ by(O)|ul” dt
P 0 p 0 rJo

1o 1 (7 , 1 .
= —llullf-e-— | a@lul’ dt— b1l llulls
P ap Jo r

7

1 e
> —|lull? = —lull? = ———= b1l |ul
> —[lullf . llullf AT D1l I,

1 ¢ M _
_ [(; . a—) - bl ”] luel,.
0

Choose ¢ = ’2’—;, we obtain

7

1) = [i -

o M—,/pllblllyIIMIIZ_”}HMII’;'

7l 1
Let p = (W)Hﬁ n= épp, then for u € 9B, one has I(u) > n > 0.

Step 3. We will prove that there exist e € E*” and |e||, > p such that I(e) < 0, where p is
defined in Step 2. According to (H3), there exist two constants ds,ds > 0 such that

Fi(t,u) > dy|u|® —ds, Vte[0,Tl,ucR. (3.7)

So, for Yu € E*?\{0}, £ € R*, by (2.3), (2.7), (3.7) and Holder’s inequality, we get

T
1w < e + gnuugo(w N “1’“0’) _dzs,r@/ ulf dt + dsT
)4 )4 B2 o 0

& M ”u”p<ﬂ1h(T) alhm))

< Z ull? + _
R

Ll A i
Ba (2%

[

— | T 2
_d2,§9<Tp99/ yu(t)|"dt>p +dsT
0

1 MP (T h(0 -6
< —sp[l ; —(ﬂl—() ; m—”)}nuuﬁ — g T ully + dsT.
A B2 a

Since 6 > p, the above formula implies that when & is sufficiently large, I(§ou) — —oc0. Let
e = &u, one has I(e) < 0, so condition (ii) in Lemma 2.10 holds. From Lemma 2.10, we
know that I has one critical value ¢V) > 5 > 0 as follows:

1) _
¢ = inf max I(g(s)),
gellse(0,1] (g( ))

where
I'={geC(0,1],E*") :g(0) = 0,g(1) = ¢}.
Therefore, there exists 0 # ") € E%” such that
)=V =>n>0, I'@Y)=o0. (3.8)

That is, the first nontrivial weak solution of (1.1) exists.
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Step 4. It is known from (3.6) that / is bounded below in B,. Choose ¢ € E*? such that
@(¢) #01in [0, T]. For VI € (0, +00), by (2.7), (H3), and (H,), we have

T
Ig) < ’;fnwnz[l i Aﬁ<w . W)} . /0 Ey(t,lp(0)) dt

A B2 o
I MP [ Bih(T)  a1h(0) T (35)
— '3 - 1 o1 _gr r
spnwna[H A( 0 )} z/o b)) d.

Thus, from 1 < r < p, we know that, for small enough [, satisfying ||lo¢|l, < p, one has

I(lyp) < 0. Let u = lyp, one has
? =infI(u) <0, lullz < p,

where p is defined in Step 2. Then, according to the Ekeland variational principle, there

exists a minimization sequence {vi}xeny C B_p such that
I(vg) — 2, I'(vi)) > 0, k— oo.

That is, {vi}ken is a (PS) sequence. According to Lemma 3.1, I satisfies the (PS) condition.
Therefore, ¢ < 0 is another critical value of I. So there exists 0  u'? € E%? such that

I(u(z)) =@ < 0, ||u(2) ||a <p. O
The proof of Theorem 1.2 is given below.

Proof of Theorem 1.2 The functionals ® : E*” — R and W : E*” — R are defined as fol-

lows:

a1h(0)

§4%%)

Brh(T)

p
0B |u(T)| +

|u(0)

O (u) = lllull" + p U(u) = /TF(t u(t)) dt
_p a ) = o » »

then I(u) = ®(u) — AV (u). Through simple calculation, we get

UEEYP

T
inf ®(u)=P(0)=0, v(0) = / F(£,0)dt = 0.
0

Furthermore, ® and ¥ are continuous Gateaux differential and

T T
(CD’(u),v) = / h(t)qbp(gD‘;u(t))gD‘t"v(t) dt +/ a(t)q&p(u(t))v(t) dt
0 0 (3.10)
+ Al(T) d)p(u(T))v(T) + 21h(0) ¢>p(u(0))v(0), Yu,v e E*?,
T
(\I//(u), v> = / ftu@)v(t)dt, Vu,veE?. (3.11)
0

In addition, @' : E*? — (E*?)* is continuous. Next, we prove that W' : E*? — (E*“P)* is
a continuous compact operator. Assuming that {«,} C E*?, u, — u (n — 00), then {u,}
uniformly converges to u on C([0, T]). Because f € C([0, T] x R,R), so f(¢,u,) — f(¢,u)
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(n — 00). Thus ¥'(u,) — ¥'(u) as n — oo. Then, V' is strongly continuous. From Propo-
sition 26.2 in [21], ¥’ is a compact operator. And then we show that ® is weakly semi-
continuous. Assuming that {u,} C E*?, {u,,} — u, then {u,} uniformly converges to u on
C([0, T1), and liminf, .o [|t4u [l = l|#]|4- So,

B1A(T) }u (T)|p + a1h(0) |M (0)|p>
n P n

pB2
h(T)
> Ly + 1D o)+
p pB

liminf ®(u,) = hmlnf(— lleenllZ +

n—00

“1h(0)| O) = d(w).
pes

Thus @ is weakly semicontinuous. In addition, we will show that @’ is coercive and has a

continuous inverse on (E*?)*. For u € E*?\{0}, by (3.10), one has

(@) . lulle+ BER P + 2 u(0)?

lulg—+oo  |lell, — lulg—+oo llull,

= +0Q,

then @’ is coercive. For Yu, v € E*#, by (3.10), we obtain

<<I>'(u) -’ (v),u— V)

T
- [ W06, § D) - 00§D () - i) e

T
N / al0)(6,(1(0)) - by (v9)) (t) (D)) dt

/31 (T)
B2
alh(O)

(6 ((T)) = &, (U(T))) (u(T) = A(T))

(¢p( (0) = ¢ (v(0))) (U(T) - (0))

T
= [ W06 (§Dr0) - 0y(5 5 10) G Dt - S ()

T
N /O al0) (6, (u(0)) - b (v0)) (0) — (D)) .

From [22], we can see that there exist constants c,, d, > 0 such that

(CD’(u) -’ (v),u— V)

¢ [ HOISDEu() - SDEVOF +ald)lu(e) - vOP dt, p=2 (3.12)

= T hOISDLu®-SDVO”  a®)u(t)—v mz dt,

l<p<2.
rJo (\gD‘t"u(t)MgD‘;v(t)Uz_p (l(e) | +Iv(e) ) > p

If p > 2, then

(@' () - @' (V) u—v) = cpllu—VIE.
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Consequently, @’ is uniformly monotonous. If 1 < p < 2, by Holder’s inequality, one has
T
/0 |§D2u(t) - SDv(®)|” dt

T C o C o 2 r .

D%u(t) — s DSv(t 2 p-p)

SC(/ C|oat (®) D <>|2pdt> (ll, + 1) 52,
o (EDEu(®) + 1EDEV(E)))

SO

T
[ @l D1u0) =, (5D v00) (D ) - §DEv(0)

c T c c , 1%
> ([ i - S0 ae)

Combined with (3.12) and (3.13), we obtain

(3.13)

cllu-vl;

P’ P’ — _—
(@) = W v} = o

Thus, @’ is strictly monotonous. From Theorem 26.A(d) in [21], (®')7! exists and is con-
tinuous.

The second step is to verify that condition (i) in Lemma 2.12 holds. If x € E*? satisfies
®(x) < r, then by (2.3) one has
(th

A
\(0)|” ||x||f;> (BT

I3
P ) + —

o) = < + PAD)
p pB2

and

A 7, Mp
[xe 7 () < r} € Ja: = |xll2, < 7| = {x: Il < B
pMP A

e sn(2)|

Thus,

T T
sup{W(x): d(x) <r} = sup{/o F(t,x(t)) dt : ®(x) < r} < /0 max  F(tx)dt,

x| <M(rp/ A)VP

combined with (1.5), we get

sup{W(x) : ®(x) <r} Sup{fo x(8) dt : @(x) <r}
r r

T
- Jo MAX || p1(pra)1P F(t,x)dt

r

p [y F(t,0(t))dt W(w)

< )
ol + 22D (TP + 29|y (0)p — Plw)

which implies that condition (i) of Lemma 2.12 holds.
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The third step is to prove that, forany A € A, = (4;,A,), the functional ® — AW is coercive.
For x € E*?, by (1.3), (2.3) we have

llf.  (3.14)

T T B
8 LTM
/0 F(t,x(t))dtsL/o (1+ |x(6)|")dt < LT + LT||x|1f, < LT + 7

For x € EP, 1 € A,, by (3.14) we get

Brh(T) (D) + a1h(0)

p
ph2 bo |x(0){

1
P(x) = AW (x) = —[lx[17 +
p

LTM? B
LA Lj /3/17 ”x”g .
Ifo< ﬂ <p, for all A > 0, one has

lim  (P(x) - AW (x)) = +00.

ll¢lla—+o00
Obviously, the functional ® — AW is coercive. If 8 = p, we obtain

ALT MP
A

O(x) —AW(x) > (}9 - ) ll%]|2 = ALT.

Choose

T
A MAaX |, 1570017 F(t,x)dt
prTMp

L<

’

4
for A < A,, one has [la - % > 0. Thus,

lim (CD(x) - A\IJ(x)) = +00.

lxlla—+00

So ® - AW is coercive. Therefore, the conditions in Lemma 2.12 are all true. By Lemma 2.12,
we get that, for each A € A,, the functional 7 = ® — AW has at least three different critical
points in E*“P. |

Finally, the proof process of Theorem 1.3 is given.
Proof of Theorem 1.3 In the first step, I € C'(E*?,R) is bounded below. By (H), one has
[F(t,w)] < b@Olul",  V(t,w) € [0,T] x R.

Combining (2.3) and (2.7), we can get

T
I(u):;llullﬁ+ %|u(T)|p+£(20)|u(0)|p—/o F(t,u(t))dt
1 T 1 T
- p_ - p_ r 3.15
= >l /OF(t,u(t))dtzpllulla /Ob(t)|u| dt (3.15)
1 1 M

= —llullf = 16l el = l;llull’; - D111 el

Arilp

N
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Since 1 < r; < p, (3.15) indicates that I(z) — oo as |u|l, — o0, so I is bounded be-
low.
In the second step, I satisfies the (PS) condition on E*?. Assume that {u;} C E*? is a

sequence such that
)| <D, I'ux) >0 (k— o0),

where D > 0is a constant. Then (3.15) shows that {u }xcn is bounded on E*?. Suppose that
the sequence {u; }rey has a subsequence, still recorded as {uy }xen, there exists u € E*? such
that u; — u in E*?, then u; — u in C([0, T],R). So

(I'(ug) =I'(w),u —u) - 0, k— oo,
IV () = £ (& u@) [ (0) - u(®)] dt — 0, k — oo,
lux(T) —u(T))P — 0, k— oo,

|ux(0) —u(0))? — 0, k— oo.

Since

T
ot =l = (I' (i) = 1' (), — ) + | [F (& () = f (£ (2)) | [ () — ()] dt
0

Brh(T)
Ba

»
’

(D) (T - 2214 0) - 0

so ||ux — ull, = 0 (k — o0). This means that u; — u in E*?. That is, I satisfies the (PS)
condition on E*?. In addition, (2.7) and (H1o) indicate that I is an even functional and
1(0) = 0.

Fix n € N, then take # disjoint open intervals I1; such that UZ,I1; C II. Let u; €
(WL2(11;, R) N E*P)\{0} satisfy ||u;||, = 1, and remember

E, =span{uy, uy, ..., uy,}, Sn={M€En|||M||a=1}'

Therefore, for u € E,;, there exists A; € R such that

u=y hu, Vtel0,T], (3.16)

i=1
then

T
llull? = /0 [a(®)|u®)]" + h(t)|§ DX u)|"] dt

= Zl |)»i|p /ni [(l(t)|bti(t)|p + h(t)\gD‘t"u,(t)V?] dt (317)

n n
= Pl =Y ilP, Vu €k,
i=1 i=1
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For u € S,,, by (2.2), (2.3), (3.16), and (Hg), one has

1
I(su) = —||sull? + |su(T)|p +
p

p 14 T -
Sﬁnu'mﬂ(ﬁlh( )+a1h(0))“u“;;o_2/ F(t, ) dt
P p *2 i=1 T

BiH(T) ah(©), [T
pT pTz|su(0)| —/0 F(t,su(t))dt

B2
(3.18)
|Slp[ MmP <,31h(T) Ollh(o))]
<—|1+— +
p A B2 a0
I . r T SAl/p
—nls| 2;IMI 2/r1i|ui|2dt’ O<s=—mts

,,,,,

exist €,0 > 0 such that
Ilou)<—€, Yues,. (3.19)

Let

S§? ={ouluesS,}, A= {(Al,kg,...,k,,)eR”

n
D il < o"},
i=1
then by (3.19) we obtain
I(u)<-€, Yues,.
Combining I is an even functional and 7(0) = 0, we get
S, CclfeX.

In addition, it can be seen from (3.17) that the mapping (X1, X2,...,A,) = Z;’zl Aiu; from
dA to S7 is odd and homeomorphic. Thus, according to some properties of the genus
(Propositions 7.5 and 7.7 in [19]), one has

y()zy(S))=n
Therefore I ™€ € X, so X, # ¢. Let
ch = Aienzfn sup, el ().

Then, since / is bounded below, we can get —oo < ¢, < —€ <0. That is, for Vn e N, ¢, is a
negative real number. Therefore, according to Lemma 2.11, I has infinitely many nontrivial

critical points, that is, problem (1.1) has infinitely many nontrivial weak solutions. O
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4 Conclusions

This paper mainly explores the multiplicity of solutions for a fractional p-Laplacian dif-
ferential equation with Sturm-Liouville boundary value conditions. By employing vari-
ational methods, the multiplicity results of weak solutions are obtained under the con-
ditions of p-suplinear growth, p-sublinear growth, and the combination of p-suplinear
growth and p-sublinear growth. Compared with the existing related work, the research
results of this paper weaken the existing related conditions and improve and enrich the
related results to a certain extent.
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