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degenerate versions, we construct the generalized degenerate Bernoulli numbers

and polynomials by means of the Gauss hypergeometric function. In addition, we
construct the degenerate type Eulerian numbers as a degenerate version of Eulerian
numbers. For the generalized degenerate Bernoulli numbers, we express them in
terms of the degenerate Stirling numbers of the second kind, of the degenerate type
Eulerian numbers, of the degenerate p-Stirling numbers of the second kind and of an
integral on the unit interval. As to the generalized degenerate Bernoulli polynomials,
we represent them in terms of the degenerate Stirling polynomials of the second
kind.
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1 Introduction

We have witnessed in recent years that many interesting arithmetic and combinatorial re-
sults were obtained in studying degenerate versions of some special polynomials and num-
bers (see [7—13] and the references therein), which was initiated by Carlitz when he intro-
duced the degenerate Stirling, Bernoulli and Euler numbers in [3]. The studies have been
done with various different tools such as combinatorial methods, generating functions,
umbral calculus, p-adic analysis, differential equations, special functions, probability the-
ory and analytic number theory. It should be noted that studying degenerate versions can
be done not only for polynomials but also for transcendental functions. Indeed, the de-
generate gamma functions were introduced as a degenerate version of ordinary gamma
functions in [9]. The degenerate special polynomials and numbers have potential to find
diverse applications in many areas just as ‘ordinary’ special polynomials and numbers play
very important role in science and engineering as well as in mathematics. Indeed, it was
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shown in [10, 11] that the expressions of the probability distributions of appropriate ran-
dom variables can be represented in terms of both the degenerate A-Stirling polynomials
of the second kind and the r-truncated degenerate A-Stirling polynomials of the second
kind.

In [14], Rahmani introduced a new family of p-Bernoulli numbers and polynomials by
means of the Gauss hypergeometric function which reduce to the classical Bernoulli num-
bers and polynomials for p = 0. Motivated by that paper and as a degenerate version of
those numbers and polynomials, in this paper we introduce the generalized degenerate
Bernoulli numbers and polynomials again in terms of the Gauss hypergeometric function
which reduce to the Carlitz degenerate Bernoulli numbers and polynomials for p = 0. In
addition, we introduce the degenerate type Eulerian numbers as a degenerate version of
Eulerian numbers. The aim of this paper is to study the generalized degenerate Bernoulli
numbers and polynomials and to show their connections to other special numbers and
polynomials. Among other things, for the generalized degenerate Bernoulli numbers we
express them in terms of the degenerate Stirling numbers of the second kind, of the de-
generate type Eulerian numbers, of the degenerate p-Stirling numbers of the second kind
and of an integral on the unit interval. As to the generalized degenerate Bernoulli poly-
nomials, we represent them in terms of the degenerate Stirling polynomials of the second
kind. For the rest of this section, we recall the necessary facts that are needed throughout
this paper.

For any A € R, the degenerate exponential functions are defined by

€(f) = Z(x)n,x%,ex(t) =e (1) (see[6,9)), 1
n=0 '

where (x)ox = 1, (%) = 2(x =) - (¥ — (n — 1)A) (n > 1). Note that lim; ¢ €} (¢) = e*.
Let log;, () be the compositional inverse function of e, (t) with log, (e, (¢)) = e; (log, (¢)) =
t. Then we have

o n

log,(1+£)= 34" H(Upun s (see 7). @)

n=1

In [7], the degenerate Stirling numbers of the first kind are defined by
() = ZSI,A(”I; D) (n>0), 3
1=0

where (x)g=1,(x), =x(x - 1)x-2)---(x—n+1) (n>1).
As the inversion formula of (3), the degenerate Stirling numbers of the second kind are
defined by

@ = Y Soa(m k)@ (1> 0) (see [7]). (4)
k=0
From (3) and (4), we note that

1 0 "
i (log, (1 + t))k = XI;SM(H’I()E’ (5)
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and

%(ex(t) - 1)k _ ;52,/\(”: k)fq—n! (k > 0) (see [7]).

It is well known that the Gauss hypergeometric function is given by

a,b
oF <
c

where (a)g=1,{a)y=ala+1)---(a+k-1),(k>1).
The Euler transformation formula is given by

b —a,c—b
oF; <ac x) =(1-x)*"F (C aCc

— (@) (b &+
= — 1,2,12]),
x) 2 or & (see [ 1)

x) (see [1, 2]).

(6)

7)

8)

The Eulerian number ( ,':) is the number of permutation {1,2, 3, ..., n} having k permutation

ascents. The Eulerian numbers are given explicitly by the finite sum

k+1
<7> - Z(—w‘(’“ 1)(k—j+ V" (mk=0,n>k)
K

j=0 J

and

<Z> =n! (see[4,5]).

k=0

For n,m > 0, we have

<Zq> - _ZSQ(VI, ) (n,;k) (~1)" k1 (see [5))
k=0

and

" K
X' = Z<Z> (x; ) (see [4, 5]).

k=0

Recently, the degenerate Stirling polynomials of the second kind were defined by

%(ex(t) BWAUE ZSz,x(n,klx)g(k >0) (see[8]).
! s !

Thus, by (13), we get

Spulm,klx) =" <7)52,x(l: K@)t (see [8)
1=k

(10)

(11)

(12)

(13)

(14)
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n

<’;)52,A(1, K@)ty (1> 0).

1=0
For x = 0, Sy, (1, k) = Sy,,(n,k|0) (n,k = 0,n > k), are called the degenerate Stirling num-

bers of the second kind.

Carlitz introduced the degenerate Bernoulli polynomials given by

- p
mex(t):;ﬂn,k(x)a (see [3]). )

When x =0, B, = B,,.(0) (1> 0), are called the degenerate Bernolli numbers.

2 Generalized degenerate Bernoulli numbers
By (1) and (2), we get

ex(ti -1 e,\(t; 1 Z)‘n_l(l)n,m%(ex(t) -1)" (16)
n=1
k
Ry (li)fll,l/x ' %(ek(t) ~ l)k

MDr1n v
k+ 1 ZSz)\ n, k —

I
1M zmz 20

(D ¢
(ZTS“(”"‘) i

Therefore, by (15) and (16), we obtain the following theorem.

Theorem 1 For n > 0, we have

=k Q)ks
Bun = Z Msm(ﬂ,k).

Py k+1

Replacing ¢ by log, (1 + £) in (15), we get

log, (1 +17)
enlog, (L+2)—1 Zlgkk (log, (1 + )" 17)

00 0 o

= Z B ZSI,A(H’ k)a
k=0 n=k
00 n o

= Z (Z Si.(n, k)ﬁk,x) -
n=0 n

k=0

On the other hand, by (2), we get

log, (1 +¢) 1 1 o "

t
—_ =1 1+¢t)=- )\”_lln — 18
e (log,(1+2)-1 ¢ 0g:(1+0) tZ ()'mn! (18)

n=1
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i M D1 t"
n+l nl’
n=0

Therefore, by (17) and (18), we obtain the following theorem.

Theorem 2 For n > 0, we have
- 1
ZSI,A(W: K)Brp. = ——=A"(Dus1,1n-
n+1
k=0
From (15) and (16), we note that

o] o]

t" 1 " 1 "
;'B}ME = m ;K 1(1);1,1/)»% (e;\(t) - 1) (19)
B N (1) (D)1, 5A" 0l (1 - e5(8)"
- ; (n+1)! n!
e (=1 (- e (0)”
B ; (2)n n!

In view of (19), we may consider the generalized degenerate Bernoulli numbers given in

terms of Gauss hypergeometric function by

1—)»,1
2F1<

p+2

1-e(t ) Zﬁ (20)

where p € Z with p > —1. When p =0, ﬁ,(f; = By, (m>0).
Let us take p = —1 in (20). Then we have

oo

pt" 1-A,1
2,3,(1,,\1)—' =oF 1-e(2)
o n! 1

:Z()\.—l)n (ex(t)_].)n:Z<A_1>(ek(t)—1)n (21)

By comparing the coefficients on both sides of (21), we get
BEY == Dy (2 0). o)

From (20), we note that

=t (121 _ o (= Ak (- e (@)
> B0 -f<p+2ﬁwwv-23quk M (23)
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o k
M (Drernk! 1
)! t
;% @+k+D'kxk() '
o k
M (D!
)! Sy (n,k
%: (p+k+1) E:ZA )

— o n )‘-k(l)/@rl,l/k i
_;(Zwsz,,\(n,k) -

k=0 p+1

Therefore, by comparing the coefficients on both sides of (23), we obtain the following

theorem.

Theorem 3 Forn > 0and p > -1, we have

"k
ﬂip))\ _ Z (Dis1,/ S22 (1),

()

From (6), we get

Lk

Zszx n, k n‘ (ex(t) - 1) %Z (1)(—1)k_lelk(t) (24)

: t =0

-y = (), ) -

By (24), we get
g KiSy,(m k) ifn>k,
D)%), = ' 25

;<l>( F O IO otherwise. 25

Let A be a difference operator with Af(x) = f(x + 1) — f(x). Then we have

A=Y (Z)(—l)”kf(x LK),
k=0

From (25), we have
k1S3, (1, k) = AX(0), (m,k > 0,1 > k). (26)

In the light of (11), we may consider the degenerate type Eulerian numbers given by

— - k\ 2%(0),,
™" <:1>A =Y MWk (nm ) (k!) 2, (27)

k=0

By (26) and (27), we get

e [ 1 _nim X n-k
(-1) <m>1_2}h (1)k+1,1/x( . )Sz,x(n»k). (28)

k=0
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We observe that

n n n-k _k
Z)»k(l)ku,l/xsz,x(n» k)(t+ 1)k = Z)»k(l)ku,l/xsz,x(?ly k) Z (nm )tm (29)

k=0 k=0 m=0

n n-m _ /
- Z(Z (D135 (n, k) (”m ‘))r’"

m=0 \ k=0
n
- Z(_l)”*m < ”> e,
m=0 m A

From (29) and Theorem 3, we note that

- +hk+1\1
,352 = Zkk(l)ku,m (p X ) Sy (n, k) (30)
k=0

" 1
=(p+1) Z)»k(l)ku,l/,\sz,x(ﬂ,k)/ (1 —t) dt
k=0 0

1 n ¢ n-k
=(p+1) Zkk(l =" (De1,10.52.(1, k)(l + I——t) dt

0 k=0

! " " In he t k
:(p+1)/0 (1-1¢) thZO:<k>A(-1) k(:) dt

=(p+1) Z<Z> (-1)"* /0 1(1 — 1)Kk dy
A

k=0
~ " In (= K)\(p + K)!
_(p+1)k2;’<k>k(_l) (p+n+1)

p+l /n kP71 -
= — -1 .
n+p+1k2=(;<k>k( ) <p+k>

Therefore, by (30), we obtain the following theorem.

Theorem 4 For n,p > 0, we have

n -1
) p+1 n kP71
=— -1 .
Pun n+p+lz<k>k( ) <p+k)

k=0

Let r be a positive integer. The unsigned r-Stirling number of the first kind [Z]r is the
number of permutations of the set [1] = {1,2,3, ..., n} with exactly k disjoint cycles in such
away that the numbers 1,2,3,...,rare in distinct cycles, while the r-Stirling number of the
second kind {Z}r counts the number of partitions of the set [#] into kK non-empty disjoint
subsets in such a way that the numbers 1,2,3,...,r are in distinct subsets. In [13], Kim
et al. introduced the unsigned degenerate r-Stirling numbers of the first kind [Z]M as a
degenerate version of [Z]r and the degenerate r-Stirling number of the second kind {Z}

A
as a degenerate version of {Z}r It is well known that the degenerate r-Stirling numbers of
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the second kind are given by

=Y {” ”} @i (2= 1) G1)
WA

k+r
k=0 r

From (31), we note that

1 = ¢
E(e,\(t)—l)ke;(t):;{Zi:}mﬁ (k=0,r=1). (32)

By the Euler transformation formula in (8) and (32), we get

t 1-1
p+2

n=0

1- e;\(t)> (33)

i LA+ I (- e ()
—e‘; (t); (p+2)k k!

1 2k —1)k
Pt (1) psrs1,1m (-1) (ex(t) B 1)kef+k(t)
Dpan iz P+ k+1 k!

__ptl > Ak(1p+k+11//\ ki{rnﬂ?} tm(1+kt)
(1)per1/n pan prk+1 —~ k+p 5 !
i p+1 &AL parstn (_l)k{””p} tm(l At)
oo (Dpran iz prk+l ke

i p+1 i )‘k<1>p+k+1,1/k (—l)k{n +p} ﬁ
Dperanm P p+tk+1 k+p PR n!

n=0
[e'9) n-1
1 1) ks 1 t"
+Z np + )Z ()pkll/,\(_ )k{n+p } -,
el (1)p+1,1/)\ o p+ k +1 k +p X n.

where (x)0, =1, (X)nn = ®(x+A)--- (x+(n—1)A)(n > 1). Therefore, we obtain the following

theorem.

Theorem 5 Forn>1and p > 0, we have

n

0 _ p+l M Dprirran )k{n+p}
M (Dperam 475 p+k+1 k+p
A p+1) = ML) pars11n 4 k{” +P—1}
MWpian i prk+1 k+p |,
Note that

+k)! [+
tim g - 2L 5y 22 B { ”}
o= p+k+1lk+p
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From Theorem 3, we have

o I kD, o
Z ) ,=§<Zﬁ5u(”»k)>a (34)

n=0 n k=0 p+l

> W L, )

w () K

i pik! 1
=(p+1) Z Cops 1),)»k(1)k+1,1/xﬁ(€x(t) - 1)k
[e'9) 1
—(p+1) Z /(+11/A( _e)\(t))k/ (l—x)pxkdx
k=0 0
) o] . r-1 X 1 X
_(p+1)§(-1) ( f )(l—ex(t)) /O(I—x)"x dx
1
:(p+1)/“(1_xw(1_x(1_exu»)”'dx
0

Therefore, we obtain the following theorem.

Theorem 6 For p > 0, we have

Zﬁnl '—(p+1/(1 x)”l x( —ek(t)))

3 Generalized degenerate Bernoulli polynomials
In this section, we consider the generalized degenerate Bernoulli polynomials which are
derived from the Gauss hypergeometric function. In the light of (20), we define the gen-

eralized degenerate Bernoulli polynomials by

1- e;\(t)> ex(2). (35)

o0

t" 1-A,1
Zﬁ,(ﬂ)(x)—, =oF
— n! p+2

When x =0, ,BSX(O) f}(p) (n > 0). Thus, by (35), we get

213 (x)— =.F (lp—+k,21

n=0
S | m
_ wt L
=D B D@
=0 m

=0

(S pe);

=0

1- ex(t)> ey (z) (36)

Therefore, by comparing the coefficients on both sides of (36), we obtain the following

theorem.
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Theorem 7 For n > 0, we have

B (x) = Z (;l)ﬁl,(ﬁ)(x)nz,x-

=0

From (35), we note that
o0
d ®) t"” 1-A,1 d
,,2:1: d_x'B”’k(x)E =,F ( P2 ’ —ex(t)> —xe,\(t)

L) (1 + At)F 1-41
= —log(1 +
A & 2 p+2

1- e,\(t)) e (t)

=141

SRRy (O ) o LN
B R b
[ Bl @)
_Z<, e b

Thus, we have

x)—Z( A ()ﬂ )

Proposition 8 For n > 1, we have

x)—Z( A ()ﬂ )

By (13), we easily get

S Suulnkls) - L0 -1 00

n=k
k
1 k
_ E Z (l)(_l)k ) l+x(t)
© =0
[ k
1 t"
= Z (—, Z(—l)k_l(l + x)n,A) o
n=0 =0
Thus we have
5> (k)(—l)“(z T
kia=\1 ' 0, otherwise.

From (37), we note that

1
Sl klx) = FAk(x)n,,\ (n=>k).

37)
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Lemma9 For n,k > 0 with n > k, we have
N
Solm klx) = FA Ky (m=k).

Now, we observe that

oo | 1
Z Z P+ o l)lxk(l)k+1 Ak (ex(t) - )e’,{(t) (38)
n=0
- Z (1)1;++1k1+/1)\)» 252 2 (1, klx
k=0 ( p+1
00 n % ;
- Z(Z %Sz,x(n,klx))t—‘
n=0 \k=0 ( p+l ) n

Therefore, by (38), we obtain the following theorem.

Theorem 10 For n > 0, we have

k
B () = Z Whn g k).

i

Remark 11 Let p be a nonnegative integer. Then, by Theorem 7 and (35), we easily get

peen =3 (1)owon s n=o,
k=0

B +1) - B (x)—Z(Z)ﬁi’f’;(xxnn_k,x (n=>1),

k=0

B mx) =y (Z) B @) m = 1" W) pkpymar (1= 0,m = 2).
k=0

4 Conclusion
This work was motivated by Rahmani’s paper [14] in which a new family of p-Bernoulli
numbers and polynomials was constructed by means of the Gauss hypergeometric func-
tion. This family of numbers and polynomials generalizes the classical Bernoulli numbers
and polynomials, in the sense that they reduce to the classical Bernoulli numbers and
polynomials for p = 0. In the light of the regained recent interests in them, we were in-
terested in finding a degenerate version of those numbers and polynomials. Indeed, the
generalized degenerate Bernoulli numbers and polynomials, which reduce to the Carlitz
degenerate Bernoulli numbers and polynomials for p = 0, were constucted in terms of the
Gauss hypergeometric function. Moreover, the degenerate type Eulerian numbers were
introduced as a degenerate version of Eulerian numbers.

In this paper, we expressed the generalized degenerate Bernoulli numbers in terms of the
degenerate Stirling numbers of the second kind, of the degenerate type Eulerian numbers,

of the degenerate p-Stirling numbers of the second kind and of an integral on the unit
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interval. In addition, we represented the generalized degenerate Bernoulli polynomials in
terms of the degenerate Stirling polynomials of the second kind.

It is one of our future projects to continue pursuing this line of research. Namely, by
studying degenerate versions of some special polynomials and numbers, we want to find

their applications in mathematics, science and engineering.
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