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1 Introduction

We study the following Kirchhoff-type equation with concave-convex nonlinearities:

(@+ X fo3 [Vul* + Ab [o3 u?)(—Au + bu)
= QM) |ulP u + kG(x)|u| 'y, xeR3, (1.1)
u e H'(R?),

where a >0,b>0,A>0,k <0, pe(3,5), g€ (0,1), and Q,G € C(R3 R") satisfying the
following conditions:

(Q1) There exists B € [0,p — 2) such that limsup,_, , % < +00;

(G1) G(x) € L*(R3,R").
In recent years, the following elliptic problem has been investigated by many researchers
[1,3,6,9,17,20]:

—(@a+Db o IVul>) Au=f(x,u), xR

1.2
u e H'(R3), (12

where f € C(R® x R,R) and a > 0, b > 0. The term fR3 |Vu|? in (1.2) has an interesting

physical application. Moreover, this problem is related to the stationary analogue of the
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following equation proposed by Kirchhoff [10]:

Uy — (a + b/ |Vu|2>Au = f(x, u). (1.3)
Q

Inspired by the variational framework given by Lions [12], problem (1.3) has been inves-
tigated by many researchers, and the reader is referred to [5, 7, 11, 13, 19, 22] and the
references therein for more details.

Shuai [16] studied the ground state sign-changing solution of problem (1.2) by using
Brouwer degree theory, where f(x, 1) is replaced with f () with the following hypotheses:

(f): f(s) =o(|s]) as s — 0;

(f3): Forsome constant p € (4,2*), lim,_, oo S% =0,where2* = +oofor N =1,2and 2* =6

for N =3;

(f3): limy_, o0 % = +00, where F(s) = [, f(¢) dt;

(1) {S(—‘Sg) is an increasing function with respect to s € R \ {0}.

Huang and Liu [8] obtained the ground state sign-changing solutions of problem (1.4)
with accurately two nodal domains

—(1 + A/ (|Vu|2 + V(x)uz)) [Au + V(x)u] =|ufPlu, xeRN, (1.4)
RN

where p € (3,5), A >0and V € C(RV,R) is to ensure the establishment of compactness.
Deng et al. [4] showed the existence of radial sign-changing solutions ui of problem (1.5)

—(@+Db o IVul>)Au+ V(x)u =f(x,u), xR 5)
u e H\(R®), '
by constrained minimization on the Nehari manifold, where k is any positive integer. Ye
[21] studied the existence of least energy sign-changing solutions for problem (1.5), where
f(x,u) is replaced with f(u).
Shao and Mao [15] got at least one sign-changing solution of problem (1.6) with concave-

convex nonlinearities

—(a+b [, |Vul*) Au = pg(x,u) + f(x,u), ing,
u=0, ona<2,

(1.6)

by using the method of invariant sets of descending flow.

Motivated by the aforementioned works, we prove the existence of sign-changing so-
lutions with least energy for problem (1.1) with concave-convex nonlinearities and un-
bounded potential by constrained variational methods on a Nehari manifold.

Now we will give the main results by Theorems 1.1 and 1.2.

Theorem 1.1 Assume that (Q1) and (G1) hold, then, fora >0,b >0, 1 > 0, and k <0, prob-
lem (1.1) has one least energy sign-changing solution with accurately two nodal domains.

Theorem 1.2 Assume that (Qy) and (Gy) hold, then, for a >0, b >0, A >0, and « <0,
problem (1.1) has one least energy solution. Moreover m,,_> 2c,, where m;_and c;_ are defined
by (2.3) and (2.5) respectively.
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Remark 1.3 Comparing with Shuai [16], Huang and Liu [8], Deng et al. [4], and Ye [21], the
difference is to consider Kirchhoff-type equation with concave and convex terms, where
Q(x) is unbounded at infinity. Moreover, since H!(R?) < L7*}(R?) is not compact for
q € (0,1), this means that the appearance of concave and convex terms has greatly in-
creased the difficulty of problem (1.1). Shao and Mao [15] got sign-changing solutions for
Kirchhoff equation with concave and convex terms by using the method of invariant sets
of descending flow. However, we want to obtain ground state sign-changing solutions of
(1.1) by variational methods and constrained minimization on the sign-changing Nehari
manifold. It should be addressed that our methods are different to those in [15].

The rest of the paper is organized as follows. In Sect. 2 we give some notations and the
main lemmas related to the proof of our main results. Sections 3 and 4 give the proofs of

Theorems 1.1 and 1.2, respectively.

2 Some notations and preliminary lemmas
Here are some notations to be used in this paper.
« C denotes a positive constant;
+ H'(R?) denotes the usual Sobolev space with the norm [|u[|* = [5s(IVul? + b|u|?);
+ | - | denotes the usual norm L4(R3) for g € [1, 00);
o HYR?):={u:u € H'(R?), u(x) = u(jx))};

o u" :=max{u,0} and u~ := min{y, 0}.
Lemma 2.1 (see Berestycki and Lions [2]) Let N > 2 and u € H:(RN), Then

1-N
2

u()| < Collulr=" forr=1,

where Cy > 0 is only related to N.

Remark 2.2 For any u € H}(R?), by (Q1), (G1), and Lemma 2.1, we have

0< f QW) |ulP*t < Cyl|ulP*!
]RS

and

\ [ | < [ 6wl <G, uif, < i
The energy functional J, € C}(H}(R?), R) is well defined by
1 2 1 4 1 p+1 1 +1
L) = Zallull® + —Allull® - —— [ Q@)ul™ - ——« | Glx)|ul?". (2.1)
2 4 p+ 1 R3 q+ 1 R3

For each u,v € H!(R3),

(]i(u),v):a(u,v)+k||u||2(u,v)—/ Q(x)|u|1’_1uv—/c/ G(x) || uv. (2.2)
R3 R3
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In order to get a sign-changing solution u* # 0 of (1.1), the following functionals need to
be established:

2

)

ACES AT AR U

Vi) = s )} i P
Let us define

M, = fue HYE) s 0,70, u') = [ ,7) = 0]
and

m;, = inf{J, (u) 1 u € M, }. (2.3)
In addition, we define

N = {u € H; (R%) \ {0} : {; (), u) = 0} (2.4)
and

¢ = inf{Jy(w) :u € Ny }. (2.5)

Lemma 2.3 Assume that (Q1), (G1), and u, — u in H}(R®) hold, then

lim / G(x)|u, T = / G(x)|u|7.
R3 R3

n—0o0

In particular,

lim G(x)‘uf’ml:/ G(x)’ui‘qﬂ.
R3

n—00 Jp3

Proof 1f u, — u in H}(R3), then u,, — u in L1(R3) for g € (2,6). According to [18, Theo-
rem A.4, p. 134], we can obtain that |u,|7"! — |u|7"! in L2(R3). By the Hélder inequality,

we have

q+l _ g+l
[ cwnnie - [ G

5/1;3|G<x>|||un|q” |

< |G@),|1al " = ]|, — 0.

Thus, lim, e [z G&)|u,| T = [os Gx)|u|?. Similarly, lim,_ o [pz G&)|uf |7 =
Jrs G@)|ut |4+,
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Lemma 2.4 Under the assumptions of Theorem 1.1. If u € H'(R®) with u* #0, there exists

a unique pair (s, t,) € (0, +00) x (0, +00) such that s,u* + t,u~ € M;. Moreover,

T (sutd” + tyu™) = g}géh (su +tu”).

Proof Let u € H'(R?) with u* #0. Define
a6 0 =as | [ 41t fa |+ 2522 [u o |
— /R 3 Q) |ut[*! — kst /R 3 Go|ut|™, (2.6)
060 =al | [P+ 1t u |+ 2522 o |

— f Q) |u "t — kgt f G| ™. 2.7)
R3 R3

According to Remark 2.2, for « < 0, we have gi(s,s) >0 as s> 0 small and g;(t,£) <Oas £ >0
large, where i = 1, 2. Then there exists 0 < i < v such that

gi(/lﬂ /’L) > 01 gi(v: U) <0. (28)

By (2.6), (2.7), (2.8), we have that

a1, 1) >0, a,t) <0, telwv],

&(s, 1) >0, £(s,v) <0, selu,v].
From Miranda’s theorem [14], there exists a pair (s, £,) such that
gl(sw tu) =0, gZ(Sur tu) =0, U< Sy, by < V.

Thus, s, u* + t,u~ € M,.

Secondly, we prove the uniqueness. Let both (sq,#;) and (sy, ) satisfy u; = s;u™ + tiu™ €
Y; p q Y

M, (i=1,2) and uy = siu* + iu~ = msou* + nbyu” = mul + nu;, where m = %’ n= % By
(2.6) and (2.7),
&' (L,1) = g% (m,n) = g*(1,1) =0, (2.9)
2'(1,1) =g)*(m,n) = g)*(1,1) = 0. (2.10)

We only need to prove that m = n = 1. Now, assume that 0 < m < n. By (2.9) and (2.10),

" 12(m, n)
glz(l,l)—ng =0 (2.11)

and

uy
gran -2 @12)
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If m < 1, then

1 n? 020 412
(1= o0 Jalus P+ (1= 25 )l s

) [ el e [ Gl

this is impossible for « < 0. Then m > 1. Similarly, if # > 1, (2.12) is impossible. Then n < 1.
Thusm=n=1.
At last, let

H,(s,t) =], (su+ + tu_)

L)
2 4

+1 +1
B sP / Q(x)|u+|p+l—iK/ G(x)|u+|qﬂ
p+1 Jgs g+1
1
L R e I T ey (=
p+ 1 Rs
A _
e Ca N
Then, for k < 0, we have H,(s,t) > 0 as |(s,£)| — 0, H,(s,£) < 0 as |(s, )| — oo, and H,,

cannot achieve the maximum point on dR*?. Without loss of generality, we only prove
that (0, ) is not a maximum point of H,. For s > 0 small enough,

0H,

s Got0) = sl P4 as®fur |+ astg P

_s”/ Q(x)’u*|p+l—sqlc/ G(x)’u+’q+1>0,
R3 R3

this implies that H; (s, fo) is an increasing function with respect to s, where s > 0 is small
enough, then (0, #y) is not a maximum point of H,. Thus, there exists (s, t,) € R*? such
that

Jo(suu® + tuu™) = rﬂg)och (sut +tu). 0O

Lemma 2.5 Under the assumptions of Theorem 1.1. If (J; (u), u™) < 0, there exists (s, t,) €
(0,1] x (0,1] such that s,u* + t,u~ € M for u € H'(R®) with u™ #0.

Proof Let u € H'(R?) with u™ #0, by Lemma 2.4, there exists a pair (s,, £,) such that
o R P o el W P
_Sf‘”/ Q) |u* |p+1 —sZ*le G(x){u’r‘qJrl =0. (2.13)
R3 R3

Since (J (1), u*) <0, we have that

allar P a e [P [P [ @@l P [ Gl <0,
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Now, assume that 0 < ¢, <s,. If s, > 1, by (2.13) and (2.14),

1 £ 20 .
(1—;)AWWV+(1—;)MWH1WH2
/ QE|ut [ + (1572« / Ga)|u*| ™,
R3

which is contradictory for « < 0. Then s, < 1. From 0 < ¢, < s,, we obtain that 0 < ¢, <
su=<1. O

Lemma 2.6 Under the assumptions of Theorem 1.1, m; > 0 can be achieved.

Proof For all u € M;, by the Sobolev embedding theorem, we have

2 2 4 1 1 1
allul? < alulP + 2l = [ QP+ [ G < Cupupp.
R R

Then there exists C > C; such that [u]| > (& )Ll 0. Since

Jo ) = s a) = 3 00

a A 1 1
= —||MII2+—||MII4——/ Q(x)lul’””——K/ G)ul ™
2 4 p+1 Jgs qg+1 Jgs

a A 1 1
= —flal)® = <l * + —/ Q) |ufP*t + —K/ G(x)|u| 7
4 Jp3 4 3

4 4
e (3= ) [t (- ) [ G
> Sl (215)

= inf 0.
my = inf Ji(u) >

ue A
Let {u,} C M, and J, (u,) — m;. By Remark 2.2, we have

1, a
L+ my > Ji(un) - m(]x(un):un) = §||un||2'
This shows that {u,} is bounded in H} (R?). Then there exists u; € H}(R?) such that X —
u; in H(R®), uF — u in LI(R®) for q € (2,6) and uF (x) — u} (x) a.e. on R3. Since {u,} C
M,, we have

0<C=alu [P a2l Pl | = [ @@l v [ Gl
By Fatou’s lemma and Lemma 2.3,

ot | o 1|2t Pl < [ @l o [ Gl
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this implies that

By Lemmas 2.4 and 2.5, there exists (s, , ) € (0,1] x (0,1] such that %, =s,, u; + t,, u; €
M. Then

~ I~ ~
my, < Jo(u;) - m(]k(ux), ux)

1 1 - 1 1 - 1 1 ~
Y (R P AN (L YT AT _ xf )77
2 p+1 4 p+1 q+1 p+1 R3
- -3

a__ P9
(g+1p+1)

p- 2, p-3 4 p-9
A -y 7
2(p+1)a”u”” +4(p+1) Izt (g+Dp+1)

linbinf<];\(u,,) - I%(]i(%):”n))

mpy,

k| Glx)|u; |7
lR3

K G(x)lunl”“}
R3

this implies that s,, = ¢,, = 1. Thus, %; = u; and J;(u,) = m,. O

3 Sign-changing solutions
Lemma 3.1 Under the assumptions of Theorem 1.1. If u, € M, and J,(u;) = m,, then
Ji(u;) =0.

Proof Suppose that J; (i1,) # 0, then there are o, § > 0 such that
1@ =0, Vilu—u| <38.
Let D = (0.5,1.5) x (0.5,1.5). By Lemma 2.4, we obtain that

L= (g}gg{D}k (s + tu3) < m;.. (3.1)
For & := min{(m;, —¢)/2,08/8} and S := B(u,, ), Willem [18, Lemma 2.3] produce a defor-
mation 71 such that
(i) n(1,u) =wif u & JH([my — 26, my + 2¢]) N Sas;
(ii) n(L,7;*" NS) L
(i) Jo(n(1, %)) </ (u) for all u € H}(R3).
At first, we show that

max J, (n(1,su5 + tuy)) < m.
(s,t)eD

For all (s,%) € D, by Lemma 2.4, we obtain J, (su] + tu;) < m, < m, + ¢, thatis, su + tu; €
V%7€ Therefore, J,(n(1, su} + tu;)) < m; —e.

Next, we prove that

(L su + tu;) N M, #9, V(s,t) €D.
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Define h(s,t) = n(1,su; + tu;) and ¥ : [0,1] x D — R?, for any © € [0, 1], we have

v (9,(s,8)) = (1 (n(9,suf + tu3)), (2 s + 1)) "),
V309,55 + 1a47)), (n (9,50 + 143) "))
Let
Yo =vo(1,) = I (s + tuy)sus, T (s + tuy ) tus),

wl = wl(ly ) = (]),L (h(S) t))h+(S’ t)’])/\ (h(S’ t))h_(S, t))

By a simple calculation, deg(yo, D,0) = 1. According to (3.1), we obtain that u; = # on D

and from homotopy invariance that

deg(wl: D, 0) = deg(‘WOrDr 0) =1.
Then there exists a pair (so, £o) € D such that (s, o) = 0 and (1, sou; + tou;) = h(so, to) €
M,,, which contradicts (3.1). Therefore, u, is a critical point of J;, and so a sign-changing

solution of (1.1). |

Proof of Theorem 1.1 Firstly, by the preceding lemmas, there exists u; € M; such that
Jo(up) = m; and J; (u;) = 0. Thus, problem (1.1) has one least energy sign-changing solution
u;.

Secondly, we prove that u; has only two nodal domains. Assume that u; = u; + 4y + us
with

ui?_éov MlZO, u2§01

supp(u;) Nsupp(u;) =9, i#j,i,j=1,2,3.
Setting w = uy + uy with w* =y and w™ = uy, i.e,, wt #£0. Since J; (1) = 0, we get

(]}/‘(WL W+) = (l)/\(ul + Mz): u1> = <])/L(M)\), Ml) = 07

(L), w™) = (I (1 + u2), u2) < (J;,(42), u2) = 0.
By Lemma 2.5, there exists (sw, tw) € (0,1] x (0,1] such that
SyW' + bW = syup + byt € M, my < Ji(swin + tylha).

Note that (J; (11,), ) = 0 and (J; (swie1 + twika), Swis1 + twity) = 0, we have
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11
> <§ P 1)a(llulll2 + luz]?)

1 1
(= = —— Al l® + 20w 1Pl ) + N
(4 p+1> (el llaan 112 |21 + [l (1)

1 1
_ - K/ G) (lua |7 + || T)
q+1 p+1 R3
11
> (E Tp+ 1)“(||swu1||2 + ez ]?)

1 1
+ (— - —)x(nswuln‘* + 2l spun [P ltwua 1> + wtia]|*)
4 p+1

1 1
- - G(x) (Iswur |7 + |tun |1
(5= 517)* [ 6@+ )
1 1 1 1 2
= <§ by l)ﬂ”Sle ) s (4_1 —m))\(ﬂswul +tytiz])?)

1 1
_ ( - )K/ G()|syuy + tyus |7
g+1 p+1 R3

= Ji(swier + tyitn)

— ——(J} (swtar + tutas), Sty + tyits)
p+1
= Ji(swi1 + twita)

Z m,
which is a contradiction. O

4 Ground state solutions
Lemma 4.1 (Mountain pass theorem [18]) Let X be a Banach space, I € C*(X,R), e € X,
and p > 0 such that |\e|| > p and

inf I(u) > 1(0) > I(e).

lul=p

If I satisfies the (PS). condition with

c:= inf max I(y(¢)),
inf max (r@)

I:={y eC([0,1],X):¥(0)=0,y(1) =€},

then c is a critical value of I.

Lemma 4.2 Under the assumptions of Theorem 1.2, there exist e € H'(R?) and p > 0 such
that |le|l > p and infy,-, Jr(u) > J,(0) > ;. (e).

Proof For all u € H}(R3), by Remark 2.2,

a A 1 K
]x(u)=—||uII2+—||u||4——/ Q(x)lul"”——/ G () ||
2 4 p+1 Jgs q+1 Jrs

a A C1
> —Nul® + S ul* = ——ul?,
2 4 p+1

Page 10 0of 13
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then there exists p > 0 such that

b: —‘l?f Ji.(u) >0 =7,(0).

Let £ > 0, we have

t2 ) t4 4 tp+1 tq+1 L
Jutn) = Sl + S agug - f Q' - L / G lul,
2 4 +1 Jgs qg+1 Jgs

then there exists e := tu such that ||e|| > p and J;(e) < 0. O

Lemma 4.3 Under the assumptions of Theorem 1.2. ], satisfies the (PS). condition.

Proof Let {u,} C H}(R®) and J; (1) — ¢, J(4,) — 0 as n — oco. By (2.15) in Lemma 2.6
above, it is easy to see that {u,} is bounded in H} (R?). Going if necessary to a subsequence,
uy, — uin H (R?), u, — uin L(R?) for s € (2,6), and u,(x) — u(x) a.e. on R?, then by (G;)
we have

‘ / G|t — 1)
R3

5/ |G| 141100 — ]|
]R3

< (fRS|G(x)|2)7 (A; |un|2q|un—u|2>7

q

2g+2 \ 1" 2q+2 7"
<|G(x) 7 gy — u|™*
2\ Jgs 3
R R

< C|G@)|, lltnl17|tts = 212 — O.

Since

(15 () = T3 (1), 4, — ) — 0,

A;{s QW) (|tul? = 1ul?) (1t — ) - 0
and

2 2
(@ + Al 1) 4 = u

= {7 at) = T, 0,y — 1) 5 (0 = N2 (1 — )
[ Qe = )t =0+ [ Gl = )ty =0,
Thus, u, — u in H}(R3). O
Set

= inf  maxJ/, (tu).
ueH} R3)\{0} £=0

Page 11 0f 13
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Lemma 4.4 Under the assumptions of Theorem 1.2, we have ¢ = ¢; = ¢;.

Proof Similar to the proof of Lemma 2.4, for all u € H}(IR?) \ {0}, there exists unique t,u €
N such that J; (£,%) = max,s J; (¢«), this implies that ¢; < ¢;.

For each y €T, it follows from the property of A" that y (¢) crosses  as t varying over
[0,1]. Since y(0) =0, J,(y(1)) <0, then

t)) > inf =Cy.
tIGIl[(Z)ly)l(]])\(y( ) 2 jnf ] ) = ¢,

Therefore ¢ > c;. On the other hand, for u € H}(R?) \ {0}, we have that /; (t«) < 0 for ¢ large
enough, and then

max /5 (tu) > max J, (tu) > inf max Jj (y(t)) =c
t>0 te[0,1] yel telo

Therefore ¢; > c. g

Proof of Theorem 1.2 According to Lemmas 4.1, 4.2, 4.3, and 4.4, we obtain that problem
(1.1) has one least energy solution.

Now we prove m;_ > 2¢;. By the proof of Theorem 1.1, there exists u; € M, such that
J,.(u,) = m;,. By Lemmas 2.4 and 4.4, we have

my, = J(uy)

>, (su{ + tu;)
. _ s*t? 20 =12
et) (o) + S

>, (suz) +]5 (tu;)
> 2¢;. O
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