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1 Introduction and preliminaries

In the nature of mathematics, there is the purpose of generalizing, expanding, and ob-
taining the most general forms of existing concepts and results. The concept of metric,
which is the most fundamental and solid basis of the analysis study, has been constantly ex-
panded and generalized with this motivation. Examples of the new metrics that have been
put forward for this purpose can be counted as quasi-metric, b-metric, partial-metric,
symmetric, D-metric, modular metric, fuzzy metric, soft-metric, G-metric, and so on. On
the other hand, it was understood that not all of these newly defined metrics provide a
new and original structure. For instance, G-metric can be reduced to semi-metric or cone
metric to a standard metric. More examples can be given, but here we stop to focus on
the main motivation. Two of the new and original generalizations of metric notions are
b-metrics [1-16] and dislocated metrics [17-21]. Very recently, these two notions have
emerged under the name of dislocated b-metric [22, 23].

Metric fixed point theory is a field of study that needs an abstract metric framework
(see, for instance, [24—27]). Very recently Proinov [28] proved a fixed point theorem that
not only unifies but also generalizes a number of well-known results in the framework of
a standard metric space. In particular, he proved that Wardowski [29] and Jleli and Samet
[30] results are not only equivalent to each other, but also they are a special case of one of
the main results of [28].

In this paper, we improve the Proinov type contractions by involving certain rational ex-
pression to the corresponding contraction thought by Proinov [28]. After then, we prove
fixed point theorems for these modified Proinov contractions in the framework of dislo-
cated b-metrics. We bring forward illustrative examples to show the validity of the main
results.
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Let S be a nonempty set and N = {1,2,3,...}. Some examples of rational contractivity

conditions are shown in the following results (see also [31]).

Theorem 1 ([32]) Let (S, d) be a complete metric space and Z:S — S be a mapping such
that there exist K, K € [0,1) with K + ky < 1 such that

1+d(v,2v)

1+d(v,w) +ho - d(v,w) )

d(2v, zw) < ki - d(w, Zw)
forallv,w €S. Then z has a unique fixed point x € S, and the sequence {Z"v} converges to
the fixed point x for all v € S.

Theorem 2 ([33]) Let (S,d) be a complete metric space and z:S — S be a continuous
mapping. If there exist k1, kx € [0,1) with K + ky < 1 such that

(v, zv)d (w, Zw)

d(Zv,Zw)fkyd W) + Ky - d(v,w) (2)

for all distinct v,w € S, then Z possesses a unique fixed point in S.

Theorem 3 ([28]) Let (S, &) be a metric space and z:S — S be a mapping such that
W (d4(zv, zw)) < (£(v,w))

forallv,w € S with d(2v, Zw) > 0, where the functions ¥, ® : (0,00) — R are such that the
following conditions are satisfied:

1. W is nondecreasing;

2. ®O) < ¥ (8) forany 0 > 0;

3. limsupy_, 4, ®(6) < V(0o+) for any 6o > 0.
Then Z admits a unique fixed point.

Definition 4 ([34]) A functiond;:S x S — [0,00) is a dislocated-metric on S if it satisfies
the conditions:

dip. di(v,w)=0=v=w;

dpp. symmetry: di(w,v) = d;(v, w);

dj3. the triangle inequality

d;(u,w) < ds(u,v) + dy(v, w)
for all u,v,w € S. In this case, the pair (S, 4) is a dislocated-metric space (shortly 4-MS).

Definition 5 ([35]) Let s € [1,00) be a real number. A function b:S x S — [0,00) is a
b-metric on S if it satisfies the conditions:

bi. b(v,w)=0&v=w,

by. symmetry: b(w,v) = b(v,w)

bs. the generalized version of the triangle inequality involving the number s

b(u,w) < s[b(u,v) + b(v,w)] forallu,v,weSs.

In this case, the tripled (S, b, s) forms a b-metric space (shortly b-MS).
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Obviously, for s = 1, we find the notion of metric space.

Definition 6 ([36]) Lets € [1,00) be a real number(given). A function 4, : S X S — [0, 00)
is a dislocated b-metric on S if it satisfies the conditions:

dp,. dp(v,W)=0=Vv=w;

oy doW,V) = do(v, W;

dpy. dp(u, W) < s[dp(u,V) + dp(v,w)] for all u,v,w € S.
In this case, (S, db, 5) is a dislocated b-metric space (shortly d,-MS).

We mention that, when s = 1, a d,,-MS becomes a 4;-MS.

Definition 7 ([36]) A sequence {v,} on a d,-MS (S, dp, s) is said to be:
« dp-convergent to a point v € S < lim,_, o0 do(Vy, V) = 0;
+ dp-Cauchy if and only if lim,, _, o d5(V4, V) exists and tends to be finite.

Proposition 8 ([36]) In a d,-MS the limit of a convergent sequence is unique.
Proposition 9 ([36]) In a d,-MS every convergent sequence is d,-Cauchy.

In case every d,-Cauchy sequence is d,-convergent, we say that the space (S, 4, ) is a
complete d,,-MS. The next lemma will be useful in the sequel.

Lemma 10 Let a dy-MS (S, dy,s > 1), a mapping z:S — S, and vy be arbitrary, but fixed
point in S. If there exists C € [0, 1) such that

& (2", 2" o) < Colp (2" Vo, Z"Vp) (3)
for every n € N, then the sequence {Z"vy} is a dy-Cauchy sequence.
Proof Let vg be an arbitrary point in S and the sequence {v,} with

V1 = ZVy, Vo = ZV] = Z2Vg, ... Vpe1 = 2V, = 2V
for n € NU {0}. Thus, by (3), we have

(Vs Vi) < Cilpy(Vuo1,Vin) < CP el (Vs V1) < -+ < C" iy (Vo, V1) (4)

We split the proof in two cases, namely s =1 and s > 1.
1. Fors =1, dy becomes a dislocated metric and by d,., for n < p, we have

do (Vs Vp) < do(Viy Vis1) + do(Vie1, Via2) + -+ - + db(vp—l; Vp)
< C"dy(Vo, V1) + C" oy (Vo, V1) + - -+ + CP iy (Vo, V1)

1-cr

=C'1¢

dp(Vo,v1) — 0, asu,p— oo.

Therefore, lim,, p—, oo d5(V4, Vp) = 0, that is, the sequence {Z"v} is Cauchy.
2. For s > 1, we distinguish two sub-cases:
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(@) IfC €0, %), by (dp,) and taking into account (4), we get

‘ﬁo(vm Vp) . S[%(Vn; Vn+1) + %(V}Hl; Vp)]
< Sdb(vn: Vn+1) + Sztﬁ)(vm—lr Vn+2) L Spinil‘[b(vp—l; Vp)
< sC"dp(Vo, V1) + S*C" iy (Vo, V1) + - -+ + P71 CP iy (g, V1)

=sC" ( 1- (SC)P " (SC)p—n—l

Vo,V1) > 0, asm,p— 00,
—< » )ffb(o 1) p

that is, {Z"vo} is dp-Cauchy.
(b) IfC e [%, 1), then C" — 0, and we can find [ € N such that C” < % Therefore, by
(a), the sequence {Z"*"vo}n > 0 is dp-Cauchy. But we have

{VVI} = {V01 Vise.o :Vl—l} U {Vl;Vl+1; coesVigny oo -}¢
and then the sequence {Z"vo}n > 0 is d,-Cauchy.

2 Main results

Henceforth, we use the following notations:
O = {dD, W : (0,00) = R|P(0) < ¥(0) for every 6 € (0, +oo)}
and, respectively,

Fs(2) = {x e S|zx=x};
Fs(U) = {x € S|Ux = x};

Fs(Z,U) = {x € S|2x = x = Ux}.
Let the functions R;,R; : S x S — [0, 00) be defined by

Ri(v,W) = c1dp(V, W) + e2dp(V, ZV) + c3di(W, UW)

dy (W, UW) dp (V, ZV)
dp (v, W)

forallv,w e S,v#w;

dp (W, UW) dp (v, ZV)

Ro(v, W) = c1dp(V, W) + e (V, ZV) + c3d (W, UW) + 4 T+ d(vw)

dp(W, UW)(1 + dp(v, 2V))
e 1+ dp(v,w)

forallv,weS,

where ¢, &, ¢3, &a, 5 are nonnegative real numbers.

Theorem 11 Let (S, d,,5) be a complete d,-ms, ¥, d € O, a number a € [1,00), and two
continuous mappings 2, U : S — S such that, for every distinct v,w € S with d,(2v, Uw) > 0,
the following inequality

W (s* dp(2v, Uw)) < @ (Ry(v, w)) (5)

holds. Assume that:

Page 4 of 16
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(B1) a+o+a+au<s®andcq >0;

(B2) W is nondecreasing.

Then Fs(z, U) # 9. Moreover, if c; + 2¢; + 2c3 + 4cy < S%, then the set Fs(Z, U) has exactly
one element.

Proof For an arbitrary (but fixed) point vy € S, let {v,} be the sequence defined as follows:

V1 = ZVo, Vo = UVy,...,Vonel = ZVop, Vons2 = UVopils .- (6)
for all n € Ny. First of all, we claim that v, # v,,; for any n € Ny. Indeed, if we can find
lo € N such that v;, = vj,1 = Vi42 = X, then x € Fs(Z, U).

Under this assumption, d(2Va,, UVays1) = d (Vays1, Vaus2) > 0 and letting v = vy, and w =

Voue1 in (5), because the functions W, @ belong to ®, we have

W (5 d (Vans1, Vane2)) = W (5 dp(2Van, Wani1)) < P(R1(Van Vane1))

<® (5} ‘ﬁJ(VZVnVZVHI) + CZJb(VZHx ZVZVI) + 33‘4)(V2n+1: ﬂv2n+1)+
= +e b (V2541, UWV241) o (Vor, ZV21)

d (Vo Voni1)
=®

(51 ‘ﬁa(VZm V2n+1) + CZdiJ(VZmVZ;Hl) + CBL[b(V2n+1: V2n+2)+>

+ey b (Vn+1,Y201+2) do (V211,V251+1)
do (Vo Von+1)

D ((e1 + 2)do(Vans Vans1) + (€3 + c4)db(Vane1, Vansa))
v

<W((e1 + 2)do(Vans Vane1) + (c3 + c4)db(Vane1, Vansa)).

Taking () into account, we get

% db (Va1 Vanea) < (€1 + 2)db(Vons Vone1) + (63 + ca) do(Vans1, Vonsa)

or

aq+o

[[b(v2n+1’ V2n+2) < m‘ﬁ)(vbfuvbﬂl) =K- diJ(VZVHVZ;Hl): (7)
-3 —

_ _a+to
where K= Tc3-a

In the same way, replacing in (5) v with v,_; and w with vy, and keeping in mind (4, ),

< 1, holds due to the first assumption in (5;).

we have

W (s do (Vams Vane1)) = W (S do (UV2n-1, ZV2n)) < P(R1(Van-1,Van))

= qD((Cl + 52)‘43(\/2;4—1’ VZn) + (03 + M)‘ﬂa(v2mv2n+l))

<W((e1 + c2)do(Van-1,Van) + (c3 + ca)db(Vans Vans1))s 8)
which leads us to
aq +c
do (Vo Vans1) < — 2 (Va1 Vo) = K - (Va1 Va). &)
S
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Consequently, (7) and (9) show us that

‘[b(Vanml) <K- %(Vn—lxvn) (10)

for any n € N, where X € (0,1). By Lemma 10 it follows that {v,} is a Cauchy sequence.
Thus, lim,, y— 0 d5(vy, V) exists and is finite. Moreover, since the d,-ms is complete, we get
that there exists x € S such that lim,,_, o, v,, = X and

lim &, (v, x) = lim  dy(v,,v,) = 0. (11)
n—00 n,p— 00
Since the mappings Z and U are supposed to be continuous, we have

Zx= z( lim vz,,) = 1im 2V, = lim Vy,q =X
n— 00 n— 00 n— 00
= lim Vou+2 = lim UVops1
n—o0 n—o0

= ’U( lim V2n+1) = Ux,

n— 00

that is, Fs(z, U) # . If we suppose that there exist x,y € Fs(Z, U) such that x #y, by (5)
and since ¥, ® € ©, we have

V(s do(x,Y)) = W(s" do(2x, Uy)) < D(Ri(x,Y)) < W(Ri(xY)),

where

do(y, Uy)dp (X, ZX)
do (X, y)

do (Y, ) do (X, X)

d(xy)

Rl(xry) = Cl‘ﬁ)(x’y) + 52543()(: Z'X) + CSdI)(yi HY) + c4
= 1 dp (X, Y) + 2dp (X, X) + c3dp (Y, Y) + ca

However, applying (4p,) and taking into account (dy, ),

42 (%)

Rioy) = cdo(y) + 2eadoby) + 263 b(x,y) + da o =

= (o1 + 200 + 203 + 4ea) dp (X, ).
Moreover, by (8;) we get

sYdp (%, Y) < (c1 + 200 + 263 + dea) dp(X, Y) < " dp(X,Y),

which is a contradiction. Therefore, di,(x,y) = 0 and from (dy, ) it follows that x =y, that is,
the set Fs(Zz, U) has exactly one element. a

Corollary 12 Let (S, d,,5) be a complete d,-ms, V,® € O, a number « € [1,00), and a
continuous mapping z: S — S such that, for every distinct v,w € S with d,(2v, Zw) > 0, the
following inequality

W (s dp(2v, ZW)) < D (R} (v, W)) (12)
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holds, where for ¢, ¢;, c3, ca nonnegative real numbers,

dp (W, ZW) dp (V, ZV)
dp (v, W)

RI(V, W) = c1dp(V, W) + c2dp(V, ZV) + c3d(W, ZW) + ¢4

forallv,w €S,v #w. Assume that:
(B1) a+o+ci+au<s®andcg >0
(B2) W is nondecreasing.
Then Fs(z) # . Moreover, if ¢ < 1, then the set Fs(2) has exactly one element.

Proof Let z=Uin Theorem 11. O

Theorem 13 Let (S, dy,s) be a complete d,-ms, W, d € O, a number o € [1,00), and two
mappings Z, U : S — S such that, for every distinct v,w € S with d,(2v, Uw) > 0, the follow-
ing inequality

W (s%dy(2v, UW)) < D(Ra(v, W) (13)

holds. Assume that:
B1) a+o+ag+u+es<s?,a>0,0<1,ag+c=<1;
(B2) WV is nondecreasing.
Then Fs(z, U) # 0. Moreover, if ¢ < 1, then the set Fs(Z, U) has exactly one element.

Proof Let vg € S be a chosen point and {v,,} be the sequence defined by (6) in the proof of
Theorem 11. Thus, following the same arguments, we can assume that d,(2vs,, Uva,1) >0
and from (13) we get

W (s do (Vane1, Vans2)) = W (5% do( 2V, UVanin)) < P(Ra(Vaus Vaust))

_ & c1dp(Van, Vous1) + c2do(Vau, ZVan) + 3o (Vane1, UVope1)+
- ey A (Vo +1, W2 +1) db (Vor, ZV2) +¢5 A (Vorr+1, UV2+1) [1+db (Vay, ZVon)]
L+do(Van,Von+1) 1+do(VonVon+1)

+e A (Vor+1,Y20+2) do (V2r V2 +1) ps dp (Vorr+1,V2n+2) [1+dp (Vo Vo +1)]
L+dp (Van,Von+1) L+dy(Von,Von+1)

< ( (c1db(Vans Vane1) + c2db (Vo Vone1) + c3db (Vane1s Vonso)+ )

< W((e1 + e2)do(Vaus Vans1) + (63 + ca + 65)do (Va1 Vausa))-
Since by (8;) ¥ is nondecreasing, we deduce that
0 < $%dy(Vans1, Vans2) < (e1 + &2)do(Vans Vans1) + (3 + ca + 5)db(Vans1, Vansa),

which is equivalent to

0< ‘ﬁ)(v2n+lr V2r1+2) < Cdb(v2n: V2n+1)r (14‘)
where C = % <1 by (B1). Similarly, taking v = vy, and W = vy,,_; in (5) and keeping

in mind (dp, ), we get

0 < db(Vaus Vane1) < C1do(Vanst, Vousa). (15)
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However, from relations (14), (15), together with Lemma 10, we find that {v, } is a Cauchy
sequence in a complete d,-ms. Therefore, there exists x € S such that

lim  dy(Vy,Vp) =0 = lim dy(v,, X). (16)

n,p— 00

Without loss of generality, we can suppose that x # v, for any # € N. Supposing that x # zx,
by (5), we have

W (5% dy (2%, UVay-1)) < P(Ra(X,Vam-1)) < W (Ra(X, Vam-1)),
or, taking (8,) into account,

$% do (2%, UVam-1) < Ra(X, Vor-1)- (17)
However, since

Ry (X, Vom-1) = e1dp (X, Vam1) + c2db (X, 2X) + c3dp (Vam—-1, UVom-1)

Ao (Vom—1, UVam_1) di(X, ZX) s db(Vam-1, UVam-1)[1 + dp(X, 2X)]
1+ do(X, Vo) “ 1+ do(X, Vo)

= c1dp (X, Vomo1) + e2b(X, 2X) + e3dp(Vom—1, Vo)

b (Va1 Vam) d (X, 2X) +dp (Vom—1, Vo) [1 + dp (X, 2X)]

+ ¢4

t ¢ ,
1+ do(X, Vom-1) 1+ dp(X, V1)
we obtain
0 < limsup Ry (X, Vay-1) < c2dp (X, 2X). (18)
On the other hand,

(%, ZX) < S| do (X, Vo) + do(Vam, ZX)
< sdp (X, Vo) + 5% do(UV2-1, 2X)

< Sdi (X, Vo) + Ro(X, Vo-1),
and then

0 < lim sup dy, (X, 2x) < limsup Ry(X, Vo,,—1) < ea (X, 2X),

m— 00 m—> 00

which contradicts our assumption ¢, < 1. Thus, we get d,(x, 2x) = 0, that is, X = Zx. More-
over, if we suppose that x ¢ Fs(2, U), since d,(2X, Ux) >0,

W (sdp(2X, UX)) < W (s dp (2%, UX)) < P(Ro(u, 1)) < W (Ro (s, 1)),
or, keeping in mind (8,)

Sdp (22X, UX) < Ry(X,X) = c1dp(X,X) + c2dp (X, ZX) + c3dp (X, UX)
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dip (X, UX) dp (X, Z2X) d (X, UX)[1 + dip (X, ZX)]
1+ dp(X,X) e 1+ dp(X,X)

= (c3 + ¢5)d (X, UX) < 5(c3 + c5)[ do (X, 2X) + do(2X, UX)]

=5(c3 + ¢5)dp(2X, UX) < sdyp(2X, UX),

which is a contradiction. Therefore, d,(2x, Ux) = 0 which implies by (4, ) that x = Zx = Ux.
That is, Fs(z, U) # 0.

As alast step, we claim that x is the unique fixed point of the mappings Z and . Indeed,
if we suppose that there exists another point v € Fs(z, U) such that x # v, by (13) we have

W (dy(x,v)) < W(s"dp(X,v)) < P(Ra(x,0)) < W(Ry(x,V))
= \I/(Clﬂﬁg(x, U))

Since the function W is supposed to be nondecreasing, it follows that
di)(X, U) <a di)(xr U) =< ‘ﬁ)(x; U)1
which is a contradiction. Therefore, the set F5(Z, U) has exactly one element. O

Corollary 14 Let (S, d,,5) be a complete d,-ms, V,® € O, a number a € [1,00), and a
mapping z: S — Ssuch that, for every v,w € Swith dy,(2v, UW) > 0, the following inequality

W (s dp(2v, UW)) < D (Ry(v, W) (19)

holds, where for ¢, 3, 3, ca, s nonnegative real numbers,

dp (W, ZW) dp (v, ZV)

Ry(V,W) = c1dp(V, W) + cadp(V, ZV) + c3dp (W, ZW) + ¢4 L+ d(v,w)

+ e do(W, Zlvi);l)(t/ d\:/()v, 2v) forallv,w €S.

Assume that:
B1) a+to+atates<s’aqg>0,andc+c<1;
(B2) WV is nondecreasing.
Then Fs(z) # . Moreover, if ¢ < 1, then the set Fs(Z2) has exactly one element.

Proof Let z = U in Theorem 13. 0

Example 15 Let the set U = {m, n,p, q} and the function d, : S x S — [0, 00) be defined by

do(v,W) m n p q
m 0 2 5 7
n 2 6 8 5
p 5 8 0 1
q 7 5 1 0

Obviously, 4, is a dy-metric, with s = 2. Let Z, U: S — S be two mappings, where Zm =
Zp =2q=p,2n=qand Um = Un = q, Up = Ug = p. We have, in this case,
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v m n p q
v P 9 P P
Uv q9 9 P P
d(v,zv) 5 5 0 1
d(v,uv) 7 5 0 1
v m n p q
do( 2V, UW) v p q
w uw
m q 1 0 1 1
n q 1 0 1 1
) P 0 1 0 0
q P 0 1 0 0

Letting the functions ¥, ® € ©, ¥(0) = 6, ®(0) = %9 and the numbers @ =2, ¢ =1,
o=1,g=u=c= %, we can easily see that assumptions (8;) and (8;) in Theorem 13 are
satisfied. We show that (13) is satisfied for any pair (v,w) € £, where

L= {(Wl, n), (Vl’p), (n, q)’ (10’ m), (P, n), (61: m), (61, }’1)}

(the other cases are excluded by the hypotheses of Theorem 13).
. (Vr W) = (Wl,l’l)

s“dp(2v, Uw)
=24, (zm, Un)

154 3

=4< 16 "2 <C1cﬁo(m, n) + cydy (m, Zm)

+ esdy(m, Un) + ¢y do(n, Un)dy(m, Zm)  dy(n, Un)(1 + dp(m, Zm)))

1+ dy(m, n) e 1+ dy(m, n)

¢« (v,w) = (n,p)

2% dy(Zn, Up)

39 3
=4<2-2(8+5)
4 4

3
=1 <qz4,(n,p) + o dp(n, Zn)

+ e3do(p, Up) + do(p, Up)dy(n, Zn) do(p, Up)(1 + d(n, zn))>.

1+ do(n,p) e 1+ dy(n,p)

The other cases are discussed similarly.
Thus Fs(z, U) = {p}.

Theorem 16 Let (S, dy,s) be a complete dp-ms, the functions WV, d € ©, a number a €
[1,00), ¢1 >0, > 0, and two mappings z, U :S — S such that, for every distinct v,w € S
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with dy(2v, Uw) > 0, the following inequality
W (s dp (2v, UW)) < ®(R3(v,w)) (20)

holds, where

R3(V,W) = c1dp(V, W) + ¢ db(V,frlﬁiz;(?d\;v()v+ztﬁ\j)(wd;‘(uvy)‘gbv5¥’ ZV). (21)

Assume that:
(B1) & +5se<s%;
(B2) WV is nondecreasing.
Then the set Fs(2, U) has exactly one element.

Proof Let us take in (20), v = vy, and W = vy,,,1, where the sequence {v,,} is defined as in
Theorem 11. We have

\I"(Safﬂ)(ZVZn, ‘uv2n+1)) = (D(R?’(VZm V2n+1)) < ‘-IJ(R?,(Vzn, V2n+1)),
with

R3(Vou, Voue1)
do (Vs ZV2) dp (Vo UVayi1) + do(Vanet, UVane1) db (Vi1 ZVay)
1 + 4 max{dp(Von, ZVan), do(Vone1, UVani1)}

a5 (V2 Vous1) dp (Vo Voue2) + do (Va1 Vane2) db (Vari1s Varen)
1 + 4 max{dy(Vons Vone1)s do(Vone1s Vons2) }

= c1dp(Van, Vane1) + &2

= a1 do (Vo Vans1) + &

=a db(v2n: V2n+1)

to S‘[b(v2m V2n+1)(‘[b(v2nr V2n+l) + ‘[b(VZn+1r V2n+2)) + 25‘4)(V2n+1: V2n+2)‘4)(V2n: V2r1+1)
2
1+ 4‘max{‘[b(v2m V2n+1); ‘{b(v2n+lr V2n+2)}

= c1dp (Vo Vone1)

‘ﬁo(VZn) V2n+l) + 3‘4)(V2n+1y V2n+2)
1+ 4Inax{‘{b(qur V2n+1), £ﬁ‘)(v2n+1, V2n+2)}

< (&1 + 5¢2)db(Vaus Vaus1).

+ 50 ‘{b(VZm V2n+1)

Furthermore, taking (8;) and the above relation into account, we get

8% db (Vans1, Vanea) = ¥ do(ZVan, UVaye1) < R3(Van, Vane1) < (a1 + S62) do (Vau, Vaue1),

which implies

c t+Sc

SO[

[[b(v2n+1: V2n+2) < di:)(VZm V2n+1)- (22)

Similarly, taking v = v, respectively w = v,,,_;, we obtain

cq+So

SDt

dp Vo1, Vo) < dp (Vons Von-1). (23)

Page 11 of 16
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Now, choosing C = q:% <1 (by assumption (8;)), we have d,(v,, V,41) < Cdo(V,-1,V,,) for

any n € N. Therefore, Lemma 10 leads us to the conclusion that {v,,} is a Cauchy sequence.
Thus, since the space is complete, there exists x € S such that

lim  dy(Vy,Vvp) =0= lim dy(vy,X). (24)

n,p—>00

Supposing that Zx # x, we have
& (2%, X) < 5[ db(2X, Vau) + db(Vau, X) ]| = S[db(2ZX, UV2s-1) + do(Van, X)]. (25)

Moreover, without loss of generality, we can assume that 4,(v,,x) > 0 for any # € N, and
then from (20) we get

W (s*(2x, UVzy-1)) < P(R3(X,Van-1)) < W(R3(X, V1))
or, by (B2),

dp(ZX, UV2y-1)
< 8% do (2%, UVau-1) < R3(X, V2u-1))
dy (X, ZX)do (X, UVay_1) + dio(Van—1, UV2n-1) do(V2n-1, ZX)
1 + 4 max{dy(X, 2X), db(V2n-1, UV2,-1)}

d (X, 2X) dp (X, Vo) + db(Vau_1, Vau) db(Van_1, ZX)
1 + 4 max{dy(X, 2X), dp(Van-1,V2n)}

= a1 do(X, Vouo1) + +0

= 1 dp(X, Vouo1) + &2

Returning in (25), we have

dp (X, Z2X) di (X, Vo) + di(Van—1, Vou) do(Vau_1, ZX)
1+ 4max{z[b(x, ZX), di)(VZ}’lflr V2n)}

do (2%, X) < 5[61 do (X, Vau-1) + &2
+ tﬁ;(Vzn,X)}
Letting n — oo and keeping in mind (24), we get
dp(2%,%) < 0,

which is a contradiction. Thus, d,(2x,x) = 0 and from (d;, ) we have x = Zx.
Analogously, we have

W (5% dy(ZVa, UX)) < P(R3(Van, X)) < W (R3(Van, X)),
or, bY (:32)7

‘[b(ZVZn, ‘UX) < RS(VZVU X)

‘fb(VZrH V2n+1)£43(v2n7 ’UX) + ‘ﬁa(xﬁ ‘UX)Lﬁ)(X, V2n+1)
1 + 4 max{do(X, UX), do(Van, Vans+1)}

= o1 dp (X, Vo) + 2
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On the other hand, supposing that d,(x, Ux) > 0, we have

0 < d (%, UX) < S[ (X, Vas1) + do(Vans1, UX)] = S[do (X, Vans1) + d(ZV2, UX)].
Combining the above inequalities and taking limit as # — 0o, we obtain 0 < d,(x, Ux) <0,
which is a contradiction. Therefore, d, (X, Ux) = 0, and then x = Ux. Thus, x is a common
fixed point for Z and U, that is, Fs(Z, U) # ¥ and it remains to show that the set Fs(Zz, U)
is in fact reduced to a single point. On the contrary, let v € Fs(Z, U) with v # x. Replaced
in (20), we have

W (s dp (2%, Uv)) < B(R3(x,v)) < ¥ (R3(x,v))

and, due to (8,),

Y dp (X, V) = % dp (2%, UV)) < (R3(X, V)

d (X, Z2X) dp (X, UV) + dp(v, UV) dp (v, ZX)
1 + 4max{dp (X, 2X), dp(v, Uv)}

= 01 dp(X, V) + oy

451 %(X’ U):

which is a contradiction. Therefore, it follows that x = v and the set Fs(z, U) has exactly
one element. O

Example 17 Let S = {2,4,5,7} and two self-mappings U, Z be defined on S by

\% 2 4 5 7
v 5 5 5 4
uaw 4 5 5 5

Let 4y, be the dy-metric on S (with s = 2) given by

ifv=w=4,
dp(V, W) =

|[v—w|?> otherwise.

Considering the functions ¥, ® € © as in Example (15) and letting o =2, ¢; =2, ¢ = %, we

have the following cases:

. (V’W):(4)2)
4dp (24, U2) = 4dp(5,4) = 4 6<3 8+3 39
’ - HEE<b=Y 4 17
3 3 1-3+4-9 3
=224+ ———— | = ZRy(4,2)
4 4 1+4-4 4
. (V’W):(5)2)

445(25,12) = 44(5,9) = 4 < 5 = 246(5,2) = 2 Ro(5,2);

Page 13 0of 16
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* (V’ W) = (7, 2)

75 3 3
4(27, U2) = 4 (4,4) =43 = 12< - = £ 245(7,2) < Rs(7,2);

e (v,w)=(7,4)
3 3
4'di)(Z7¢ ‘U4) = 443(43 5) =4<6= Z : 2‘{b(714') =< 1R3(7;4');
« (v,w)=(7,5)
27 3 3
4(27, US) = 4d(4,5) = 4 < T = - 2(7,5) <  Rs(7,4).
The other cases are excluded by the hypothesis of Theorem 16. Therefore, Fs(Z, U) = {5}.
Corollary 18 Let (S, dy, S) be a complete d,-ms, ¥, d € ©, a number a € [1,00), ¢ >0, ¢ >
0, and a mapping Z:S — S such that, for every distinct v,w € S with d,(2v, Zw) > 0, the
following inequality
W (s dp(2v, ZW)) < D (R3(v, W) (26)
holds, where

Assume that:
(B1) & +5se<s%;
(B2) WV is nondecreasing.
Then the set Fs(Z2) has exactly one element.

Proof Let Z = U in Theorem 16. O

3 Consequences
Taking particular functions ¥ and &, we obtain as consequences some known results. For
example, let ®(0) = B(6)W(0) for all & > 0 and B : [0,00) — [0, %).

Corollary 19 Let (S, 4,,5) be a complete dy,-ms, a number a € [1,00), and two continu-
ous mappings 2, U :S — S such that, for every distinct v,w € S with dy(2v, Uw) > 0, the
following inequality

W (s%dp(2v, UW)) < B(R1(v, W))W (R (v, w)) (28)

holds. Assume that:
(B1) c+o+cc+ce<s®andc>0;
(B3) W:(0,00) — (0,00) is nondecreasing;
(Bs) B:(0,00)— (0, %) satisfies limsup,_, o) B(6) < %for any 6y > 0.
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Then Fs(z, U) # 0. Moreover, if c; + 2c) + 2¢c3 + 4ea < S, then the set Fs(Z, U) has exactly
one element.

Corollary 20 Let (S, 4,5) be a complete dy,-ms, a number « € [1,00), and two mappings
z,U:S — Ssuch that, for every distinct v,w € S with dy(2v, Uw) > 0, the following inequal-

ity
W (s dy (2v, UW)) < D(Ry(v,W)) (29)

holds. Assume that:
B1) a+o+a+tat+tes<s®,aq>0,0<l,and g+ <1;
(B3) W:(0,00) — (0,00) is nondecreasing;
(Bs) B:(0,00)— (0, %) satisfies limsup,_, ) B(6) < %for any 6y > 0.
Then Fs(z,U) # . Moreover, if o, <1, then the set Fs(2, U) has exactly one element.

Corollary 21 Let (S, 4, 5) be a complete dy,-ms, a number o € [1,00), and two mappings
Z,U:S — Ssuch that, for every distinct v,w € S with dy(2v, Uw) > 0, the following inequal-

ity
W (s%dp(2v, UW)) < D(R3(v, W) (30)

holds. Assume that:

(B1) 1 +Scx<s, ¢ >0;

(B3) W :(0,00) — (0,00) is nondecreasing;

(B4) B:(0,00) — (0, %) satisfies limsup,_, o B(6) < %for any 6y > 0.
Then the set Fs(2, U) has exactly one element.

Considering ®(0) = k¥ (0) or ®(0) =« - 6 for all 6 > 0 in Theorems 11, 13 or 16, other
consequences can be listed. On the other hand, many other corollaries can be deduced

considering Z = U or letting s = 1.
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