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1 Introduction

Infinite systems of differential equations play a significant role in many subjects of non-
linear analysis. The infinite systems of ODEs represent some problems faced within the
theories of neural nets, branching processes, and dissociation of polymers. Therefore, the
notion of infinite systems of differential equations is considered a substantial part of the
theory of differential equations, especially in Banach spaces [1, 2]. To date, many existence
results have been obtained for the infinite systems of ODEs in Banach spaces. Banas and

Lecko [3] discussed the existence of solutions for an infinite system
x; =ﬁ(t,xo,x1,x2,...), tel(0,T]

with the initial conditions x;(0) = x?, i = Ny in the classical Banach sequence spaces cy, ¢,
and ¢;.In 2012, Mursaleen and Mohiuddineb [4] investigated it in the space £, p > 1. Also,
Mursaleen [5] investigated the same infinite system on the sequence space n(¢) of W.L.C.

Sargent.
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The authors in [6, 7] considered the second-order infinite system
xé’:—ﬁ(t,xl,xz,xg,...), te [0, T]

with the initial conditions «;(0) = x;(T), i € N in the space £,, p > 1.
Mursaleen [8] discussed the fractional infinite system

D% u;(t) =ﬁ(t, u(t)), te(0,T),1<a<2,
where u(t) = {u;(t)}5,, with the initial conditions
w(0)=ul=0,  u(T)=auw¢), ieNy,  a&*'<T*!

in Banach spaces, where D* is the R-L fractional derivative of order .
Recently, Seemab and Rehman [9] investigated the fractional infinite system

PDui(t) = fi(t, u(®), ¥ (°DPu(t))), te(0,1)

in the Banach space ¢y, where u(t) = {u;(t)}5, and ¥ : ¢ — cp is a continuous linear func-
tion such that v (0) = 0, with the initial conditions

ut(l) = aui(s); M;(O) =0, ieN, a%—a—l <1,

where0<p <1,1<a <2,0<f<1,and?D” is the Caputo generalized fractional deriva-
tive.

Fractional calculus, differentiation and integration, appears naturally in several fields of
science and engineering; see, for instance, [10] and more recent [11, 12], and the references
given therein. A large number of existence results of differential and fractional differential
equations have been formulated in terms of measures of noncompactness. Measures of
noncompactness provide helpful information, which is extensively used in the theory of
integral and integro-differential equations. Especially, the measure of noncompactness has
been used extensively by many authors when studying infinite systems of differential and
fractional differential equations.

Motivated by the former contributions, we consider the infinite system of the general-
ized Langevin equations

f"DM (fiD’” + Ei)ui(t) = hi(t, u(t),¢(fD”u(t))), te[0,1],ieN, (1.1)
where u(t) = {u;(£)}2%) € £y, D u(t)) = {¢i(!'D"ii(£))}2, € £y $5:[0,1] X £, — €, are
continuous functions, /4; : [0,1] x £, x £, — £, are continuously differentiable functions,
0<p;<1,1<A; <2,0<v; < u; <1,7D%is the generalized Liouville—Caputo derivative as

in [13], and the space £, 1 < p < oo is the space of all absolutely p-summable sequences.
This infinite system is subject to the boundary conditions

u;(0) =0, PiDMiu(0) = 0, ui(1) = a;ui(n:), (1.2)

where a; € R,0<n; <1and an!“" #1forallieN.
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By using the measure of noncompactness technique and applying the Darbo’s fixed point
theorem, we investigate the existence of solutions for the infinite system (1.1)—(1.2) in the
Banach spaces £,, p > 1.

It worth pointing out that the Langevin equations (formulated by Langevin in 1908)
present an accurate way to describe the evolution of physical phenomena in a fluctuating
environment [14]. There is a clear progress on fractional Langevin equations in physics
[15-19]. New results on the existence of solutions for fractional Langevin equations under
variety of boundary value conditions have been published; see [20-29] and the references

mentioned therein.

2 Preliminaries

This section is divided into three subsections: The first introduces the concepts and the
main results in fractional calculus that the paper needs. The second subsection represents
a brief review on the measure of noncompactness and its applications when investigating
the existence of solutions for differential equations. The last subsection presents a brief
review about the sequence spaces used in this paper.

2.1 Fractional calculus
In our paper, we deal with the generalized Liouville—Caputo derivative which is consid-
ered a generalization for many known fractional derivatives [15]. Historically, in 2011,

Katugampola [30] introduced a new version of fractional integral given by

pIV _ IOI_V ¥ p=1(.p P v—1
f (x) = o ), s (x —s) f(s)ds, (2.1)

where p and v are positive real numbers, while the function f € X% (a,b) (the space of
Lebesgue measurable functions). He proved that this fractional operator satisfies the semi-

group property:
PLPINf(x) =PI f(x), v>0,u>0, (2.2)
reg+1 v
I (%" —af)’ = ﬁ(xﬂ —a’)", v>0,8>-1. (2.3)

p'Tv+8+1)

The importance of this approach comes from the fact that it is a generalization of
Riemann-Liouville and Hadamard fractional integrals. It is easy to show that

lim 12/ (2) = ﬁ / (e = 5)" () ds = L (),
x v-1 d
lim 130 - ﬁ / <log ’f) SO =",

where RLIY and H” are the Riemann-Liouville and Hadamard fractional integral opera-
tors, respectively. Also, it is considered a special case of Erdélyi—Kober fractional integral
operator [31, formula (1.1.17)]

prp(vw)

e =P

X
/ S (w0~ ) ) ds, v>0,050,y €,
a

as PINf (x) =2 p~"I9"f (x).
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Jarad et al. [32] introduced a new version of a fractional derivative in the Caputo sense
which later became known as the generalized Liouville-Caputo derivative, given by

PDif(x) = (ﬂ[:—v (xl—ﬂ %)3’) (x), n—-1<v<mneN. (2.4)

It is worth mentioning that the previous formula tends to Caputo derivative as p — 1 and
tends to Caputo—Hadamard derivative as p — 0. Some of its semigroup properties are
presented as follows.

Lemma 2.1 ([15, 32]) Suppose thatn e N,n—1<v <n,0< p <1, and f € X0(a,b). Then
we have

e ?Dic=0 wherecisa constant,

o'T (@ +1)

v 3 8—v
° f'Da(x"—ap) = m(x _ap) »

v>0,6>-1,§ #0,1,...,n—1,
o PDIPINf(x)="1"f(x), a=v,
n-1

o PIPD f(x) = f(x) — E c, — a” where ¢,, v =0,1,...,n — 1 are constants.
r=0

From here onward, we replace *I} and £ D} by *I* and £ D*, respectively.

Lemma 2.2 Suppose that the function h: [0,1] — R is a continuous function, p € (0,1],
r € (1,2], and p € (0,1). Then, the linear boundary value problem

PDM(OD" + &)u(t) = h(t), te[0,1],& €R, (2.5)
subject to the conditions
u(0) =0, ?D"u(0) = 0, u(l)=au(n), acR,0<n<l, (2.6)

has the unique solution

1 1
u(t):[ F(t,s,k,O)h(s)ds—E/ F(t,s,0,0)u(s)ds, (2.7)
0 0
where

Lev=d-ugr-1 | Fi(t,s,A,v), 0<t<n<l,
Flosa = Lo Filbs b, 0<t<n 9
PO+ 1=v) | Bsav), 0<p<t<l,

and Fi(t,s,»,v), k = 1,2 are given by

(;/. v+1)

(¢” —s”)“““"1 + L [a(n" —sP)l _(1—sP) 7], 0<s<t,
Fultss, ) = § 25 (aln? - sﬂ)**" P 1=ty t<s<n,
-—”’("Q”” (1—spyrent) n<s<l,
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—v+1
(2 -5yt T aln? ) - (L- Y, 0<s <y

—=o=1)H

Folt,s,h,0) = § (¢ —sP)MHi-v-l W(l — sPYMru-l) n<s<t,

p(u-v+1) _
—e— (1 =), t<s<l,

where

T+ =)l +2)

_ (u+1)
_F(/L—v+2)r()»+u)(1 an”'"7) #0.

Proof Apply *I* on both sides of (2.5) twice in succession using the semigroup property
(2.2) and the relation (2.3) to obtain

PD u(t) + Eu(t) = PP R(E) + ¢ + 187, (2.9)
LPor to(u+1)
+C
PhT(w+1) " piT (1 +2)

u(t) = PP h(E) — EPT*u(t) + co +Cy. (2.10)

Inserting the first and second conditions into (2.9) and (2.10) gives ¢g = ¢; = 0. By applying
the last condition, we find that

619

- A+ _pA+ _
ST (e ) =& 1) = IR - ag P un) + €71 (D).

Substituting into (2.10) gives

u(t) _ pl—k—u t Sp_lh(s) S spl—p. t Sp—lu(s)
ST +p) Jo (0 —sP)hon L) Jo (tF —sr)l-n
N gD plopt /g p=h T P L(s) at " sP7lu(s)
S —
Q T +w) Jo (nP —sP)t=2n () Jo (P —sP)t-r

o~ L P 1p(s) £ LsP=ly(s)
_r(mm/o T BT Jy Ty ds)’

which gives the kernels in (2.7) and (2.8). Conversely, inserting (2.7) into the left-hand side
of (2.5) and using the first three relations of Lemma 2.1, we obtain the right-hand side of
(2.5). Also, it is not difficult to see that the solution (2.7) satisfies all conditions of (2.6).
The proof is complete. 0

2.2 Hausdorff measure of noncompactness

There are many measures of noncompactness. The three main and most frequently used
measures are Kuratowski, Istratescu, and Hausdorff measures of noncompactness [1].
Here, we deal with Hausdorff measure of noncompactness that needs the following no-

tions and definitions.

Definition 2.1 Consider the Banach space (E, || - ||g) and a nonempty and bounded subset
& of E. Then the mapping 8 : A& — [0,00) is called the Hausdorff measure of noncom-
pactness of a set .4 C A and is defined as

B(A) = inf{e > 0|4 has a finite e-net in E}.
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In order to render some essential identities of the Hausdorff measure of noncompact-
ness, let us consider subsets A4, A4, C A%, n € N. Then we have:

(@) B(A) =0 for a relatively compact subset of E,

(b) B(A) = B(A) where ¥ is the closure set of A,

(© B(M + M) < B(M) + B(N),

(d) A1 C A, implies B(A1) < B(A2),

(e) If {4, }nen is a sequence of closed sets from J’pr such that A,,1 C A, and

limy,— o0 B(A5) = 0, then the A& = (02, A 7 ¢.

Theorem 2.1 (Darbo’s theorem [33]) Let A be a nonempty, bounded, closed, and convex
subset of a Banach space E. Suppose that T : N — N is a continuous map such that there
exists a constant o € [0, 1) with the property B(TN') < 0B(N), then T has a fixed point
inAN.

2.3 Sequence spaces
Let w be the set of all real sequences u = {1;}{5,. A subspace X of w is said to be a BK
space if it is a Banach space with continuous coordinates. That is, each map ¢; : X — C
defined by g;(#) = u; is continuous for each u € X and for every i € N. A sequence {e;}{5,
in a Banach space X is said to be a Schauder basis for X if for every u € X there is a unique
sequence {v;}%°) of scalars such that u = ) .- v;e;. The projection mapping P, : X — X of
a Banach space X with a Schauder basis {e;}%, is given by P, () = Y »  vie;, u € X.

A BK space is said to have AK property if each u € X has the unique representation
u=Yy oue. If | - |lx is a norm of a sequence space (X, | - ||x), then the norm || - [|x is

monotone if |u,| < |v,| forall n € N= |lu||x < ||v|x where u,v € X.

Theorem 2.2 ([1, Theorem 5.15]) Let .4, be a nonempty bounded subset of a BK space
o with Schauder basis (e,). Let N C N, and P, : o« — w, n € N be a projector onto the

linear span of {e1, €, ...,e,} and I be the identity operator on w. Then

1 lim (sup || (I = P,)(u) Hw) < B(A) < lim (sup || (I —P,)(u) ||w>,
Hn— 00 ue:/‘/

dn—MX) M€</V
where a =1im,,_, oo Sup |1 = Py |-

Remark 2.1 According to the proof of Theorem 5.16 in [1], if the space w is a BK space
with AK property and monotone norm || - ||, then a = lim,_, o sup ||/ — P,||,, = 1.

Remark 2.2 The space of all absolutely p-summable sequences £,, 1 < p < 00 is a Banach

space equipped with the norm

00 5
lulle, = (Yl | » 1<p<oo,
n=0

and it is a BK space with AK property and monotone norm || - ||, . Therefore, a nonempty
bounded subset .4 € £, satisfies the inequality in Theorem 2.2 with a = lim,_, o, sup ||/ -
Pylle, =1.
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3 Basic constructions

Consider 1 < p < 0o and let C([0, 1], £,) be the space of all continuous sequence functions
defined on the unit interval [0, 1] and belonging to the space £, that is, u(t) € C([0,1],£,)
implies that u(¢) = {u;(t)};2, € £, and u; : [0,1] — R is a continuous function for all i € N.

Define the space

E, = {u(t)|u € C([O, 1],5,,) and ¢(fD”u(t)) IS C([O, 1],€p), 1<p«< oo}
equipped with the norm [lu]| = [|ull,, + ||¢(5D“u)||gp where ¢ € C([0,1],£,).
Theorem 3.1 The space (E,, | - ||) is a Banach space.
Proof Let {#/} be a Cauchy sequence in the space (E,, | - ||). It is obvious that the sequences
{#/} and £ D" {1/} are Cauchy sequences in the space C([0, 1],£,). Thus, the two sequences
{#/} and 7 D" {1/} are convergent and converge to x and y, respectively, on [0, 1] uniformly,

and x,y € C([0, 1], £,). It suffices to prove that y(¢) = ?D"x(t). To do this, by using (2.3), we
have

. pl—u t Sp—l )
’pl PD"W(t) -1 y(t)‘ < F(v),/o s !fD u’(s)—y(s)’ds

< — PDV(t) - y(2)|.
_pF(v+1)trer}(g)l,)1(]|C W) y()|

Since #D"1/(t) — y(t) as j — oo uniformly on [0, 1], we find that *I* £ D"/ (t) — PI"y(t)
as j — oo uniformly on [0, 1]. Hence, by using the last relation in Lemma 2.1, we find
that /(t) — /(0) — PI'y(t) as j — oo, which leads to x(¢) — ¢ = *I"y(t) where c is a constant.
Applying # D" on both sides and using the first and third relations in Lemma 2.1, we obtain
2DVx(¢) = y(¢). Hence, p(“DVx(£)) = p(y(2)). 0

Theorem 3.2 Let N, be a nonempty bounded subset of E,,1 < p < 00. Let N C N,
P, :E, = E,, n € Nbea projector and I be the identity operator on E,. Then, the Hausdorff

measure of noncompactness satisfies the equality
B(AN) = lim ( sup |1 —Pn)(u)“).
n—o0 MG:/‘/

Proof Let u € ,, then u € £,,. In view of Theorem 3.1 and the fact that £,,1 <p <ocoisa
BK space with Schauder basis, the space E, is a BK space with the same Schauder basis.

Then, according to Theorem 2.2, we get

L lim (sup |17 = Py)(w) H) <B(A) < lim (sup |7 = Py)(w) H),
n—00 ue N

a n—oo ueN

where a = lim,,_, » sup ||/ — P,||. The left- and right-hand sides of the inequality above show
that a > 1. So, it is suffices to prove that a < 1. Since | - lle,»1 < p < 00 is monotone,
I = Pu)(@)lle, < llulle, for all u € €, and all n € N (see the proof of Theorem 5.16 [1]).
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Hence, for all n € N, it is easy to see that

=B sup 1= Pl
wew  lull
_ sup (I = Py)ulle, + (I = Py)p(ED u)lle,
ueN [l
lulle, + 19D w)lle, llu]
" uen Jul Tuer lul
This means that a = lim,,_, . sup ||/ — P, || < 1, which is the desired result. (I

Lemma3.1l Let0<a<b<c<1,0<p=<1l,a>0andp,q>1. Then,

b
/ 10D (e —Sp)p(a_l) ds = lcq(/’_l)”’"’("“l)*1 |:Bb (6]7(/0 “D+ 1,19(05 -1+ 1)
. p c P

(00 )]

provided that1-1/q < p < 1and o > 1-1/p, where B,(m, n) is the incomplete beta function
defined by

X
Bx(m,n)zf s" Y1 -s)"tds, mn>00<x<1.
0

Proof Using the transform s” = ¢”u, we obtain the desired result. 0

Remark 3.1 Let 0 <x < 1 and m,n > 0. Then, 0 < B,(m,n) < B(m, n) where B(m, n) is the
beta function defined by B(m, n) = By (m, n).

Lemma 3.2 Let 0< p <1,0<v<pu<1,1<A <2, and q > 1. Then, the integral
fol |F(t,s, 1, v)|1ds is uniformly continuous for all t € [0,1] if p > 1 — 1/q and the integral
fol | F(t,s,0,v)|?ds is uniformly continuous for all t € [0,1] if p( — v) > 1 —1/q, where F is
given in (2.8).

Proof Leta, =r+pu—-v,B=pn—-v+1,and 0 <t < £ <1.In order to prove our desired
results, we notice that there are three cases: 0 <t; <t <n<1,0<# <n<t, <1,and
O<n<ti<t <1

Casel.1f 0 < t; < t; < n < 1, then we find that

' 1
( V)/ |f(t2,s,)\.,l))—.F(tl,S,)\.,U)|qu
pq(l—a\)) 0
h 1 1
o R (R Ea e
0
B B
ty —t

q
Lol =) - (=)

17}
+ / g4(p=1)
a1

tfﬂ _ tfﬁ

q
I fal -5 (15 s

(&5 ")+

Page 8 of 21
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t;mﬂ _ t;fﬂﬁ

n
g ([ atr =y - (s

1
+/ sq(”‘l)(l—sp)q(ao_l) ds)

n

<241 (/tl s107 (25 - s”)a”_1 - (e - s”)w”_1 |" ds + /12 s107 (25 —sp)q(a”_l) ds>
0 15}

22(q—1) tﬁﬂ _ tplg q 51 ty
+—(2 1) (f 1(s)ds+/ 1(s)ds>
2|4 0 f

tqpﬂ _ tqpﬂ n 1 (@o-1)
+ g(ﬁ‘l/ I(s) ds+/ 17D (1 sP) T ds)
2] t n

22(q—1)1 1 :
+ — )
Q27 Qp

=207 +

where I(s) = s7°~D[|a|1(n? — s7)7@-D 4 (1 — s°)7@-D], By using the well-known fact that

(x—y)? <x7—yiforallx>y>0andq > 1, we can deduce by Lemma 3.1, when 1 <A <2

(ay > 1), that
L

t 2
I = ap-D (2 _op\ L _ (pp _r 1 g _,_/ a(p=1) (p _ gp)1@=1) 4
1 /(; o (7 =") (&7 =s")" " |"ds s (2 -s") S

5]

t (etn1) t1 (@r-1)
< / Sq(pfl) (té) _ Sp)q oy dS _ / Sq(p—l) (tf _ Sp)q oy dS
0 0

_ _ _ _ -1)+1
_ (tg(,o 1)+qp(ay-1)+1 _ t;](p 1)+gp(ay 1)+1)B<Q(p ) ’q(av _ 1) + 1))
0

and, when A = 0 (@, < 1), we find that
) ev=1) ! (v-1)
[1 < / Sq(ﬂ—l) (t—f _ Sp)q ay ds — /. Sq(p—l) (tg _Sp)q ay ds
0 0
B (@-1)
+ / sq("_l)(tzp _ Sp)q =D g
51
- - - - -1)+1
_ (floDraplenbel | galo-DsapanDet) g (u gl —1)+ 1)
0
- - -1)+1
_ 2t‘27(p D+gplay DHB(Q)/; <M,q(av D« 1)

ty )O

_ _ -1)+1
< 2tg(p 1+gp(ay—1)+1 |:B<q(/0 ) + ;q(au _ 1) + 1)
0

-1)+1
B, (M e —1)+ 1)}
[7) 1%

By applying the result of Lemma 3.1, we can deduce that

PB _ oB\d q B ap-1) (o _ p)4@0-1) B a(p-1) p)4(@-1)
L= (5" —t7")!| lal s107V (P — 5°) ds+ | s™7V(1-5") ds

0 0

< (tf‘g - tfﬂ)q<|a|q/nsq("_l)(’7p —S")q(ao_l) ds + /lsq(”_l)(l —s")q(ao_l) ds)
0

0

Page 9 of 21
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-1)+1
(tpﬂ pﬁ) (|a|qn‘“’ D+gp(eo-1)+ +1)B(q(’0 )+ Jqlao—1)+ 1).
P
Similarly, the upper bound of the integral I3 can be evaluated as

-1)+1
I; < (tgﬂﬁ _ ti{ﬂﬂ)[zqfl(|ﬂ|qnq(p—1)+qp(ao—1)+1 . 1) + 1]3(%#@0 1)+ 1).

It is obvious that the integrals I3, I, and I3 approach uniformly zero as t; — £, which
implies the desired results.
CaseIl. If 0 < t; < n < t; <1, then we find that

: fa;v) f | F(t2,5,3,v) = Fltr,s,0,0)|" ds
t1 L )
:f S‘I(P—l) (tg _Sp)‘)lv* _ (tf _Sp)oz,,—
0
B _ P8 q
%[a(np _Sp)"‘o—l _ (1 _Sp)ao—l] ds
! oy—1 tgﬂ —tfﬂ wo—1 w01 q
IR
51
B B
] Q
+ M /lsq(P—l)(l _SP)Q(oto—l) ds.
1217 Jy,
CaselIL. If 0 < n < t; < £, <1, then we find that
q
;q fa(fu) / | Ft2,5,3,v) = Ftr,5,,0)|" ds
:/0‘ S‘I(P 1) (tp )O‘v 1 (tf _Sp)atv71
PB_ LPB q
+ %[a(np _sp)ao—l _ (1 _sp)ot()—l] dS
h 1 1 pﬂ _ tpﬁ NG
' / R [ R CEE D Q (1-s)"""| ds
n
B B
.\ /tZ Sq(pil) (tg _Sp)av—l tg g—ztf (1 _Sp)a0—1 qu
151

tqpﬂ _ tqpﬂ (@o-1)
y2 |Q|q1 / sq(”_l)(l —s‘))q =% ds.
5]

As in the first case, the integrals fol | F(t,s,A,v)|2ds and fol | F(t,s,0,v)|?ds approach uni-

formly zero as ¢; — t; in both cases I and III. O
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Lemma3.3 Leta,=A+u—-vand B=pu—-v+1where0<p<1,1<A<2,and0<v<
w <1. Then, for all g > 1, we have

1
sup/ |.7:(t,s,k,v)|qu
1Jo

te[0,1

1oy 1 1
= min{ sup / sq("_l)|}"1(t,s,k,v)|qu, sup / sq("_l)|]:2(t,s,k,v)|qu},
Iay) tef0,11Jo tef0,1] Jo

where F1, Fp, and F are given in (2.8) such that

1
sup f s10D) |.7-'1(t,s, A D) |qu

te[0,1] JO

_ 2q—lB(q(p_ 1) +1
1Y

yq(a, — 1) + 1)

2012471 4 1)(1 + |a|dne-Draro-Dly 4 1 (a(p—1)+1
+ a B ,qlop—1)+1
P

and

1
sup / s1e-D ’fz(t,s, A V) ’qu

te[0,1]Jo

:2qB<M,
P

qla, - 1) + 1)

22a-1)(1 + |ﬂ|qnq(pfl)+qp(aofl)+1) +2071 41 fglp-1)+1

+ B 7q(a0 - 1) + 1 )
2|7

provided that p > 1 —1/q. In the case A = 0, we have to take p(u —v) >1-1/q.

Proof 1f0 <t <n <1, then we find that

1
/ PUC |F1(t,s, A V) |q ds
0

t
— / g4(p=1)
0

t

1
+/ Sq(p_l)(l—s")q(ao_l) ds)
n
e

t 1
< 2q—1/ Sq(p—l)(tp _Sp)q<vtu—1> ds + |Q|q/ sq(p—1)(1 _Sp)q(ao—l) ds
0 0

q
(tp —s")a”_1 + —[a(np —s")ao_1 - (1 —s”)ao_l] ds

2q—1(2q—1 + 1)tqp/3 <

g [ a1 p _ p)4(@0-1)
o jal® | 1D (" - 5°)

0

1
+/ Sq(p_l)(l—s")q(ao_l) ds).
0
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By Lemma 3.1, we get

1
/ 10D |F1(t,s, A V) |q ds
0

< 2q—1tq(p—1)+qp(av—1)+lB<M,q(av -1+ 1)

(22@-1) 4 2971 1 1) 4 29712971 4 1)|q|Tnale-D+arlxo-1)+1
I$21

-1)+1
x tqpﬂB(M,q(ao -1+ 1>.
P

When 1 <A <2 with p >1-1/q or A =0 with p(u —v) > 1 - 1/q, we have

1
/ sate=1) ‘fl(t, S, A, v)‘q ds
0

= 2‘1_13(7%'0 _pl) * l,q(au -1+ 1)

20712971 4 1)(1 + |a|Inalp-D+arleo-D+1y 4 1B (q(p -1+1
+
219 o

,q(op—1) + 1).

In the same way we can evaluate the upper bound of the integral fol s1P=D|Fy (8,5, A, v) |7 ds
when 0 < <t < 1. The proof is finished. O

4 Main results

By using the Hausdorff measure of noncompactness and applying Theorem 3.2 together
with the Darbo’s fixed point Theorem 2.1, we obtain the existence of solution for the infi-
nite system of fractional Langevin equations (1.1) subject to the boundary conditions (1.2)
with the same constraints mentioned in the first section. It is obvious, due to Lemma 2.2,
that the solution of the infinite system (1.1)—(1.2) u(t) € E, satisfies the single integral

equation

1 1
i(t) = / Filtys, 1 OVhils, u(s), (2D us)) ds — &, / Filty5,0,0)ui(s) ds.
0 0
Here, F;,i € N are defined as

1+vi—Xi—i pi—
Vimhi ”LS'OI 1 -F.il(twg; )"iv vi)) 0 S t S Ni < 1:

E(t,sy)\i’ Ui) = d
U+ pi=vi) | Folt,s,0iv), O<nmi<t<1,

(4.1)

and F;; = F; and Fj = F, where F; and F; are defined in (2.8) by replacing the symbols
AV, 4, p, a, and 1 by the indexed symbols X;, v;, i, pi, ai, and n;, respectively. Define the
sequence operators P, P, P, : E, — E, by

(Puy)(t) = (Pruy)(£) — (Pouy)(t), (4.2)

1
(Pru)(0) = / Filtys, ko OVhls, u(s), (2 D" u(s)) di, (43)
0
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1
(Port)(t) = & fo Fit,s,0,0)u(s) ds, (4.4)

for all i € N. Their fractional derivatives of order 0 < v < u, by using the third identity in
Lemma 2.1, can be computed as

1
(fD”"Plui)(t):/ Filt,s, hiy vi)hi(s, uls), ¢ (£ D" uls)) ds, (4.5)
0
1
(D" o) 0 =& [ Fits,0,vdui(5)ds. (46)
0

The investigation of the existence of solutions for the infinite system (1.1)—(1.2) will be
discussed under the following assumptions:
(9Mt1) The functions #4; : [0,1] x £, x £, — £, are jointly continuous for all i € N and
satisfy, with Lipschitz constant £, the Lipschitz condition

|hi(t, uy,vi) — h(t, Mz,V2)| < L(lul —U| +|v1— V2|), Ui, Vi € £y, k=1,2.

(M) There exist nonnegative sequence functions x;(¢) and y;(¢), satisfying, for all i € N,
t €[0,1] and u, v € C([0, 1], £,), the inequality

|t u,v)|” < x:8) + 3O (| O + [vi®)|7).

(M3) The sequence of functions {x;(£)}°, € £; is integrable on [0, 1]. This means that
lim,,_, oo Zf’;n x;(t) =0, t € [0,1], and there exists a positive constant

%) 1 1 o0
A:;/O xi(s)dS:/O ;xi(s)ds.

(M,) The sequence of functions {y;(t)}7%) is equibounded on [0, 1]. This means that there
exists a positive constant B = sup, (o 1 SUp;ep Yi(t)-
(Mt5) There exist positive constants M, , such that

1
M, = sup sup(/ ’E(t,s,)»i,v,-)’qu>, q>1
0

te[0,1] ieN

(M) The functions ¢; : R — R are continuous and additive for all i € N. That is, they
satisfy Cauchy’s functional equation

dilx +y) = di(x) + §i(y), x,yeR,ieN.

Remark 4.1 In view of Lemma 3.3 and Assumption (915), we have

pil—()»ﬁm—vi) 92(¢-1) 4 94-1 {1 4 22(q—1)|ai|qn?(ﬂi—1)+qpi()¥i+lli—1)+1
M,;,, = sup
ien T'(Ai + i — vy) €24

i—1)+1
X B(M,q(ki +ui—1) + 1>
Pi
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Pi

+20°t min{ (M,q()\ +ui—v;—1)+ 1)

1

1272~ +qpi (it pni=1)+1 —1)+1
lailn; B 4o 1) sqhi+pi—1)+1 .
|Qi|q Pi

i—1)+1
+2q_lB<M,q()\l’ + Ui —Vi— 1) + 1)

Remark4.2 According to Assumption (M), since ¢;, i € N is continuous and additive, ¢; is
alinear function and ¢;(0) = 0. Thus, there exist positive numbers §; such that |¢;(x)| = §;|x|
forallie N.

Theorem 4.1 Under Assumptions (M1)—(9Me) and with p;(u; — v;) > 1/p for all i e N and

p > 1, the infinite system (1.1)—(1.2) has at least one solution in E, provided that S, (B) +
p-1 p-1

So(£7) < 1 where S, (x) = x% (/\/lka0 + 8/\/1,\,7\,), & = sup,ey 1&il, and 8 = sup; 6;.

Proof In view of the continuity of the functions /4; by Assumption (901;), the operator P
defined in (4.2) is continuous. In order to prove the boundedness of the operator P, by

using Holder’s inequality for the integral and Assumption (91s), we obtain
||7)1M||IZP < srp] Z(/ | Fi(t, 8,2, 0)| | Fni(s, u(s),¢(fD”u(s)))|ds>
tel0,1] ;_; 0

< sup Fi(t,s,A;,0) qu h s, u(s), ¢ (Y D" u(s) ? ds
Z [ |

te[0,1]
e (!
<M Z/ [xi(s) +y,-(s)(|u,'(s)|p + ‘¢(fiD”fui(s)))|p] ds,
i=1 V0
where 1/p + 1/g = 1. Invoking Assumptions (93) and (94),

p-1 1
1Prule, < M (A+B(lul;, + [¢(Z2D" ) ))?

"c

< M (4% + B (July, + [6(2D"W)], )

L

- Myl (4% + B Jul).
Similarly, we can deduce that
bl p-l
IPaulle, <&Mo llulle, <EMog llull.
By using Remark 4.2, we can deduce, as above, that

p-1
l6 (20" Pru),, =M, (Aflf +B7 ul),

|6(D"Paus)|,, _SSM "l
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Using Minkowski inequality [lx + yll¢, < lxll¢, + ll¥ll¢, gives
IPull = || Prus = Poul| = | Pru— Pastllg, + | ¢ (D" (Prus) —¢(fD”(772u)H[p
< Prulle, + 1Paulle, + [&(ZD"(Prs) |, + & (¢D" (P,
< Su(A) +[Sx(B) + So(&7) ]Il
Now, we consider the set 4" C E, given by

N = {u € E,|[lu|| < r,u satisfies the boundary conditions (1.2)},

which is closed, bounded, and convex, with fix r satisfying the inequality S;(4) + [S;.(B) +
So(£P)]r < r. It is clear that the operator P : .4 — 4 is bounded. To prove the conti-
nuity of P on the set .4/, let u,v € .4 and assume that for all € > 0 there exists 0 < y <

€/[S;.(227112) + Sy(£7)] such that || — v|| < y. Then,

Pru = Prvlle,
1
p

<Mw (Z/ |h s, u(s) ¢ /’D”u(s))) (s, V(s),¢>(fD”V(s)))|pds)

M (ZLP [ ()9 + o) —qs(wa(s)m”ds)

71 (Z/ (|u(s) = v(®)[” +|¢(°D uls)) - p(°D*v(s)) ) ds)
p-1 1 p-1 pl
<27 EMG (lu=vie, + |¢(CD"u) - ¢ (2D"V) [, ) =277 LM, u—v].
By the same technique, we arrive at
1Pu— Pyl < [S.(227'E7) + So(&7) Jllu — vl <€,

which implies that the operator P is continuous on the set .#". To show it is continuous
uniformly on the interval [0, 1], let £ € [0, 1]. Then, we find that

| PLu(t) - Prulto)|”
»

1
/ [‘F.l(t) S, )‘-ir O) - E(tO) S, )‘-i) 0)]ht (S, M(S), ¢(5Dvu(s))) dS
0

SZ(_/(; |E(t,5,ki,0)—}-i(to,s,)ni,())|qu> /(; |hi(s’”(S)»¢(vau(S)))\pds,

which approaches zero uniformly as ¢ — £, due to Lemma 3.2. In the same way, we can
see that |(Pu)(t) — (Pu)(to)| — 0 uniformly as £ — £y, which implies that the operator P

is continuous on [0, 1].

Page 15 of 21
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We just have to prove that the operator P is condensing on the space £, with respect
to Hausdorff measure of noncompactness. Therefore, the Hausdorff measure of noncom-

pactness B(./4) can be computed, according to Theorem 3.2 and Remark 2.2, as
Be,(/"P)= lim sup || (I—P,,)Pu”
=0 ye N
- jim swp (10~ 2Pul, + [0~ gD P,

= B, (AN P) + B, (N ¢(?D'P))
< Bi, (N P1) + Bi, (N Pa) + B, (A ¢(ED"Pr)) + Be, (A ¢ (2D Pa)).

Now, let us estimate each term separately as follows:

Be, (N Py)

/ Fi(t,s, \i, 0)h; (s,u(s) (pD"u(s))

=20 ye 4 tel0,1]

1
p)p

< lim sup sup( (/ | Fi(ts 5, 1 |qu) f |hi(s, u(s), (D" u( )’Pds)
=90 ye ¥ tel0,1] i>n

1
P

= lim sup sup(

1

<Mxo lim sup (Z/ xi(s) + yi S)(|M S){p‘* ¢ (/D" u (5)))|p] )

n—00
ue N \';i=,

<M B fim s KZ '”"p) <Z|¢<ffD”‘”f> ')}

i>n i>n

p-1
=M B2 lim sup ([~ Pojul, + |0 ~PIo (D)}

-1
—MAO B’ lim sup |7 = Py)ul|| = Mf‘TOBP%ﬁ]Ep(f/Vu).

n—>oo

Continuing in the same manner, we find that

Be, (AN P) < [$1.(B) + So(£7)]Bs, (A w).

In conclusion, we checked all the assumptions of Darbo’s Theorem 2.1. Therefore the in-

finite system (1.1)—(1.2) has at least one solution in E,, p > 1. O

Theorem 4.2 Under Assumptions (I,)—(9Ms) and with p;(; — v;) > 1/p foralli € N and
p > 1, the infinite system (1.1)—(1.2) has at least one solution in By provided that S, (B) +
So(£7) < 1.

Proof It is clear that the proof of this theorem is similar to the proof of the previous one,
thus it suffices to show just the last part. We have to prove that the operator P is condens-

ing on the space E; with respect to Hausdorff measure of noncompactness.
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Now, let us use the Holder integral inequality with 1/p + 1/g = 1 as follows:
,321(</V731)

= lim sup sup
=00 e ¥ te[0,1]

/ Filt, s, 1i, 0)hi(s, uls), ¢ (VD" uls)) ds

1 i/ [l 5
< lim sup sup Z(/ |E(t,s,ki,0)|qu> (/ |hi(s,u(s),¢(é’Dvu(s)) |1’ ds)
0 0

=0 ye ¥ tel0,1] i=n

L o0 1 »
q 1 ) ) (NP PiYViqy. 14
=M, nll)rgo Mseli;:/ l;, (/0 [%:(s) + yi(s) (|wi(9)[” + o (D" ui(s)))| ]ds)

n—00

p-1
<Mxo Bp lim SLJJ[:/{Z|M,| +Z|¢ mDv, )|} :M,\f) BI%IB]EI(JVM),

i>n l>Vl

Continuing in this manner, we find that
Be, (A P) < [S2(B) + So(£7) | Be, (A u).
Therefore the infinite system (1.1)—(1.2) has at least one solution in E;. O

5 An application
In this section we provide an application for our main results to show how one can apply

them.

Example5.1 We introduce an infinite system of fractional Langevin equations with three-

point condition:

=le

2

°D

(D +10)u(0) = I <t u(t) Ip éu(t)), telo1],ieN,

O
v

subjected to the boundary conditions

1

(=0,  iDhu(0)=0, ui(1) = 5u;(27),

where p = 1%, Ai= %, i = %, V; = é, £§=10"%a;=1,n;= é, and ¢;(x) = %x Also, we take

et sin(nt) te i cos(nmt)
Mlbw) = = T 3G T i Z (v gp 8+ v®).

It is obvious that

|hi(t, u,v) |P
»

the i sin(nt) cos I’l]Tt)
BT 5 1)t +i)? g n®) +v1(0)

< 2’“(

t*e~ sin(rt)
(t +0)%!

g te”" PISN cos(nmt)
* <2(5 - t)4(t + l)2> nX:I: (l’l + t)g (un(t) + Vn(t))

)

Page 17 of 21
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By using Holder inequality, with 1/p + 1/g = 1, p,q > 1, we obtain

'3

’Z cos(n;r)j) n(8) + v,(0))

cos(nmt)

(n+1)°

(un (&) + v (t))

n=1

5 y

g (Z cos(nmt) q) ! Z|u”(t) +v@)| < (Z %) " Z|“n(t) v
- 1 n=1 n=1

- (n+1)°

<2750 Y (|un®)]” + [va®)]) = 27277 Og) (lul” + 1vP?),

n=1

where ¢ (-) is the Riemann zeta function. When p = 1, we have

cos(nnt) 2| cos(nrt)
n(t) + Vn(t)) = ; W(un(t) + Vn(t))‘
< () +va®)] <D (|un(®)] + [vult)])
n=1 n=1
= |ul +|v].
Also, we can deduce that
2t*e " sin(t) |7 - 2t et
(¢ + 042! T+ i
These estimates imply, for all p > 1, that
A it feit
it w,v) | < £ 220Dl (9 (|l + [vP?). (5.1)

T(t+ 1) i 2(5 — )42

Now, we are in a position to show that all Assumptions (91;)—(91) are verified for this
problem:
(901;) Obviously, the functions #;(t, u, v) are continuous on [0, 1] for all i € N. In order to
prove that i; € £, p> 1 for all i € N, by (5.1), we have

IAll? = " |hit w,v)|”
i=1

et E ope1)ppet 0 it
=) 220D - NS e
t+ 1)4; PRI P Og) (Il + v] )21: 5
_ e t 22-1) pp-1(g » P\Lo (et
T (t+ 1)48 + 2(5 — £)* ¢ ( Q)(|”| + v ) 2(6 ) < 00,

where L, is the dilogarithm function, which means that /; € £,, p > 1. Also, by
using (5.1), we can deduce that /; verify the Lipschitz condition with a positive

Page 18 of 21
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constant

—it
L =2*0"DeP=1(94) sup sup ——— —— = 2%"11P1(9q)
€00 S G 2 ¢ e

~ 43,867718
" 4,989,349,821,456,000
(9M,) We choose
t4 e—it —it 2(1/1 D 1
()= ————— (f) = ———— 220D rr-l(9g),
0= g 0= gt ¢ 0

(OM3) Since Y o0 x; = ﬁee% < 00, we get that x; € £ and
0 a1
A=) / x;(s) ds ~ 0.0305677.
i=1 Y0

(9M4) Itis clear that the sequence {y;(¢)} is equibounded and

~0.00781253

43,8678
B = sup supy;(t) = 221’_11;“”_1(961) = i
te[0,1 ieN 4,989,349,821,456,000

in the space E;, and B = 1/512 in the space E;.

(915) From Remark 4.1, we can evaluate the values

M, ~ 359127, M3 1~ 3.65664,
2’ 2’8

Mo ~ 23.1474, Mo’z_lg ~ 15.5487

in both spaces E; and E;.
(M) According to Remark 4.2, §; = 57 for all i € N and § = max,en §; = %
Therefore, all Assumptions (91;)—(1) are verified,

o2 2 (3 18 11
(wi—v)=——-—=-=)=—>—-—=—
PRMi=YI=10\a"8) 16 2 p

in both spaces E; and E;, and

S1.(B) + So(£7) ~0.761287 <1 inEy,
S1.(B) +So(£7) ~0.660634 <1 in Ey,

which implies that our example verifies the conditions of Theorems 4.1 and 4.2. Thus, the
problem of Example 5.1 has at least one solution in the space E; and also in E;.

6 Conclusion

In the present research, we studied an infinite system of Langevin equations of fractional
order. The fractional derivative used in our model is the so-called generalized Liouville—
Caputo derivative, which associates with many well-known fractional derivatives. By ap-
plying the measure of noncompactness technique and using the Darbo’s fixed point theo-
rem, we examined the existence of solution to this infinite system. This investigation has
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been performed in a new sequence space related to the £,,1 < p < 0o space. A numeri-
cal example is presented to illustrate our idea by investigating a function satisfying all the

proposed assumptions.
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