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1 Introduction

In recent years, fractional calculus (FC) has been used to describe the natural behav-
ior in many research fields [1-9]. And the fractional order differential models can bet-
ter describe some complex dynamic phenomena in many practical engineering prob-
lems [10-16]. Thus, the theory of FC has been developed rapidly. For example, a defi-
nition of variable fractional order operator (VFO) was proposed in order to describe the
complex phenomena of the mechanical modeling [17]. FC has a vast of applications in
areas of physics and engineering, and it has been applied to chaos control of the frac-
tional order(FO) dynamical systems [18]. And it has become a hot spot in research for
the theory analysis and application of control in FO dynamical systems [19-21], and
there exist many control methods to deal with the control problem of the chaotic sys-
tems, such as adaptive control, backstepping method, feedback control method, and Hy
approach [22-25]. Monje et al. [22] detailed fractional order systems and controls by
use of fractional calculus in the description and modeling of systems and in a range of
control design and practical applications. Aguilar et al. [25] investigated the chaos con-
trol for a class of variable-order fractional chaotic systems using robust control strategy.
Moreover, sliding mode control (SMC) [26—-28], which has the advantage of better tran-
sient performance, easy realization, rapid response, and insensitivity to external distur-
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bances and so on, is frequently employed, see [29-37]. Pisano et al. [29] applied the slid-
ing mode control approaches to stabilize a class of linear uncertain fractional order dy-
namics and presented two sliding mode control schemes. Jakovljevic et al. [30] dealt with
applications of sliding mode based fractional control techniques to address tracking and
stabilization control tasks for some classes of nonlinear uncertain fractional order sys-
tems.

Aghababa [38] introduced a suitable robust SMC law to realize control in a given finite
time for integer-order nonautonomous chaotic systems. By use of the SMC approach, a
feedback control has been designed to guarantee asymptotical stability of the chaotic sys-
tems in [39]. Combined with a global SMC, Saleh et al. [40] presented a novel adaptive
stabilization technique for disturbed chaotic flow. Motivated by the research in SMC of
the constant FO chaotic system, many researchers have exploited the VFO operators to
investigate the dynamical and control problems [17, 41-44]. However, from the mathe-
matical analysis point, it has not been resolved for the problem of the theory to prove the
stability of the controller. To the authors’ knowledge, due to the complexity of VFO sys-
tems, the results are rare on this topic. In addition, many studies have been devoted to the
simulation of the fraction order system in recent years, and a large number of methods
have emerged and the theories have gradually improved [45-50].

In the present paper, the finite time control is discussed for VFO chaotic systems in
the presence of uncertainties and external disturbances. The Lyapunov direct method is
extended to the VFO form, and a finite time stability theorem is proposed. Based on the
stable results, a VFO sliding mode manifold is designed. And in order to guarantee the
finite time reach of the system state trajectories to the above sliding mode manifold, a
SMC law is designed in the VFO form. In this paper, our main contribution is to realize
the stabilization of variable fractional order uncertain systems in finite time by the SMC
approach. Moreover, the theoretical proof is given by use of the variable fractional order
Lyapunov theorem. Lastly, simulation results are proposed to display the effectiveness and
usefulness of the theoretical analysis.

The organization of this article is presented as follows. The basic definitions of VFO
calculus and the basic description of the system are given in Sect. 2. Section 3 is devoted
to obtaining the stability of VFO differential system in a finite time and provide the design
strategy of the VFOSMC. Section 4 provides the numerical simulations for the viability of

the theoretical results.

2 Preliminaries
The following definitions of VFO operators are adopted in this article.

Definition 2.1 ([51]) When the order ¢(t) depends on time ¢, there is an obvious way for

accounting for the variation:

1
I'(4(2))

19x(t) = / (t=5)"x(s)ds, 0<q(t)<1, ()

provided the integration is defined on ¢ € [y, T], and I'(-) is the gamma function.
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Definition 2.2 ([51]) The definition of VFO derivatives is as follows:
Cya® 1 ! )
DI'Yx(t) = ———— / (-5 19%(s)ds, 0<gq(t)<1, (2)
‘ ra-q@) J, 1

provided the integration is defined on ¢ € [£y, T'], and I'(-) is the gamma function.

When ¢(t) is a constant, Definitions 2.1 and 2.1 are reduced to the Caputo constant
fractional order operators.
The n-dimensional uncertain VFO nonlinear dynamical system is described by the fol-

lowing equations:

{1 () = (6, X) + A X) + da(8) + (D),
D%, (8) = o8, X) + At X) + da(8) + ua(0), o

E DI %,(8) = fult, X) + Afo(t X) + du(t) + (D),

where 0 < g1 < q(t) < q3 < 1, q1, g- are finite constant. X (£) = [x1(£), %2(£),...,x,(£)]T € R"is
the states vector, f;(£,X) € R, i=1,2,...,n, denotes a nonlinear function of X and ¢, u;(¢) €
R,i=1,2,...,n,is the control input. d;(t) € R represents an unknown model uncertainty,
and Af;(t, X) € Rrepresents the external disturbances of the system fori = 1,2,...,n, which

is required to satisfy the following assumptions.

Assumption 1 Suppose that the unknown model uncertainty Afi(¢,X) fori=1,2,...,nis

differentiable and satisfies
D70 Afi(e, X)| < MY,
where MiAf > 0 is a constant which is known for i =1,2,...,n.

Assumption 2 Suppose that the external disturbance d;(t) is differentiable for i =
1,2,...,m,

DR0d,(0)] < M2,
where M? > 0 is a constant which is known for i = 1,2,...,7.
Remark 1 From the applied points of view, the uncertain terms and external disturbances

are always bounded, a designed control input always has a finite magnitude. Thus, the

above assumption is realistic and not restricting.

3 Main results
3.1 Stability analysis of the VFO system

This part is to derive some criteria of stability for the VFO differential systems.



Jiang et al. Advances in Difference Equations (2021) 2021:127

Definition 3.1 The constant x; is an equilibrium point of the VFO system

CDIx(e) = f(tx(2)),  te(toT),

x(f) = o,
where 0 < g1 < q(t,x(2)) <ga < 1iff(t,x0) = 0.

The following theorem is an extended Lyapunov direct method into a VFO form, which
provides the basis of the asymptotic stability analysis for the VFO system.

Theorem 3.2 Suppose that x = 0 is an equilibrium point of VFO system (4) and D C R" isa
domain containing the origin. If there exists a continuously differential function V(t,x(¢)) :
[0,00) x D — R such that, for arbitrary positive constants oy, oy, 03, a, b, the following

inequality holds:

arllx|* < V(E,x(£)) < aallxl|*, )
DIOV (L, x(t)) < ~as|lx],
wherex € D,0<q; < q(t) < gz <1, te[0,00).
Then the equilibrium point of system (4) is asymptotically stable.

Proof Divide the interval [0,00) into the subintervals [#, fx.1], kK = 1,2,...,n,..., which
requires limg_ o & = 00. Denote xi = tx,1 — tx with infy xx > 0 and 0 < sup; xx < 1 for k =
1,2,...,n,..., then the following inequality is obtained:

Ly 0<y <1,
X < ) Xk (6)
(X_k)ql’ 1 = Xk
with xx = max{(i)qz, (X—lk)’“}. According to the property of I'(¢) on (0, 1], we have I'(1 -
q1) <T'(1-¢q(2)) <T(1 - q2), which gives that, for t € [tx, 1), k=1,...,n,..., together
with Definition 2.1 and Definition 2.2

® ~ t (t—S)’q(t) )
t(/:(D? V(t,x(t)) = /;k mv (S,x(s)) dS (7)
> ﬁ /::(t —5)71® V'(s,%(s)) ds

)’(7( t t—s —q2
A" 2 (s, d
= rl-q) /tk< Xk ) V'{ox(e) ds

1
- FktiD;D V(t,x(2)),

rd-q1)

—5—2— > 0. Thus, we obtain
X~ Xk T (1-q2)

where Hy =

tC];D?Z V(tr x(t)) = Hk[C,;D?(t) V(t; x(t))¢ te [tlo tk+1)y k= 1) e,
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then we get
SDPV (t,x(t)) < HSDI'V (t,x(t))  for ¢ € [0,00), ®)
where H = H; for t € [t;,t;;1). From inequalities (5) and (8), it is obtained that

SDPV (t,x()) < HSDIOV (t,x(1)) 9)

< —Hagozz_l\/(t,x(t)).
Then a nonnegative function G(£) exists such that
Spf V(t,x(2)) + G@) = —agangV(t,x(t)). (10)
Applying the Laplace transform to (10) with V(0) = V(0,x(0)), we derive that
s2V(s) — V(0)s2! + G(s) = —OlgO(z_lHV(S),

where V(s) = L{V (¢,x(¢))} and G(s) = L{D(t)}. After some manipulations, it is obtained that

V(0)s2271 — G(s)

s12 + Hozoy !

Vi(s) =
By the inverse Laplace transform, one can get

V(t) = V(0)E,, (—ag(xz’lHt‘”) - /t(t - s)”’z’lqu,q2 [—Hagaz’l(t - s)q2]G(s) ds
0

< V(0)E,, (~aza3  HE™).

In terms of inequality (5), it implies that

Q=

el < [V(O)a; By, (~Hasts ' 17) ] .
Thus, the proof is completed. 0

The coming definition and theorems are concerned with finite time stability of the sys-

tems.

Definition 3.3 Assume that D is some open connected set, W(Y, ) is a function of vari-
ables Y, t. Then a function Y (¢), tp <t < T, T > ty is called a solution of the differential
inequality

oD1Y(t) < W(Y(2),2) (11)

on [ty, T) if Y(¢), and its fractional order derivative satisfies inequality (11) on [to, T).

Page 5of 16
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Theorem 3.4 Suppose that W (X, t) is continuous on D € R?, which is an open connected
set, and X (t) is a solution of the following initial value problem:

C DIX(2) = X (£), X(to) = xo,

on [ty, T, where X is a known constant. If Y (t) is a solution of inequality (11) on [ty, T] with
Y(to) < X(to), then Y(t) < X(t) forty <t < T.

Proof Set P(t) = Y(£) — X(¢t), taking the FO derivative on time yields

W DIP(t) = D (Y(2) - X (2))
= DY (2) - £ DX (2)
<AY(t) - AX(2)

= )"P(t)’

which combined with Y (¢) < X(to) gives P(tp) < 0. The following is to validate the in-
equality holds:

P(t) <0, Vtelt,T). (12)
By the contradiction method, if there exist £, £, € (ty, T), t1 < ty satisfying

P(t) <0, te(to,t1),
P(t)>0, te(t,tl,
P(t1)=0, t=¢.

Suppose that 1 > 0, applying the fractional operator /7 to the following inequality:
“DP(t) < AP(2),
then it is obtained that

P(t)) — P(tp) < %q) /to l(tl—s)q_lkP(s) ds.

Since P(t) < 0 for ¢ € (¢y, 1), then —P(ty) < 0, which is a contradiction. Assume A < 0, fol-
lowing a similar approach, we have

Plty) - P(ty) < %q) / 12(l‘2 — 91 AP(s)ds < 0,

then P(¢,) < 0, which means that inequality (12) holds. O

Theorem 3.5 Assume that V(t) is a continuous and positive definite function which satis-

fies

D2V (1) < —aV(2) (13)
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for t > ty, where « is a positive constant. Then the following inequality can be got:

V(8) < V(t)Eg, (—at?) (14)
for ty < t < t* with t* = (12D q2+1 )2, where E,,(t) is a Mittag-Leffler function which is de-
noted by E,(£) = Y 2o m. Moreover, V(ty) > 0 with any given ty, and V(t) = 0 for
t>t
Proof Consider the initial value problem of the FO differential systems:

2DPX(1) = —aX(t), X(to) = V (k).

Then this initial value problem has a unique solution as follows:

X(t) = X(t0)Eg, (—at®)  forfp <t.

Therefore, on the basis of Theorem 3.4, one obtains that
V(t) < X(¢) = V(60)Eg, (—at®?)  forfy <t<t*,

where ¢* = ( qurl)) “and V(¢) = 0 for V¢ > ¢*. O

3.2 Finite time control of the VFO system by SMC approach
For VFO differential system (3), the VFO sliding mode is proposed as follows:

si(t) = 5 D"xi + Bixi + Pisgn()|xi| 17, (15)
where 8;>0, Bi>0fori=1,2,...,n
Remark 2 The representation of the sliding mode is related to the variable fractional order
operator, and it is focused on the VFO systems. When the VFO parameter is a constant,
it can be used to deal with the constant FO systems.
If the states of the system reach the sliding mode surface, then it is obtained that
si(1)=0, i=1,2,...,n
Thus,
SD10x; = —Bi; — Bisgn(oes) |, 19 (16)

Lemma 3.6 Assume that x(t) is a continuous differential function, then the following in-
equality holds for any time instant t > 0:

QSD"” 2(t) <x(O§DIx(), 0<q(t)<1
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Theorem 3.7 Consider the VFO sliding mode dynamics (16), then its state trajectories

converge to zero asymptotically in a finite time.

Proof Choose the Lyapunov functional as

AGEDIEAGH (17)

i=1

and apply VFO derivative g(¢) to Lyapunov function (17) with respect to time. We obtain
that along with Lemma 3.6 by subsisting equation (16) of thq(t)xi(t),

n
§DfOvi(e) = Y SDI2(0)
i=1

n
<Y %05 DV xi(t)

-1

= in(t)[—ﬁixi(t) — Bisgn(x;)|x;| 10|
i1

=< —(lV1(t),

where a = min{B;, 8;}. Then, according to Theorem 3.4 and Theorem 3.5, the state vari-
ables x;, i = 1,2,...,n, asymptotically tend to zero in a finite time.

The following step is to design a robust sliding control law based on the sliding mode
approach. Then the state trajectories of the VFO system are forced to the sliding mode

surface in a finite time. Subsequently, the control law is given as follows:
u;(t) = uf;q + uéw (18)
with

uiq =~fit,X) - 61'Sgn(xi)|xi|q(t) — Bixi, (19)
§D1ul,, = (M7 + M)sgn(s:) - E{si — E1sgn(si),

where u,, is the equivalent control, and u, is the reaching law with Bi>0, Bi>0,& >0,

£550,i=1,2,...,n o

The next theorem ensures that system trajectories (3) converge to the sliding mode sur-

face under the controller.

Theorem 3.8 Counsider VFO system (3). If controller (18) is applied to system (3) with
Bi>0,B:>0,& >0, & >0, then the states of system (3) are driven to reach to the sliding
mode surface (15) asymptotically from the initial conditions in the finite time and stay on

it forever.
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Proof The Lyapunov function is defined as
Vi) =23 0 20)
T2 =gl ‘

Calculating the variable fractional order derivative g(¢) for V,(s;) with respect to time, it
is obtained from Lemma 3.6 that

n
§DIVa(s) < ZsigD?“)si. (21)
i-1

According to the sliding mode (15), it is rewritten under controller (18) as follows:

n
5 DIy (s;) < Z si[§ pi® (§ D%, + Bix; + Bisgn(x) ;1) ]
-1
n

= Y s[SDIV (A X) + AR X) + dile) + uilt) + B + Bisgn(xi) i1 ) |

i=1
= > s[SDIO(file, X) + Af(E X) + dilt) — fi(t X) — B — Brsgn(acy) x:] 1O
i=1

+ Uy, + Bixi + Bisgn(xi)| xi|q<t>)]
n

=D sil§DF A6, X) + §D1di(e) + D]V, ]
i=1

n
A d A d i 2 1
<> [MPIsil + M Usi| - M si| - ME|si| - Els7 - Edlsil]

i=1
==Y & - &lsil
i=1 i=1
< =EVi(s),

where & = min{¢],&2,...,&]"} is a constant.

From Theorem 3.4 and Theorem 3.5, we obtain that the state trajectories of VFO sys-
tem (3) will be driven to s,(t) =0, i =1,2,...,n, as £ — oo in a finite time and stay on it
forever. Combined with Theorem 3.7 and Theorem 3.8, the trajectories will converge to
zero asymptotically in a finite time. O

4 Numerical simulation

The simulation results are presented to validate our theoretical results in this section.

4.1 Control of the VFO brushless motor system by SMC
The VFO brushless motor system is stated as follows:

qu(t)xl = —0875961 + XoX3 + Afl (X, t) + dl(t) + U (t),
SDIOxy = —xy + 55x3 — %13 + AfH(X, £) + da(t) + up(t), (22)
§D1 0%y = 4(xy — x3) + Af3(X, £) + d3(£) + us(2),
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where Afi(X,£), i =1,2,3, and d,(t), i = 1,2, 3, denote the perturbation and uncertainty
terms of the system, respectively,

A[(X,8) +di(t) = -0.15 - sin(2¢£) + 0.2 - cos(3t)x1,
AfBX, 1) + dy(t) = 0.2 - sin(3t) + 0.25 - sin(4t)x,, (23)
Af3(X,t) + d3(t) = —0.25 - cos(4t) + 0.3 - sin(2t)xs.

Under the initial conditions
x1(0) = 10, x2(0) = -5, x3(0) = 5,
system (22) is chaotic behavior with the following VFO:

0.96 + 0.002t/T, te[0,T],
0.96, t>T.

q(t) =

The chaotic trajectories of uncontrolled system (22) are illustrated in Fig. 1. From the fig-
ure, we can find that the system presents chaotic behavior under the initial value condition.

According to the sliding mode surface (15), the following sliding mode surfaces in this
simulation are utilized:

si(t) = §DMx; + B + Bisgn(x) |, 19, i=1,2,3. (24)

Subsequently, the controller is designed according to (18) in order to stabilize the chaotic
system

u1(t) = 0.875x1 — xx3 — Bsgn(xy)|x1 |19 — By + ul,,
qu(t)uSIW = —(MlAf + Mf)sgn(sl) - El(l)sl - Sz(l)sgn(sl),

U (£) = 2 — 55x3 + x1%3 — Bsgn(xa) 2|10 — By + 12,

(25)
qu(‘)uszw = —(MzAf + Mg)sgn(sz) - 51(2)s2 - ééz)sgn(sz),
uz(t) = —4(xy — x3) — Bsgn(xs)lx3|1 — s + ud,,
qu“)ufw = —(MgAf + M?)sgn(sB) - 51(3)33 - Sz(g)sgn(SB),
the constant parameters are
:8, _:6, :4, _:5, :3, _:2;
B1 B B2 B2 B3 B3 (26)

MY = M? =005, D05, =04, i=1,23.

Then the trajectories of the system under the controller are depicted in Fig. 2, which shows
that the trajectories of the system can be stabilized to the origin. The time responses are
showed in Fig. 3 and Fig. 4 for the control inputs (25) and the sliding mode surfaces (24),
which show that the time responses have been driven to the origin in a finite time. It is
concluded that the state variables converge to the origin in a finite time. Moreover, the
chaotic behavior is suppressed.
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Figure 1 The chaotic trajectories of uncontrolled system (22)
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Figure 2 The state trajectories of system (22) under controller (25)
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Figure 3 The history of control input (25)
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Figure 4 The time response of the sliding mode surface (24)

4.2 Control of the VFO electrostatic transducer by SMC approach

Consider the VFO uncertain nonlinear system

SD10xy = xy + uy (),

SDIWx, = x3 + 0.15c0s(2¢) + uy(£),

SDI0xy = —(6.8 — 0.2sin(t))x1 — 3.92x — x3 + (1 + 0.3 x cos(0.5¢))x2 ()
+ 1.2 % cos(3t) + us(t),

with the model uncertainty terms of the system as follows:

A(X8) +d1(2) =0,
Af (X, t) + dy(t) = 0.15c0s(2t),
Af3(X, t) + d3(t) = 1.2cos(3¢).

By (15), the sliding mode is designed as
si(t) = D"%x; + Bix; + Bisgn(x)|x:7?,  i=1,2,3,
in terms of (18), the controller is proposed as

ui(8) = —x — Bsgn(xi) a1 |19 — By + u¥,

SpIOy3w = —(MlAf + M’f)sgn(sl) - Sl(l)sl - Sz(l)sgn(sl),

Uy(t) = —x3 — Bsgn(xy)|x |10 — By + us?,

Sp1yyy = —(MZAf + M$)sgn(sy) — 51(2)32 - Sz(z)sgn(SZ),

us(t) = (6.8 — 0.2sin(t))x; + 3.92x, + x3 — (1 + 0.3cos(0.5¢))x? — Bsgn(xs)|x3|7®
- ﬂx3 + Mssw)

qu“)ufW = —(M3Af + Mg)sgn(S3) - 51(3)33 - Sz(g)sgn(33),

(27)

(28)

(29)

(30)

Page 12 of 16
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the parameters satisfy

Bi=pi=2 MY=Mml=1, =4, &’=5 i=1,234 (31)
Under the initial value

x1(0) =1, x%2(0) =1, x3(0) =1,

system (27) shows chaotic phenomena, which is indicated by Fig. 5. By using the proposed
SMC (30), the state trajectories of system (27) are described by Fig. 6. From the figure, we
can see that the system converges to zero quickly. Figure 7 and Fig. 8 demonstrate that the
sliding mode surface (29) responses converge to zero and controller (30) can stabilize sys-
tem (27) effectively in a finite time. Therefore, the control inputs give a good performance

in practice.

'
(&)

-10f

t

(a)
1 T T T T
£ 0.5 _
0 . . . .
0 2 4 6 8 10
b t
1 ( ) T T T T
£ 05 _
0 : : : :
0 2 4 6 8 10
t
1.4¢) : . : :
g 0.5\ 1
0 g — i =
0 2 4 6 8 10

t

Figure 6 The state trajectories of the system under controller (30)
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Figure 8 The history of the control input (30)

5 Conclusion

This paper investigates a control problem of the VFO nonlinear system. A robust con-
troller is proposed to stabilize the system in the present with uncertainty and external
disturbance. By applying the sliding mode control to the system, a VFO derivative slid-
ing mode surface is designed. And then, a control law has been designed which is free of
chattering signal for a kind of VFO system. According to the proposed stability criteria,
the finite time stability of the controlled systems has been proved. Lastly, numerical re-
sults are provided to illustrate the validity and efficiency of the proposed FO controllers.
Furthermore, the proposed results motivate the development of theoretical and practical

tools for implementing the proposed controllers to the fractional model.
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