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1 Introduction
In [3] the authors introduced the §,,-Appell polynomial sets which are defined by

3an+1(x) = (Vl + l)Pn(x)) n>0,

where

50 (1) = Awg(x)) Sero) -fe)

w

w #0.

They proved an equivalent definition in terms of the generating function:

AB(L+ot)s =y g,

P, (w;x)
s n!

where

oo
At) =) axt*, ao #0.
k=0
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It has also been shown in [3] that among all the §,- Appell polynomials, d-orthogonal
polynomial sets should have the generating function of the form

oo

Gx,t) = exp(Ha()(1 + wt)o = Z

n=0

P,(x)

t}’l
n! ’

where H; is a polynomial of degree d. In the special case

H,(t) = —at, a#0,

we have the polynomials generated as follows:

x > P, (x) "
exp(—at)(1 + wt)w = E —t", a Z0.
n!
n=0

These polynomials can be called w-Charlier polynomials, since the case w = 1 gives the
usual Charlier polynomials.

On the other hand, in a recent paper, the multiple A,-Appell polynomials were defined
[8] by the generating function

x

Alti, b, nt) (1 + ol + b+ + 5))°

0o o0 ) ny o n
:2:2 E P(x) 121 (1)
! ny!

n1=0n3=0 np=0

Inspired by these observations, in this paper we aim to introduce the w-multiple Charlier
polynomials starting from the multiple orthogonality relations with respect to the weight
function of the form

a’
wilx) = ————, xeR%i=1,..r,
I, +w)

and investigate certain of their properties such as raising operator, Rodrigues formula,
explicit representation and generating function. We also obtain an (r + 1)th order differ-
ence equation and give some special examples for certain choices of w. So it can be eas-
ily observed from the generating function of w-multiple Charlier polynomials that these
polynomials are examples of A, -multiple Appell polynomials.

We will start by recalling some basic knowledge about the discrete orthogonal and dis-
crete multiple orthogonal polynomials.

The nth degree monic orthogonal polynomial p,, is defined by

/pn(x)xkdu(x) =0, k=0,1,2,...,n—-1,

where p is a positive measure on the real line. In general, in the case of discrete orthogonal

k

polynomials, the term x* is replaced by (—x)i, since A(—x)x = —k(—x)x_1, where

(@r=ala+1)...(a+k-1)
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is the Pochhammer symbol and

Af(x) =f(x + 1) - f(x),

is the forward difference operator.

The classical orthogonal polynomials (on a linear lattice) of a discrete variable are the
Hahn, Meixner, Kravchuk and Charlier polynomials. The main concern of this paper is
the Charlier polynomials.

The orthogonality measure (Poisson distribution) for Charlier polynomials is

x k

a
n = Z Eakr
k=0
with ke N(N:={0,1,2,...}) and a > 0.
The type /I multiple orthogonal polynomials p-» of degree < |_n>| =+t 0, (r>2)
with respect to » non-negative measures i1,..., 4, on R, are defined by

/pﬁ(x)xkdm(x)zo, k=0,1,...,m;=1(@i=1,...,r). )

i

Here
supp(ui) = {x € R: w;((x — €, + €)) > 0 for all € > 0}

and [; (i =1,2,...,r) is the smallest interval containing supp(u;). Conditions (2) give |74)|
. . — . . .

linear equations for the | # | + 1 unknown coefficients of p—. If p— is unique (up to a
multiplicative factor) and has degree |_n> |, then 7 is said to be normal. In general, the
monic polynomials are considered.

In the case where we have r non-negative discrete measures on R:

N;
Wi = Pimbxir  Pim >0, xim € R,N; € NU{o0},i=1,...,7,

m=0

where all x;,, are different for each m = 0,1,...,N; (i = 1,2,...,r), we have the discrete
multiple orthogonal polynomials (on the linear lattice), and the above orthogonality con-
ditions can be written as

o0
Zp—,}(j)(_j)kpi,j =0, k=0,1,...,m;-1,i=1,...,r, (3)
j=0

where p—. is a polynomial of degree < |7 [.
In this paper, we pay attention to the AT system of r non-negative discrete measures;
we recall its definition.

Definition 1.1 ([1]) An AT system of r non-negative discrete measures is a system of

measures

N
1i=Y Pimbsys  Pim>0,%m € RN eNU{+o0)i=1,...,7,

m=0
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where supp(u;) (i = 1,...,r) is the closure of x,, and the orthogonality intervals (2) are the
same, namely /. It is also assumed that there exist  continuous functions wy,...,w, on I

. . — .

with w;(x,,) = piy (m=1,...,N,i=1,...,r) such that the | # | functions
ni-1 ny—1 nr—1

W1, XW15...,X Wi, W, XW3, ..., X Wy oo oy Wy XWpy oo o3 X Wei,

form a Chebyshev system on [ for each multi-index |_n>| < N + 1. This means that all the

linear combinations of the form
r
Z Qni—lwi(x):
i=1

where Q,,_; is a polynomial of degree < n; — 1, has at most |7| —1 zeros on I.

Remark 1.1 If we have r continuous functions wy, ..., w, on I with w;(x,,) = p; », then the

orthogonality conditions (3) can be written as

> o N Dwil) =0, k=0,1,..,m—~Li=1,...,r.

j=0

Asis pointed outin [1], in an AT system every discrete multiple orthogonal polynomials
of type II corresponding to the multi-index 7 has exact degree |7 |, and every multi-
index 7 with |7| <N + 1 is normal.

Recently, some discrete multiple orthogonal polynomials and their structural properties
have been studied in [1]. Difference equations for discrete classical multiple orthogonal
polynomials have been studied in [5]. In [7], the ratio asymptotics and the zeros of multiple
Charlier polynomials have been investigated. Nearest neighbor recurrence relations for
multiple orthogonal polynomials were investigated in [10]. The (r + 1)th order difference
equations for the multiple Charlier and Meixner polynomials have been studied in [9].
Furthermore, in [2], the g-Charlier multiple orthogonal polynomials and some of their
structural properties were studied.

The main aim of this paper is to extend the idea of discrete multiple orthogonality to
more general linear lattice wN = {0, », 20, .. .} for the w-multiple Charlier polynomials. We
note that in a recent paper this type of discrete orthogonality is used to define w-multiple
Meixner polynomials [11].

We organize the paper as follows: In Sect. 2, we define w-multiple Charlier polynomials
and obtain a raising operator and the Rodrigues formula for them. In Sect. 3, the explicit
representation and generating function are given for the w-multiple Charlier polynomials.
In Sect. 4, recurrence relations are given. In Sect. 5, we obtain (r + 1)th order difference
equations satisfied by w-multiple Charlier polynomials. In Sect. 6, as an illustrative exam-
ple, we consider the case w = % and exhibit our main results for this particular case. In the
last section, it is shown that the special cases of the results obtained in Sects. 2, 3, 4 and
5 coincide with the corresponding results for multiple Charlier polynomials obtained in

the earlier papers. Some concluding remarks are also stated.
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2 Discrete w-multiple Charlier orthogonal polynomials

In this section, we define w-multiple Charlier polynomials. We present a raising operator
and the Rodrigues formula for them. We start by defining the discrete multiple orthogo-
nality on the linear lattice wN = {0, w, 2w, ...} (w > 0) and call them w-multiple orthogonal

polynomials.

Definition 2.1 The w-multiple orthogonal polynomials are defined as

oo
> (@k)(~wk),wi(wk) =0, j=0,...,n;-1i=12,...7,
k=0

where o is a fixed positive real number, W= (n1,...,n,) and p-isa polynomial of degree

—
| # | and

(—wk)jw = (k) (—wk + ®)... (—a)k +of- 1))
= a/(—k),.

Now we choose the orthogonality measures as

+00 awk
Hi= ————buk, a;i>0,i=1,...,7,
I, (wk + w)
k=0
where a3, ..., a, are different parameters and

oo tk
Cr(x) = / Flerdt, x>0
0

is the k-gamma function [6].
For each measure the weights form an extended Poisson distribution on wN (wN =

{0,w,2w,...}). It is easily seen from Example 2.1 in [1] that these r measures form a

Chebyshev system on R* for every W = (n1,...,n,) € oN" since the weight functions,
a’
wi(x) = ———, xeR%i=1..,r,
Cyx +w)

are continuous and they have no zeros on R*. So every multi-index is normal and the
monic solution is unique.

The corresponding multiple orthogonality conditions are given on wN as

* - ok
Z(:7(wk)(—wk),-,,,)m =0, j=0,...,m-1,i=1,2,...,r1, (4)
k=0
— — . e
where n =(m,...,n,) and a = (ay,...,a,). We represent these polynomials by C“ and

call them w-multiple Charlier orthogonal polynomials.
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Theorem 2.2 The raising relation for the w-multiple Charlier polynomials is given as

w
a;

e Vo [wi(#)CZ (%)) = -C2 = @)

i=1,...,r 5)
where V,f(x) = f(x) — f(x — w) and _e>i =(0,...,0,1,...,0).
Proof Applying the product rule V,,[f(x)g(x)] =f(x)Vog(x) + g(x — )V, f (x), we have
Vo [WRCE (W] = w@VuCE (@) + CL (- ) Vawi(x) ©)
Since V,wi(x) = w;(x)[1 — =], we get by using (6)
Vo [wi)CE ()] = wi(x)[vwcg () + CZ (x - w)|:1 - %H
_ M0pa ), %
a; 7 +e;
Hence
Z( ) Vo[ Wi CE ()] = -— Z wi() (=), P2 =W
L x=0

Applying the w-summation by parts formula, which is

D Au[f(x)]glwx) ==Y V,[glwx)]f(@x), g(-w)=0,
x=0

x=0

we get

Z( ~0)j, Vo [ W) CZ ()] = = Y Au[(~w)y0 JWilox) C2 (),
x=0

Since A, (-wx)j, = —wj(—wx)j_1,,, we have

[e¢]

— 1 ° —
> of(-on)jowilo)CE (x) = = 3 Twi(wx)(-on),PL (o).
x=0 i x=0 '

Then, forj=0,.

,n, the summation on the left will be zero from the w-multiple orthog-
onality conditions. Hence

7 ZW,(wx)( wx)PL (@) =0.

L x=0

8)

By the uniqueness of the w-multiple orthogonal polynomials, we have

PL _(x)=CL _ ().
i n+e

n+e

Considering the above equality in (7), the proof is completed

Page 6 of 16
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Theorem 2.3 The Rodrigues formula for the w-multiple Charlier polynomials is given by
CZ(x) = lL[(—a‘f))"/ [y(x+ ) ﬁ(iv”i (a’?)) (*) 9)
n i ] o (l;c w i l"a,(x - w)

Proof We will give the proof for the case r = 2. The proof of the general case is similar.

Repeatedly using the raising operators, we find, since Cg;* (x) = 1, that

ay,an ( w)nl (_ w)n2 n x\ 712 x 1
Cona(x) = %Fw(x+ )V |:(al)Vw [(az)mﬂ
2 , 2 1
- [Tew e o TTGoeen) | (i)
Hence, we get (9) for r = 2. O

3 Explicit representation and generating function
In this section, we use the Rodrigues type formula (9) to give the explicit representation
of the multiple w-Charlier polynomials. Furthermore, we obtain the generating function

for these polynomials.

Theorem 3.1 The explicit representation for the w-multiple Charlier polynomials is given

by
ny  ny
7 w\" ( n ) ( n ) (_nr) y
C_n) (x) = (_ﬂl) 1(_612 Z Z Z - klkllkj 2 k 1 k
k1=0ky=0 Kot Kyt

@ ISt ) kr
- (l) (<_i) w) <(‘l) ‘”) : (10)
@ J ky+koy+-+ky ai ay

Proof We will give the proof for r = 2. The general case (10) can be proved in a similar

manner. Using (9) for r = 2, we write

" 1 1 a;
Cota) = () (o) "Lt o e ) v )
w

Since V2f (x) = Y1 (-1)/(%)f (x - iw), we have

Car@) = (~ap)" (~a w<x+w>z (7 )errar

X iV’” —a’f
al ¢ \Tpx+o-ko)

=(—ai”)”l(—aa”)”rmm)z(’j{) sz( )< ko
k=0 =0
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" N m.om a-me a—kw
- () 2 Dot S
I,x+w)
11
Xl"a,(x+a)—ka)—ma)) (11)
n o
n n ( nl)m( }’12)/( )k+m
1 2
= (-a?)" (-a3) %; lk]
((2)) ()
x{{-—) o -— o] .
ay a)
O

Whence the result.

Corollary 3.2 Equation (11) can be written as

” ” . x 11\* 1\“
Cii2(x) = (<af)" (-a5)™ ylgfmez(—;,—m,—nz;%y; (—ﬂ—1> yo, (—ﬂ—z) yw)

where

’ ’ M (@) msn(B)m(BIn mon
Bl 57V 59) = 2 D) i

m=0 n=0
is the second Appell hypergeometric functions of two variables [4]

Theorem 3.3 The w-multiple Charlier polynomials have the following generating function

[ e o)
>y Y it
n=0my=0  ny= m'nol...n,l

=(L+ ot +of ++ot)o exp(~afh —-- ~alt,) (12)

()

Proof Using the explicit form of the polynomials given in Theorem 3.1, we can write

S e
1 b
”;VQX:;) X::C 3 )”11"’12 !

(=a?)'r (=n1)ky - (=10), (_f)
1%

SIED NI Z e

n1=0 ny=0k1=0

L

1 w k1 1 w ko 1 w ky tnl tnz »
x[(l-==) o ) w) =) ) 22
as a, mlny!...n,!
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Using the Cauchy product of the series, we get for > ,_; |t;| < @™

n n
P2

2.t
ZZ ch(xnll'nz .1y

n1=0n3=0 ny=

(~ot)M . (ot [ x ad 2\ (—alt)h L (—at)
_Z Z v k! (_5)@’2“.2 1111!'-~lr!

0 =0  §=0
=(1+wt; +wty + - +a)t)% xp(—a‘l"tl—---—aft,).
Whence the result. O

Remark 3.1 It can be easily seen from (1) and (12) that w-multiple Charlier polynomials

are an example of the A,-multiple Appell polynomials.

4 Recurrence relations
The main aim of this section is to obtain some recurrence relations for w-multiple Charlier
polynomials. Throughout this section, we concentrate on the case r = 2, since the proof

techniques for the general r will be similar.

Proposition 4.1 Let G(x,t1,t,) = (1 + wt; + wty) o e @152 We have the properties

a 0

_G(x1 tl: tZ) G(xr tl; tZ) = (ﬂ(; - ﬂ?) G(xr tlvt2) (13)

ot oty
and

d
1+t + wtz)a—tG(x, f,ts) = (x — af (1 + oty + 0ty))G(x, 11, 1) (14)
1

Proof The proofs can be given by elementary calculations. g

Theorem 4.2 The recurrence relations

(a3 —a?)Corma(x) = Gt () = Cutins 1 (), (15)
xCpl2(x) = Z;ffnz () + (af + ony + a)nz)CZifjg (%)
+ (waPm + wayny)Cpl?_ (x) + malw(as — ay) Gyl 7, 1 (%), (16)

and

xCole(x) = Cilv2, (%) + (af + ony + wny) Cile2 (x)

ni,ny ny1+1l,my ny,ny
+ waymyCy?_ (%) + 0aim G, (%), (17)

hold for the w-multiple Charlier polynomials.

Page9of 16
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Proof Using (13), we get

oo 00 tVll t"Z
2.2 @ -a) ]
}’l1! }’12!

n1=0n3=0
o X n1 1y
=3 Y (Gt - Gl
n1+1n2 nl n2+1 'Vl '
n1=0n3=0

Comparing the coefficients of P 2., (15) follows.

The left hand side of (14) can be written as

d
(1+ wt + oty) —G(x, 11, 1)
dat

tfl_l tgz
uIV“Z £
= (1+ 0 + o) Z Z Sl e o
n1=0n7=0
ni t”Z
a A ai,a
3 S )+ om IR + oGl L Pt (18)
n1=0n2=0 2
The right hand side of (14) will be
(x—a?(1 + ot + 0t:))G(x, 11, 1)
n1 nz
= (x—a1(1+a)t1 +wt2) Z ZCZ;Z% h

'
n1=0n3=0 1’12

oo
= Z Z [(x—a?)Col2(x) — aYwn o, () — afwny Crl?_ (%)

n1=0ny=0
£ n
hobh (19)
}’11! }’12!
Combining (18) and (19), we get
G2, (0) + om G @) + om ittt 1 (x)
= (x—a?)Cyl2 (x) — afwm Cy 2, (%) — afonyCy oy (x). (20)
From (15), replacing n, by ny — 1 and n; by n; — 1, we have
Cori i1 () = 2 (@) + (a5 — a?) Gl (%) (21)
and
:i alzng (%) = Zi:i 1) = ( a, — “1) Zi alzng 1), (22)
respectively.

Using (21) and (22), we get (16).
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Using (22), we have

(af —a3) Gt 1 (0) = CE,, (1) = Gl (). (23)
Comparing (23) and (16), we get (17). O

5 Difference equations for @-multiple Charlier polynomials
In this section, we obtain the (r + 1)th difference equation for w-multiple Charlier poly-
nomials. As a corollary, we give the third order difference equation for the case r = 2. We

start with the following theorem which will be needed for the main result.

Theorem 5.1 The raising operator can be rewritten as

L[CE@]=-CZ (), i=12...r, (24)

€i

where ¢, =(0,...,0,1,...,0) and L,,[-] is defined by
L[yl =xVy + (aﬁ" - x)y.

Proof From the raising relation (5), we have

a’v, [w;(x)Cg (x)] = _Wi(x)C:Z’)+? (x).

Applying the w-product rule, we can write
& [CE@Vawi@) + wix - )V CE W] = -wi(x)CE _ (x). (25)

Since V,wi(x) = w;(x)[1 - -*-], we get by using (25)

a;”[cZ <x>wi(x)[1 _ i} T (x)} —wCE ()
n ﬂ? Fw(x) n n+e;

Hence

WV, CE () + (af ~x)CL (W) = ~CZ _ (),

n+e;

and therefore
Ly, [C:Z: ®)] = waC:Z: () + (af - x) C:Z: (%),
where

Ly[CEW] =-CE _ ().

i

This completes the proof. O
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Theorem 5.2 The lowering operator of the polynomials is determined from the following

relation:

ALCE() =Y omCE _ (), (26)

i=1
whereZ =(0,...,1,...,0).

Proof Applying A, on both sides of (12), we get

>3- ZACU““m

n1=0n3=0 ny=
=Ao[(1+ ot +wb +-- + wt,)o exp(-aity —- - —a’t)]
=exp(-afti — - —alt,) Ao[(1 + 0t + ity + -+ + wtr)i]
ny ny .
A 7SN

Z Z a)mC ’’’’’ (x)+ +a)nVCn_1> ..... My — 1( )) -

mng!...n)
n1=0 np= 1-712 r

ny g nr
0yt
nylngl..np!’

Comparing the coefficients of we get the result. O

Corollary 5.3 In particular, if r = 2

A, CH% (%) = wny CoV

111 + a)nzCn1 o~ 1(%).

ny— lnz

Theorem 5.4 The w-multiple Charlier polynomial {CZ ()} -0 satisfies the following (r +

1) order difference equation:
LalLaz : ar A C (x) an LalLaz u, lLa,+1 ar[C—Z> (x)] = O:

where Ly, [-] is the raising operator (i = 1,...,r) given in Theorem 5.1..
Proof Applying L,, ...L,, to both sides of (26), we get

Lo+ Lo [5uCE (x Zmulua?m

i=1

Since LﬂjL“k (y) = LakL,l]. () for aj, ar € R, we obtain for i = 1,2,...,r

oLay=Lay ... Loy LasLa, L

Aj+1 A2 "

L,

L,

=Ly Loy Loy, La,L

Ai+1 Aj+2 **

= Loy Loy Lasy -+ LayLay.
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Hence

Loy ...Ly (Ao C )] Za)nLal Loy Loy Loy Lo [CS _ (0]

n-—e;

Using (24) with W replaced by W -e,we get the result. O

a1,a2

Corollary 5.5 The w-multiple Charlier polynomial {Cyy ), ()}, ., -0 Satisfies the following

difference equation:

x(x - w)A,Voy + (20 + af + a3 = 2x) A, Vey + [(a] - x) (a3 —x) —xw] ALy

+ (o + wny)xVyy + (m(ay — x) + ny(af —x))wy = 0. (27)

6 Special cases of the w-multiple Charlier polynomials
In this section, as an illustrative example of our new definition and its main results, we

consider the case w = % and define %—multiple Charlier polynomials. The corresponding

consequences of our main results for %—multiple Charlier polynomials are also given.
Taking the weight function as

a;

()

we can define the 3-multiple Charlier polynomial by the following orthogonality condi-

tions:

3k
— 7 3 a’ . A
XO:C7< )( )( k)lm 0, ]=0,...,ni—1,z=1,...r.

Their explicit representation can be written from Theorem 3.1 as

ni ny n,

CZ@=(-a)? ... (-a)¥ ZZZ%

k1=0 k=0 k=0

2% 1\ 1\ (3)frkrth
X —_— —_—— “ee —_—— —_ .
( 3 >k1+-~+kr( “1) ( ar> (2>

The generating function of the %-multiple Charlier polynomials is written from Theo-

rem 3.3 as

3 3 3 3
= 1+§(t1+t2+"'+tr)) CXp(—ﬂftl—ﬂzth—"'_“thr)

Page 13 0of 16



Ozarslan and Baran Advances in Difference Equations (2021) 2021:119 Page 14 of 16

Their recurrence relations can be written from Theorem 4.2 as

3 3
(@3 ~a)CH ) = i, 0~ Gl a9

;3
xCili2 () = G, () + (“12 + o m nz)) Coi ®)

ni,ny ni+l,ny ni,ny
3.3 3 ar.az 3. 303 3\ema
+ E(dl n+ay 712) Cnl’nz_l(x) + 5”1“1 (al —-a; )Cnl—l,nz—l(x)’

and

3 3
XCOL2 () = C2, () + (“f +S(m+ nz)) Crm @)

ni,ny n1+1l,my ni,ny

3
2

3 3 3
2 ai,a 1,42
+ 5612 nzCnl,nz_l(x) + Eal ”1Cn1-1,n2 (x).

The difference equation of the %-multiple Charlier polynomials for the case r =2 is

ol

)

DS EY
|
xR
~—
|
| w
x
| I
>
[S¥)
<

3 ) 3 3
x(x— i)A%V%y+x(3+af +aj —2x)A%V%J’+ |:(“

3 3 3 3y
+ E(nl + ng)xV%y + (m(a; —x) + ny(af —x))E =0.
7 Concluding remarks and observations

The multiple Charlier polynomials CZ were introduced in [1]. The raising operators and
Rodrigues formula were obtained. Tﬁe explicit representation, recurrence relation and
generating function were investigated in [1] and [7]. Also an (r + 1)th order difference
equation was investigated in [5].

In this paper, we define the w-multiple Charlier polynomials by the orthogonality condi-
tion (4). We obtain the raising relation, the Rodrigues formula, an explicit representation,
arecurrence relation and a generating function. Also an (r + 1)th order difference equation
was obtained. All our results coincide in the case w = 1 with the corresponding versions
of the multiple Charlier polynomials. For instance, this is so in the case w = 1.

The raising relation (5) coincides with the raising operators given in ([1], pp. 30). That

is

YV (wi)CE W) =~C (), i=1,...,7,
wi() z

where
X

L ) x€R+,i:1,...,r.
C'(x+1)

wi(x) =

The Rodrigues formula (9) coincides with the Rodrigues formula given in ([1], pp. 31).
That is,

C:Z: (x) = |:1—[(_aj)n/j| 'x+1) [H(%vmaf)} (F(x1+ 1)).

j=1 i=1
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The explicit representation (10) coincides with the explicit representation given in ([7],
pp- 824). That is,

(—ay) L (—a, )
kl! e kr'

CE@ =Y Yy ()i (B s

k1=0 ky=0

The recurrence relation (r = 2) (16) coincides with the recurrence relation (r = 2) given
in ([1], pp. 32). That is,

xCl2(x) = Cfliff‘nz(x) + (a1 +my +my) i (%)

+(am + aymy) Gl () + man(ay — a2) G, .

The generating function (12) coincides with the generating function given in ([7], pp.
825). That is,

0o 00 t t
2.0 ZC (2
n1=0n2=0 ny= 2 e

= (1 + tl + t2 + -0+ t,)"exp(—altl —6121’2 — e —ﬂyty)
r
D Il <1
j=1

The third order difference equation (27) coincides with the third order difference equa-
tion in ([5], pp. 137). That is,

x(x — 1)AV2y + (2 + a1 +ay — 2x)AVy + [(m —x)(ay —x) —x]Ay

+ (m1 + n2)xVy + [nl(zzz —x) + naay — x)]y =0.
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