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Abstract

In this paper, we develop an iterative algorithm whose architecture comprises a
modified version of the forward-backward splitting algorithm and the hybrid
shrinking projection algorithm. We provide theoretical results concerning weak and
strong convergence of the proposed algorithm towards a common solution of the
fixed point problem associated to a finite family of demicontractive operators, the
split equilibrium problem and the monotone inclusion problem in Hilbert spaces.
Moreover, we compute a numerical experiment to show the efficiency of the
proposed algorithm. As a consequence, our results improve various existing results in
the current literature.
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1 Introduction

The theory of mathematical optimization provides a quantitative optimal solution asso-
ciated with various real-world problems emerging in the fields of engineering, medicine,
economics, management, and industry and other branches of the sciences. One of the
main advantages of mathematical optimization is to provide effective iterative algorithms
and the corresponding analysis of these iterative algorithms. Moreover, the viability of
such iterative algorithms is evaluated in terms of computational performance and com-
plexity. As a consequence, the theory of mathematical optimization has not only emerged
as an independent subject to solve real-world problems but also serve as an interdisci-
plinary bridge between various branches of sciences.

Monotone operator theory is a fascinating field of research in nonlinear functional anal-
ysis and found valuable applications in the field of convex optimization, subgradients, par-
tial differential equations, variational inequalities, signal and image processing, evolution
equations and inclusions; see, for instance, [4, 12, 14, 30] and the references cited therein.
It is noted that the convex optimization problem can be translated into finding a zero of a
maximal monotone operator defined on a Hilbert space. On the other hand, the problem of
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finding a zero of the sum of two (maximal-) monotone operators is of fundamental impor-
tance in convex optimization and variational analysis [23, 27, 33]. The forward—backward
algorithm is prominent among various splitting algorithms to find a zero of the sum of two
maximal monotone operators [23]. The class of splitting algorithms has parallel comput-
ing architectures and thus reducing the complexity of the problems under consideration.
On the other hand, the forward—backward algorithm efficiently tackle the situation for
smooth and/or nonsmooth functions. It is worth mentioning that the forward—backward
algorithm has been modified by employing the heavy ball method [28] for convex opti-
mization problems.

Fixed point theory has been studied extensively in the current literature owing to its rich
abstract structures. These structures and subsequent tools elegantly manipulate various
mathematical problems from the areas such as control theory, game theory, mathematical
economics, image recovery signal processing and image processing. In 2015, the problem
of finding a common solution of the zero point problem and fixed point problem was
studied by Takahashi et al. [32]. It is well known that the class of demicontractive operators
[15] includes various classes of nonlinear operators and comparatively exhibits powerful
applications. Therefore, it is natural to study the fixed point problems associated with the
class of demicontractive operators.

The theory of equilibrium problems is a systematic approach to the study of a diverse
range of problems arising in the field of physics, optimization, variational inequalities,
transportation, economics, network and noncooperative games; see, for example, [5, 11—
13] and the references cited therein. The classical equilibrium problem theory has been
generalized in several interesting ways to solve real-world problems. In 2012, Censor et
al. [9] proposed a theory regarding split variational inequality problem (SVIP) which aims
to solve a pair of variational inequality problems in such a way that the solution of a vari-
ational inequality problem, under a given bounded linear operator, solves another varia-
tional inequality.

In 2011, Moudafi [26] suggested the concept of split monotone variational inclusions
(SMVIP) which includes, as a special case, split variational inequality problem, split com-
mon fixed point problem, split zeros problem, split equilibrium problem (SEP) and split
feasibility problem. These problems have already been studied and successfully employed
as a model in intensity-modulated radiation therapy treatment planning; see [6, 8]. This
formalism is also at the core of modeling of many inverse problems arising for phase re-
trieval and other real-world problems; for instance, in sensor networks in computerized
tomography and data compression; see, for example, [10, 12]. Some methods have been
proposed and analyzed to solve SEP and generalized SEP in Hilbert spaces; see, for exam-
ple, [2, 3, 16—22] and the references cited therein.

Inspired and motivated by the above-mentioned results and the ongoing research in this
direction, we aim to employ the modified inertial forward—backward algorithm to find a
common solution of fixed point problem associated to a finite family of demicontractive
operators, SEP and monotone inclusion problem in Hilbert spaces. The rest of the paper is
organized as follows: Section 2 contains preliminary concepts and results regarding fixed
point theory, equilibrium problem theory and monotone operator theory. Section 3 com-
prises weak and strong convergence results of the proposed algorithm. Section 4 deals with

the efficiency of the proposed algorithm by a numerical experiment together with theo-
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retical applications to the split feasibility problem, the split variational inequality problem
and the split minimization problem.

2 Preliminaries
In this section, we recall concepts and results regarding fixed point theory, equilibrium
problem theory and monotone operator theory. Throughout this paper, let #{; be a real
Hilbert space with the inner product and the associated norm (-,-) and || - ||, respectively.
The symbols — and — denotes weak and strong convergence.

An operator Pc is said to be metric projection of H; onto nonempty, closed and convex
subset C, if for every x € H,, there exists a unique nearest point in C denoted by Pcx such
that

lx—Pcx|| <|lx—z|, forallze C.

It is noted that Pc is a firmly nonexpansive operator and Pcx is characterized by the fol-
lowing property:

(x — Pcx,Pcx—y) >0, forallxe?H;andyeC.
Next, we recall the definitions of nonexpansive and related operators.

Definition 1 ([4]) Let C be a nonempty subset of #;, for an operator T : C — H;, we
denote by Fix(T) the set of fixed points of the operator T, that is, Fix(T) = {x € H|x = Tx}.
The operator T is considered as:

1. nonexpansive if
1T =Tyl < llx=yll, VYxyeC

2. firmly nonexpansive if

2

1T = TyI> < e = 31> - | (td = T)x - (td - T)y|*, ¥xy€C;

3. quasi-nonexpansive if Fix(T) # ¥} such that
ITx -yl < llx-yll, VxeC,yeFix(T);
4. k-demicontractive if Fix(T) # @ and there exists k € [0, 1) such that
| Tx - y||> < |l —yl* + kllx — Ty||*, Vxe C,ye Fix(T).
It follows immediately that a firmly nonexpansive operator is a nonexpansive operator.
We now define the concept of SEP. Let i : H; — H; be a bounded linear operator. Let

F :Cx C—RandF,:Q x Q— R be two bifunctions, then SEP is to find:

x*€C suchthat Fi(x",x)>0 forallxeC (1)
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and

y*=hx*€Q suchthat F(y*,y)>0 forallyeQ. (2)
The solution set of the SEP (1) and (2) is denoted by

Q:= {x* € C:x* € EP(F)) and hx* € EP(FZ)}. (3)

Now, we recall some important concepts related to monotone operator theory [4].

Let A:#H, — 21 be a set-valued operator. We denote its domain, range, graph and
zeros by DomA = {x € Hi|Ax # 0}, RanA = {u € H1|(3x € Hy)u € Ax}, GraA = {(x,u) €
Hi x Hilu € Ax} and Zer A = {x € H;1|0 € Ax}, respectively. Let the set-valued operator
A is said to be monotone, if

(x—y,u—v)>0, V(xu),(yv)eGraA.

Moreover, A is said to be maximal monotone if its graph is not strictly contained in the
graph of any other monotone operator on H;. A well-known example of a maximal mono-
tone operator is the subgradient operator of a proper, lower semicontinuous convex func-
tion f : Hy — (—00, +00] defined by

of : Hy— 2M x> {ueHllf(y) > f(x) + (u,y—x),VyeHl}.

For a maximal monotone operator, the associated resolvent operator with index m > 0 is
defined as

T = 1d + mA),

where Id denotes the identity operator.

It is well known that the resolvent operator J,, is well-defined everywhere on Hilbert
space H;. Furthermore, J,,, is single-valued and satisfies the firmly nonexpansiveness. Fur-
thermore, x € A1(0) if and only if x = /,,,(x).

Let f: H; — R U {+00} be a proper, convex and lower semicontinuous function and let
g:H1 — Rbea convex, differentiable and Lipschitz continuous function, then the convex
minimization problem for f and g is defined as

min {f(x) + g(x)}. (4)

Definition 2 ([4]) Let B:H; — H; be a nonlinear operator. For y > 0, the operator B is
said to be y -inverse strongly monotone (y -ism) if

(x—y,Bx—By) > y||Bx-By|>, Vx,ye€H.

The y -ism is also coined as y -cocoercive operator. Moreover, y -ism is %—Lipschitz con-
tinuous. In connection with the problem (4), the monotone inclusion problem with re-
spect to a maximally monotone operator A and an arbitrary operator B is to find:

x*€ C suchthat 0e Ax* + Bx". (5)
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In the sequel, we list some important results in the form of lemmas for the convergence
analysis.

Lemma 2.1 ([4]) Let C be a nonempty, closed and convex subset of a real Hilbert space H,; .
Let T : C — C be an operator. Then the operator T is said to be demiclosed at zero, if for
any sequence (xi) in C that converges weakly to x and (Id — T)xy converges strongly to zero,
then x € Fix(T).

Lemma 2.2 Letx,y € Hi and B € R, then the following relations hold:
o ey < llxll? + 20y, % + 9);

o 1Bx+ @~ ByI? = Bllxl* + A = BlIxlI* — B(L - B)llx~yII*.

Lemma 2.3 ([31]) Let E be a Banach space satisfying Opial’s condition and let {x,} be a
sequence in E. Let [,m € E be such that lim,,_, . ||%, — [|| and lim,,_, « ||x,, — m|| exist. If {x,, }
and {x,, } are subsequences of {x,} which converge weakly to | and m, respectively, then
l=m.

Lemma 2.4 ([24]) Let E be a Banach space. Let A: E — 2F be an m-accretive operator
and let B : E — E be an a-inverse strongly accretive operator. Then we have

a) Forr >0, Fix(TAB) = (A + B)1(0),

b) forO<s<randxeFE, ||x - TSA'BxII <2|x- T,A’BH.

Lemma 2.5 ([24]) Let E be a uniformly convex and q-uniformly smooth Banach space for
someq € (0,2]. Let A : E — 2F be an m-accretive operator and let B : E — E be an a-inverse
strongly accretive operator. Then, given r > 0, there exists a continuous, strictly increasing
and convex function ¢, : R* — R* with ¢,(0) = 0 such that for all x,y € B,

| TABx = TPy < o= y117 - r(og - 7 ky) Il Ax — Ayl
— g (|| (1 ~ JE) (td ~ r A)x — (1d ~ JB) (id - r A)y

where k, is the q-uniform smoothness coefficient of E.
Lemma 2.6 ([1]) Let {&,}, {n,} and {o,} be sequences in [0, +00) satisfying
$n+1 =< En + an(én - én—l) + Nus fOl" all n >1,

provided that ) ;. n, < +00 and 0 < a, < «a < 1 for all n > 1. Then the following two
relations hold:

a) anl[gn —&,1], < +00, where [t], = max{t,0};

b) thereexists &* €[0,+00) suchthat lim,_ &, =E".

Lemma 2.7 ([25]) Let C be a nonempty, closed and convex subset of a real Hilbert space
‘H,. For every x,y € H1 and a € R, the set

D={veC:lly-v|* <llx-vI* + (z,v) +a}

is closed and convex.
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Assumption 2.8 Let C be a nonempty, closed and convex subset of a Hilbert space #;.
Let F; : C x C — R be a bifunction satisfying the following conditions:

(Al): Fi(x,x)=0forallx € C;

(A2): F; is monotone, i.e., Fi(x,y) + Fi(y,x) <0 for all x,y € C;

(A3): foreachx,9,z € C, limsup,_, o Fi(tz + (1 — t)x,y) < Fi(x,);

(A4): for each x € C, y+ Fj(x,y) is convex and lower semicontinuous.

Lemma 2.9 ([11]) Let C be a nonempty, closed and convex subset of a real Hilbert space
H, and let F; : C x C — R be a bifunction satisfying Assumption 2.8. Forr > 0 and x € H,,
there exists z € C such that

1
Fi(z,9)+ ~{y—z,z-x) >0, forallyeC.
r

Moreover, define an operator Tt : Hy — C by

1
Tfl(x)z {ze C:F(z,y) + ;(y—z,z—x) >0, forally e C},

or all x € H1. Then we have the following observations:
) Hi. Th h he foll g ob

(1): for each x € Ha, TH (x) # 0;

2): TH is single-valued;

):
3): T is firmly nonexpansive;
(4): Fix(T;") = EP(Fy);
(5): EP(F,) is closed and convex.

It is noted that if F, : Q x Q — R is a bifunction satisfying Assumption 2.8, where Q
is a nonempty, closed and convex subset of a Hilbert space H,. Then, for each s > 0 and

w € H,, we define the operator
1
TSFZ(W) = {d €C:F)d,e)+ —(e—d,d—w)>0,foralle € Q}.
s

Similarly, we have the following relations:
(1): for each w € Hy, Ti>(w) #¥;

(2): T is single-valued;

(3): TH s firmly nonexpansive;
(4): Fix(T{*) = EP(Fy);

(5): EP(F,) is closed and convex.

3 Algorithm and convergence analysis

In this section, we present an approach to the convergence analysis of inertial forward—
backward splitting method for solving the fixed point problem associated to a finite family
of demicontractive operators, SEP and monotone inclusion problem in Hilbert spaces.
First, we set the following hypotheses required in the sequel: Let H;, #, be two real Hilbert
spaces and let C € H;, Q C H;, be nonempty, closed and convex subsets of Hilbert spaces
‘H; and H,, respectively. We consider the following hypotheses:

(H1) Let F;: C x C — Rand F,: Q x Q — R be two bifunctions satisfying
Assumption 2.8 such that F, is upper semicontinuous;



Arfat et al. Advances in Difference Equations (2021) 2021:124 Page 7 of 23

Algorithm 1 An inertially constructed forward—backward splitting algorithm

Initialization: Choose xg,x; € C, set k > 1 and non-increasing sequences (Bx), (Ax) C
(0,1), (®4) C[0,1),0 < my <2y and § € (0, %) such that L is the spectral radius of i*h.
Iterative Steps: Given xy € H1, calculate by, £k, wy and x,; as follows:

Step 1. Compute

by = xx + O (ox — xx-1);
& = Tot(Id - 8h*(Id — To2)h)by;
wi = (1= B)lk + BkSilk.

If wi = € = by = xx then stop and xy is the solution of problem I'. Otherwise,
Step 2. Compute

Xrer = Mewi + (1= M) iw,

where Ji = (Id + mp A)" (Id — my B).
Set k =: k + 1 and go back to Step 1.

(H2) let h:Hy, — Hy be a bounded linear operator;

(H3) let A:%H; — 21 be a maximal monotone operator and let B: H; — H, be a
y -ism operator;

(H4) forie{1,2,...,N}, let S;: H1 — H; be a finite family of k-demicontractive
operators;

(H5) suppose that I" :=zer(A+ B)N QN ﬂﬁl Fix(S;).

Theorem 3.1 If I" # @ with hypotheses (H1)—(H5), then the sequence (xi) generated by
Algorithm 1 converges weakly to an element x € I, provided the following conditions hold:
(C1) Y021 Okl — xi1 |l < 005
(C2) 0<a* < B, \i <b*<1and Br €(0,1-Kk);
(C3) O0<liminfy, o0 Ay <limsup;_,  Ax<1;
(C4) liminfi_ o g > 0;
(

C5) 0<liminfy_, o my <limsup;_, . my <2y.

Proof First we show that h*(Id — Tf,f)h isan %—ism operator. For this, we utilize the firmly
nonexpansiveness of T,f,f, which implies that (Id — T,f,f) is an 1-ism operator. Now, observe

that

| 1 (1d — TE2) b — 1 (Id — TE2) hy||* = (¥ (1d — T22) (hx — hy), 1 (Id — T22 ) (e — )

= (n
=

< L{(1d - T,?)(hx - hy), (Id - T}?) (hx — hy))

(Id TFZ) (hx — hy), K*h(Id — Tf}f)(hx—hy))

= L](1d - 12)(hx ~ )|
<L{x—-y,h*(ld - T,f]f)(hx - hy)),



Arfat et al. Advances in Difference Equations (2021) 2021:124

for all x,y € H;. So, we observe that h*(ld — T,f,f)h is an %—ism. Moreover, Id — §h*(Id —
Tfi)h is nonexpansive provided § € (0, %). Now, we divided the rest of the proof into the
following three steps:

Step 1. Show that limy_, o, ||xx — %|| exists for every x € T'.

Forany x € T, we get

N )
bk =21 = |k + Oxlork — x5-1) — &
< Il = %1% + OF ek = - I

+ 20 (X — X, Xpe — Xp—1)- (6)

. 1 ~ A~ .
Since T,; % = % and using (6), we have

ex — &7 = | T2 (1d — 85 (Id - TE2)h) b~ 3|
< |\ b — 81 (1d - T22) hy — &)
< llbx — &11% + 82| (Id — TZ2) i | *

+28(% - by, h*(Id — T,?) hby). 7)
Thus, we have

1€k = 11> < llbx — &)|* + 8*(hby — Tf]fhbk, R*h(1d - Tsz)hbk)

+28(% - by, h*(Id — T,?) hby). (8)
Moreover, we have
8*(hby — T\ hbg, W*h(Id — T} ) hibi) < L8*(by — Th2 hiby, hby — T, hby)
= L8| by — TE2 by | )
Note that
28(% — by, h*(Id — T,2) by )
= 28(1(& — by), hby - Tsz hby)

= 28({1& — TE2 by, by — TE21iby) — | by — TE2 1y |
1
<20 5 e T - |~ T2 |
= 8|\ b — TE2hbe | (10)
Utilizing (8)—(10), we have

106 = &% < 1bx — &I1% + L82| by ~ TE2 kb |* — 8| oy — T2k ||*

< b — &I + 8(L6 — 1) | iy — TE2 e | (11)

Page 8 of 23
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Since § € (0, %), the estimate (11) implies that
ek — &1 < Il — %1% + OF Ik — wx 111> + 20k (e — &, o0k — 2x51). (12)
Furthermore, by using (6), (12) and (C2), we have

lwe =312 = [ (1= B + BeSitw %[
< (1= Bk = I + BellSitx — 11 = Bi(1 = Br) || (d - St ||
< (1= BNk = &% + Bell €k — &I + Bk Sitx — x>
— Be(1 - B Ud - See |
< ek = &% - (1 —k - B | (d - St |)*

< llag = &1 + OF ||k — w1 |* + 2O (i — &, x% — Xx_1). (13)
Moreover, it follows from (6), (12), (13) and Lemma 2.5 that

A N
loer = 21> = | Aawic + (1 = M) ewn — & ||
< Melwe =202 + (1 = M) Wewse — 11
= [lwx -3

a2 2 2 2
< e = 20" + Opllxk — xa—1 I” + 2O (g — X, %% — Xp—1)- (14)

From Lemma 2.6 and (C1), we conclude from the estimate (14) that limy_,  |Jxx —X|| exists.
Step 2. Show that x; — % € (A + B)™1(0).
Since X = Jix, therefore it follows from Lemma 2.2 and Lemma 2.5 that

Iteer =212 = [|aowic + (1= 2w — %]

< Mlwe =202 + (1 = M) Wewse — 211

< llwi = &II” = (1 = )2y — mg) | Awi — Az
= (1 =) llwk — mp Awy — Jiwg + mp AX||

< llee =211 - Bl Kk - B) | (td - S|
= (1= )2y — mg) || Awi — Ax|)?
- (1 =) llwk — mp Awy — Jiwg + mp AX||

< Nl = %12 - B~k - B) | (Ud - ) |
— (1= M)me(2y — my) | Awy — Az
= (1 = A lw — mp Awg = iwye + mp Ax||

< llak = 1% + 260 (e — %1, bi — %) — Br(1 —k — Bo)]| Ud — S)e|®
= (1= )2y — mg) || Awi — Ax|)?

= (1 = A llwie — m Awy — Jiwye + my Ax||. (15)
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As limy_, o || — X|| exists, therefore utilizing, (C1), (C4), (C5) and (15), we get

kli)nolo(l — h)mp(2y — my) || Awg — Ax|| = 0. (16)
Also from (15), we get

klgglo lwi — mp Awy — iowye + my Ax|| = 0. (17)
Using (16), (17) and the triangle inequality

Wk — mx Awi = Jiwi + mp Az || < |wi = Jiw |l + my|| Awy — Ax|,
we get

im 1wy = wil = 0. (18)

Since liminfy_, o, m1; > O there exists 2 > 0 such that n1;, > m for all k > 0. It follows from
Lemma 2.4(b) that

| T2 Bwie = wie| < 20wk — widl.

Now utilizing (18), the above estimate implies that
lim ” TmA’Bwk _—— || =0. (19)
k— o0

As a consequence, we have
lim [|xgey — will = lim (1 - a®) |[awgx — wi| = 0. (20)
k—o00 k— 00

Again, from (15), we have

k1 — &I < Nk — &I + 26k (x — xx1, br — &) — Br(1 =k — Be) | (1 — Sp) e |-

Rearranging the above estimate and using (C1), (C2), we get

Jim [[(7d - St | = 0. (21)
This implies that

lim [lwg — £l = lim b*||(Id - S;)ex | = 0. (22)

k—00 k—o00

Again, by Lemma 2.2, Lemma 2.6 and (11), we have

9k = 1% < ok = &I + 20 (o1 — K1, by — &) + 8(LS — 1) || hboye — Tszhbk“Z-

Page 10 of 23
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Rearranging the above estimate, we have

2 A A
—8(L8 = V)| bk = T2 hibyc || < s = 21> = [l = &1 + OF vk — 2 |1

+ 20 (o — X, Xk — K1) (23)
Since 8(Lé — 1) < 0, it follows from (C1) and (23) that

Jim |Bbx — T, i || = 0. (24)

Note that Tf,: is firmly nonexpansive and Id — §h*(Id — Tf,f)h is nonexpansive, therefore

we have

e =17 = | 752 (bi — 81 (1d = Tj2)hbe) = T2 |
< (T3} (bx - 8h*(Id — T,? ) hbx.) = To\&, by — Sh* (Id — T,?) hboy. - X)

(x =&, bx — 8" (Id - T}2 ) hby — &)

1
= S (16— &0 + bk - 81" (1d - 7,2) by - 3
— | ek = bi + 81* (1d - TE2) b |}
1 . .
< S0k =1 + 15 = &1~ [[€x — by + 01 (1d - TE) by |*)

1 n " *
= S =217 + bk = 217 = (116 = bell” + 87| (td — T;2) by |

= 28(€x — by, I (Id — T.2 ) hby)) ).

So, we have

1€ = 1% < l1bx = 21* = 1€k = bl + 28(€x = by, h* (Id - Ty ) ). (25)
Therefore, we have

Il = bill> < N1k = &1 = 1€ = %1% + 2811 £ — bl | * (I - T;2) b | (26)
Utilizing (24) and (C2), we have

Aim 1€k = bill = 0. (27)
From the definition of (b;) and (27), we have

Am_ [£ = x| = 0. (28)
By the definition of (bx) and (C1), we have

lim [|bg — k|l = lim Ogllocg — xx-1 ]| = 0. (29)
k—o00 k—00
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Since (xx) is bounded and H; is reflexive, v,(xx) = {x € Hy : xx, — %, (xx,) C (wx)} is
nonempty. Let x € v, () be an arbitrary element. Then there exists a subsequence (xx,) C
(%) converging weakly to ¥. Let & € v, (%) and (xx,,) C (xx) be such that x;, — . From
(24), we also have ¢;, — ¥ and ¢, — . Since T;;LB is nonexpansive, from (19) and
Lemma 2.1, we have &,x € (A + B)~1(0). By applying Lemma 2.3, we obtain & = x.

Step 3. Show that x € Q.

Let x € EP(F). For any y € H;, we have

1 (y = Lo b — 3 — 81" (Id = T2y = 0.

Fl(gk)y) + —
ug

This implies that

Fi(€r,y) + ui@ = Lk b = k) = —(y = €, 81" (Id = T,2liby)) = 0.
k

1
Uk

From Assumption 2.8(A2), we have

1 1
" (= Lo g — X)) — u—k(y — L, 8h*(Id — T2 b)) = =F1 (£, y) = Fi(y, ).
So, we have
1 1 * F:
;(y — i, — X, — ;@ — Ly, SI* (Id — T,2hby,,)) = F(y, L, ). (30)

Utilizing (28) and (C2), we get £;, — X. Moreover, from (24) and Assumption 2.8(A4), we
get

F(y,x) <0, forallyeH;.

Let y; =ty + (1 — £)x for some 1 > ¢ > 0 and y € H;. Since x € H;, consequently, y; € H;
and hence F;(y;, %) < 0. Using Assumption 2.8((A1) and (A4)), it follows that

0= Fl()’t»)/t)
<tF1(ysy) + (1 = )F1(y1, %)
< t(Fl(ytry))'

This implies that

Fi(y;,y) >0, forallyeC.
Letting ¢t — 0, we have

Fi(x,y) >0, forallyeC.

Thus, x € EP(F;). Similarly, we can show that x € EP(F;). Since & is a bounded linear op-
erator, we have hxy, — hx. It follows from (26) that

Tlflf hby, — hx asn— oo. (31)
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Now, from Lemma 2.7 we have

1
FZ(T;? hhkn,y) + —(y - Tf]z hby, Tf]z hby, — hbkn> >0,
n ukn Kn n
for all y € H,. Since F, is upper semicontinuous in the first argument and from (31), we

have
FZ(M)_)/) > 01

for all y € H;. This implies that hx € EP(F;). Therefore, x € 2.

Step 4. From (21) and by using the demiclosed principle for S; (it is evident that x;, — X
and limy_ || (Id — S;)xx, || = 0), we have x € ﬂf,l Fix(S;) and hence x € I". This completes
the proof. O

Now, we establish strong convergence results of Algorithm 2.

Theorem 3.2 If T # @ with hypotheses (H1)—(H5), then the sequence (xi) generated by
Algorithm 2 converges strongly to an element x € Prx,, provided the conditions (C1)—(C5)
hold.

Proof The proof is divided into the following steps:

Step 1. Show that the sequence {x;} defined in Algorithm 2 is well-defined.

We know that (A + B)71(0), @ and Fix(S;) are closed and convex by Lemma 2.4 and
Lemma 2.9. Moreover, from Lemma 2.7 we see that Ci,; is closed and convex for each k >

Algorithm 2 An inertially constructed forward—backward splitting algorithm

Initialization: Choose xg,x; € C, set k > 1 and non-increasing sequences (Bx), (Ax) C
(0,1), (Bx) € [0,1), 0 < my <2y and § € (0, %) such that L is the spectral radius of i*F.
Step 1. Compute

by = xx + O (owx — xx-1);

& = Tol(Ild — Sh*(Id — Ti2)h)by;

wi = (1 = Bu)lk + BrSili;

Vi = hewi + (1 = M) Jiewss

where Ji = (Id + mp A)" (Id — my B).
If yi = by = £x = wy = xx then stop and «xy is the solution of problem I'. Otherwise,
Step 2. Compute

Ck+1 = {Z € Ck :
2 an2 2 2 A
lyk —zII* < Nk — 11> + OF llock — 411> + 2O (e — %, w0 — x4-1) },

X1 = Pcy, %1, Yhk=1.

Set k =: k + 1 and go back to Step 1.

Page 13 of 23
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1. Hence the projection Pc, , x; is well-defined. For any % € T, it follows from Algorithm 2
and the estimates (6), (12) and (13) that

Ik = &> = Aellw = 1% + (1= ) Jews — 311
< llwi -2
< (1= Bo)llex = %117 + BellSitx - 17
A 2
< 1k = &I = Be(1 =k — Be) | (d — S;) |
< llxx = &1 + OF Ik — xie1 [1* + 2@ {xe — &, X — xp_1). (32)
It follows from the estimate (32) that I' C C,1. Summing up these facts, we conclude that
Cks1 is nonempty, closed and convex for all k > 1, and hence the sequence (xy) is well-
defined.
Step 2. Show that limy_, o ||xx — %1 || exists.
Since I' is nonempty closed and convex subset of #;, there exists a unique x* € I" such
that x* = Prx;. From &y, = Pc,, %1, we have ||xg, — 21| < [|2* — o1, forallx € I' C Cya1.

In particular ||xx.1 —%1|| < ||Pra; — ;1 ||. This proves that the sequence (xx) is bounded. On
the other hand, from x; = Pc,x1 and &1 = Pcy, %1 € Cry1, We get

ek — 21l < lloger — 21|l
This implies that (x;) is nondecreasing and hence
lim ||xx — x| exists. (33)
k— o0
Step 3. Show that x € (A + B)™1(0).
In order to proceed, we first calculate the following estimates which are required in the

sequel:

2 2
ke =2k ll” = Nrsr — %1 + %1 — x|l

2 2

= lxier =217 + Nk = X117 = 2{x% — %1, Xge1 — X1)
2 2

= |lwge1 =1 ll” + I — &1 117 — 200k — 21, Xpp1 — Xk + Xk — X1)
2 2

= |lwger =21 ll” = e — 21117 = 20 — 21, %441 — Xk)

2 2
< l%ksr =217 = llwx —x1 11

Taking limsup on both sides of the above estimate and utilizing (33), we have
limsupy_, o, 161 — %¢]1> = 0. That is,

lim ||xg,; — x4 = O. (34)
k—o00
Note that xi,; € Cg,1, therefore we have

vk = %renll < Nk = Xren | + 2Ol — Kp—1 | = 2% 6k — K1, X1 — Xk)-
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Utilizing (34) and (C1), the above estimate implies that
klgglo lyk = %is1ll = 0. (35)
From (34), (35) and the triangular inequality
lye =il < My = s ll + 1 %rer — 2kl
we get
lim ||y — x|l = 0. (36)
k—o00
Also, from Lemma 2.2 and (21), we have

lye = &0 = Aellwe = &1 + (L= 2 Wewi = 211> = A (1 = A) Tewre — wiel|*
< llwe = &I = A1 = M) Wews — will®
< (1= Bk = kII* + Bell Siti = 11> = Aa(X = 2 Tewic — wiel|?
< ek —&1% - Bl Kk - B | (d - S)ee|)?
= M1 = M) Wewie = wiel)
< bk = 11* = (X = 1) W ewie — wiel|®

< ok = ZII* + 2Ok (xx — 11, br — &) — Ae(1 = 1) Wews — wiel) .
Rearranging the above estimate, we have

a* (1= b*) Jiewx = will> < Nk = 21 = Nl = RII* + 20k (xx — K1, by — &)

< (llxx = &I+ lyx — &) 16k = yicll + 2O (xx — Kk, by — &).
The above estimate, by using (C1) and (36), implies that
lim ||[Jxwx — will = 0. (37)
k—00
Making use of (37), we have the following estimate:
lim |lyx — will = lim (1 - a*)|[Jewx — wi|| = 0. (38)
k—00 k— 00
Reasoning as above, utilizing the estimate (37), the estimate (38) implies that
lim ||wg — x|l = 0. (39)
k—o00
In a similar fashion, we have
lim || T Bwi —wie|| = 0. (40)

k—o00

Reasoning as above (Theorem 3.1, Step 2), we have the desired result.
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Step 4. Show that x € Q.

See proof of Step 3 in Theorem 3.1.

Step 5. Show that x € ﬂ;l Fix(S;).

See proof of Step 4 in Theorem 3.1.

Step 6. Show that x = Prx;.

Let x = Prx; imply that x = Prx; € Cy,1. Since x4,1 = Pc,,, %1 € Cyp1, we have

loersr = x1 [l < llx —x1 I
On the other hand, we have

lle =21 |l < lI% =1l
< liminf ||xx — x|
k— 00

< limsup ||xx — x|

k—o00
< [lx =1
That is,
I =21l = Hm o — 1| = [l — %1 ]
k— o0
Therefore, we conclude that limg_, o, x¢ = X = Prx;. This completes the proof. O

The following remark gives us a stopping criterion of Algorithm 2.

Remark 3.3 We remark here that the condition (C1) is easily implemented in numerical
computation since the value of ||xx —x4_1] is known before choosing ©,. The parameter
Oy can be taken as 0 < Oy < @70

. ]}k . .
& - mm{i‘l%k%ki1 i O} ifxx #xr_1;
® otherwise,

where {v} is a positive sequence such that Z,fil Ve <ooand O =0 €[0,1).

4 Numerical experiment and results
This section shows the effectiveness of Algorithm 2 by the following given example.

Example 4.1 Let H, = Hs = R be the set of all real numbers, with the inner product de-
fined by (x,y) = xy, for all x,y € R and the usual induced norm | - |. Let F/; : R xR — R bea
bifunction defined as Fj (x, y) = 2x(y —x) and let F; : R x R — R be a bifunction defined as
F,(p,q) = p(q — p). For all x € R, let the operators /i, A, B: R — R be defined as Ai(x) = 3x,
Ax = 4« and Bx = 3x, respectively. Let S; : R — R be a finite family of demicontractive
operators defined by

-Z, x€[0,00);
Six)=1 '

x, x€(~00,0).

Then the sequence (x;) generated by Algorithm 2 strongly converges to a point in I.
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Proof 1t is easy to prove that the bifunctions F; and F, satisfy Assumptions 2.8 and F,
is upper semicontinuous with € = 0. Moreover, / is bounded linear operator on R with
the adjoint operator A* such that ||%] = ||#*| = 3, A is a maximal monotone operator and
B is a monotone and y-Lipschitz operator for some y > 0 with (A + B)7(0) = {0}. Note

that S; is a finite family of (};;)22 -demicontractive operators with ﬂ;l Fix(S;) = {0}. Hence
r=UAU+B)10o)NanN ﬂ;l Fix(S;) = 0. Choose ® = 0.5, uy = 5kkT’ B = ﬁ, Ak = m,

§=0.04, L =3 and m = 0.01. Since

. 1 . .
mm{ikzllxk—xkflll ,0.5)  if ag # o1

0.5 otherwise.

For the rest of the numerical experiment, we proceed as follows:
Step 1. Find z € F, such that Fy(z,y) + %(y —z,z—hx) > 0 for all y € F,. We write

Fz(z,y)+%(y—z,z—hx)20 =3 z(y—z)+%(y—z,z—hx)20
& uzy-z2)+(y-2)(z-hx) >0
& ()/—Z)((1+u)z—hx) >0,

for all y € F,. Thus, by Lemma 2.9(2), we know that T}, is single-valued for each x € F;.

- hx
Hence z = Ten-

Step 2. Find g € F; such that g =x — §h*(I - T/2)hx. From Step 1, we get

g=x—80" (I - T2)hao = x — 8H* (I - T2 hae
=x—8<3x— B(M))

1+u

S ().
+u

=(1-38)x+

Step 3. Find p € F; such that Fi(p,q) + i(p —q,p—g) > 0forall g € F. From Step 2, we
have

1 1

F(p,q)+;<q—np—g)20 & (2p)(q—p)+;<q—p»p—g>20
& ulp)g-p)+@-p)p-2=0
& (g-p)((L+2up-g) =0,

for all g € F;. Similarly, by Lemma 2.9(2), we obtain p = 1%~ = (111322" %

Step 4. Compute the numerical results for xy,1.

We provide a numerical test of a comparison between our Inertial Forward—Backward
Splitting Algorithm (IFBSA) defined in Algorithm 2 (i.e., ®¢ # 0) and the Forward-
Backward Splitting Algorithm (FBSA) (i.e., ®¢ = 0). The stopping criterion is defined as
Error = Ey = ||xxs1 — x|l < 107°. The different choices of x and x; are given in tables and
figures.

The error plotting Ex and (xx) against O # 0 and ®; = 0 for each choice in Table 1 is
shown in Fig. 1. O
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Table 1 Numerical results for Example 4.1

No. of iter. CPU (sec)
=0 Oy #0 ®=0 O #0
Choice 1. x90 = (5), x; =(2) and N=20 55 46 0.083838 0.064682
Choice 1.xg=(5),x; =) and N=4 53 44 0.094593 0.078660
Choice 2. xg = (=7), x1 = (-3) and N=20 64 54 0.087539 0.064254
Choice 2. xg = (-7),x; =(-3)and N=4 59 49 0.140981 0.069864
0.25 T
IFBSA, © # 0
FBSA, © =0
02r i
015 1
S
m
01F 1
0.05 d
0
0 5 10 15 20 25 30 35 40
No. of Iterations
Figure 1 Graph of IFBSA and FBSA plotted for Choice 1 with N =20
0.14
. IFBSA, ©,#0
012} \\ FBSA, ©,=0 | |
01F .
0.08 4
S
w
0.06 1
0.04 1
0.02 - il
0 . . ‘ ! .
0 5 10 15 20 25 30 35 40

No. of Iterations

Figure 2 Graph of IFBSA and FBSA plotted for Choice 2 with N =20

We can see from Table 1 and Figs. 1 and 2 that IFBSA performs better as compared to

EBSA. Elaborating the behavior of this algorithm with respect to Table 1, the error analysis

Page 18 of 23
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Figure 3 Comparison between trajectories of Algorithm 2 for Choice 1 with N=20and N =
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Figure 4 Comparison between trajectories of Algorithm 2 for Choice 2 with N=20and N =4

is depicted in Figs. 1 and 2 whereas the number of iterations required to converge the
sequence () towards the common solution are expressed in Figs. 3 and 4. Summarizing
these facts, we say that the IFBSA exhibits a reduction in the error, time and the number

of iterations of the function as compared to the FBSA.

5 Applications

In this section, we illustrate the theoretical results which we have obtained in the previous

section.

Page 19 of 23
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5.1 Split feasibility problems

Let H; and H; be two real Hilbert spaces and % : H; — H; be a bounded linear operator.
Let C and Q be closed, convex and nonempty subsets of 7 and H;, respectively. The split
feasibility problem aims to find x € C such that Sx € Q. We represent the solution sets by
w:=CNhYQ)={y e C:hye Q}. Censor and Elfving [7] introduced it to solve inverse
problems and their application to medical image reconstruction and radiation therapy in

a finite dimensional Hilbert space. For the set C, recall the function

B 0, xeGC;
bc(x) =
00, otherwise.

The proximal operator of b¢ is the metric projection on C,

Proxp. = argmin ||p — x||
peC

= Pc(x).

Let Pg be the projection of H, onto a nonempty, convex and closed subset Q. Take: f(x) =
% || hx — PQFw'cll2 and g(x) = bc(x). Then we compute the split feasibility problem from the

following result.

Corollary 5.1 Let Hi, Hy be two Hilbert spaces and let C C Hy and Q C H, be nonempty,
closed and convex subsets of Hilbert spaces H, and H,, respectively. Assume that ' = w N
QN ﬂ};l Fix(S;) # @ with hypotheses (H1)—(H4). Let O be a bounded real sequence and
my € (0, ﬁ). For given xo,x1 € H1, let the iterative sequences (xi), (by), (€x), (W), (yk) and
(xx+1) be generated by

bi = xx + O ok — Xx-1);

b= T (1= 801 = T)h)bis

Wi = (1= Bi)lk + BrSiclis

Yk = hewi + (1 = ) kwis (41)
Crs1 = {2 € Cr: llyk — 2)1* < llox — ZN1? + OF llag — X [|* - - -

+ 2@ (X — X, Xk — Xie-1) }5

KXk+1 = PC/H,lxl; vk > 1;

where Ji = Pc(Id — mi*(I — Pq)h). Assume that the conditions (C1)—(C4) hold, then the

sequence (xi) generated by (41) converges strongly to an element x = Prx;.

5.2 Monotone variational inequality problems

Let #H; be a Hilbert space and C be a nonempty, closed and convex subset of H;. Let
B : C — H; be a nonlinear monotone operator. The variational inequality problem aims
to find a point x € C such that

(Bx,j-% >0 VjeC. (42)
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The solution set of the above problem is denoted by @ and assume that w # @. [29], The re-
solvent operator acts as a projection operator Pc. Then we compute monotone variational
inequality problems from the following result.

Corollary 5.2 Let H;, H; be two Hilbert spaces and let C € H, and Q C H, be nonempty,
closed and convex subsets of Hilbert spaces H, and H,, respectively. Assume that ' = w N
QN ﬂxl Fix(S;) # 0 with hypotheses (H1)—(H4). Let ©y be a bounded real sequence and
my € (0, ﬁ). For given xo,x1 € H, let the iterative sequences (xx), (bx), (¢x), (Wk), (vx) and
(xx+1) be generated by

by = xx + O ok — xx-1);

b = Tup (1 = 851 = T)h)bgs

Wi = (1= Bi)lk + BrSiclis

Yk = Mewi + (1 = M) kwis (43)
Crer ={z€ Cr: llyk — 201* < |l — &[> + OF llocg — g |- -

+ 2@ (X — X, X% — Xic-1) }5

Xkl = PCk+1x1; vk >1,

where Jix = Pc(ld — myB). Assume that the conditions (C1)—(C4) hold, then the sequence
(k) generated by (43) converges strongly to an element x = Prx;.

5.3 Convex minimization problems

Let f:H; — Rand g: H; — R be two convex, proper and lower semicontinuous func-
tions. In Algorithm 2, set that A := 3f and BB := Vg. Assume that w is the set of solutions
of problem (4) and w # ¥J. Then we compute the convex minimization problem from the
following result.

Corollary 5.3 Let H1, Ha be two Hilbert spaces and let C C Hy and Q C H, be nonempty,
closed and convex subsets of Hilbert spaces H1 and H,, respectively. Assume that ' = w N
QN ﬂ;l Fix(S;) # @ with hypotheses (H1)—(H4). Let ©y be a bounded real sequence and
my € (0, ﬁ). Letf,g:Hi — R betwo convex, proper and lower semicontinuous functions,
such that f is sub-differential function and g is differentiable with y -Lipschitz continuous
gradient. For given xo,%1 € Ha, let the iterative sequences (xx), (bk), (€x), (Wk), (Vi) and (xx.1)
be generated by

by = xx + O (xx — xk-1);

Uk = Tyl (I = 8¢h* (I = T2 W)

Wi = (1 = Br) ek + BiSilis

Yk = Wi + (1 = M) Jiwis (44)
Crs1 =1{z € Cr: llyx — 2lI* < llax — &> + OF g — w12+ -

+ 2@ (X — X, X% — Xic-1) }5

Xkl = PCkal» Vk > 1,

where Ji = ],%{ (Id — miVg). Assume that the conditions (C1)—(C4) hold, then the sequence
(xx) generated by (44) converges strongly to an element x = Prx;.
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6 Conclusions

In this paper, we have devised an inertially constructed forward—backward splitting algo-
rithm for computing a common solution of the finite family of demicontractive operators,
SEP and monotone inclusion problem in Hilbert spaces. The theoretical framework of
the algorithm has been strengthened with an appropriate numerical example. Moreover,
this framework has also been implemented to various instances of the monotone inclu-
sion problems. We would like to emphasize that the above mentioned problems occur
naturally in many applications, therefore, iterative algorithms are inevitable in this field
of investigation. As a consequence, our theoretical framework constitutes an important
topic of future research.
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