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1 Introduction

Fractional calculus is considered as a branch of mathematical analysis which deals with the
investigation and applications of integrals and derivatives of arbitrary order. Therefore,
fractional calculus is an extension of the integer-order calculus that considers integrals
and derivatives of any real or complex order [1, 2], i.e., unifies and generalizes the notions
of integer-order differentiation and z-fold integration.

Different forms of fractional operators have been introduced, like the Riemann-—
Liouville, Grinwald—Letnikov, Weyl, Caputo, Marchaud, and Hadamard fractional deriva-
tives. The first approach is that Riemann-Liouville, which is based on iterating the classical
integral operator # times and then considering the Cauchy’s formula where #! is replaced
by the Gamma function, and hence the fractional integral of noninteger order is defined.

Fractional calculus has attracted the attention of many mathematicians, but also of some
researchers in other areas like physics, chemistry, and engineering. As it is well known,
several physical phenomena are often better described by fractional derivatives. This is
mainly due to the fact that fractional operators take into consideration the evolution of
the system, by taking the global correlation, and not only local characteristics. More-
over, integer-order calculus sometimes contradicts the experimental results, and there-
fore, derivatives of fractional order may be more suitable [3-5].

Very useful physical applications have given birth to the variable-order fractional cal-
culus, for example, in modeling mechanical behaviors [6]. Nowadays, variable-order frac-
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tional calculus is particularly recognized as a useful and promising approach in the mod-
eling of diffusion processes, in order to characterize time- or concentration-dependent
anomalous diffusion, or diffusion processes in inhomogeneous porous media [7].

Results on existence and stability of solutions of implicit fractional differential equations
can be found in [8-11].

By proposing the study of solution stability via fractional integrals and fractional deriva-
tives, we can generalize the results and obtain the usual ones as particular cases. In this
article, we study distribution functions with the ranges in a class of matrix algebras with
the generalized triangular norms, to define MB-space and introduce a new class of ma-
trix control functions. Also, we will use two recent fractional operators, that is, of general
differentiation and integration [12].

These concepts help us study the Hyers—Ulam (in short HU) and Hyers—Ulam—-Rassias
(in short HUR) stability of fractional nonlinear Volterra integro-differential equation (in
short VIDE),

HDEY u(s) = F(s, m(s)) + f5 H(s, 9, (<)) dv, 1)

I u0) = o, '
with ¢ € [0, T] and a continuous function (in short CF) F(¢, i), also H(c, ¢, ) is a CF with
respectto ¢, ¥ and pw on [0, 7] x R x R, o is a fixed number, H]D)f)’fq'u() is defined in (2.1)
inwhichO0<t<1,0<k <1,and Ig;y(-) is the ¥ -Riemann-Liouville fractional integral
inwhich0 <y <1[12].

2 Preliminaries
Here, we let 1 = [0, T], with T > 0, E, = (0,00), E3 = (0,1], E4 = [0,¢], and E5 = [0, 1]
(note that E2 = (0, 1) denotes the interior of E5).

Let

diag M,,(E5) = =diaglay,...,a,),a1,...,a, € B5 ¢,

ay
where diag M, (E5) is equipped with the partial order relation:

a :=diaglay,...,a,), b .= diag[b,,...,b,] € diagM, (Es),

a<b << a;<b foreveryj=1,...,n

Also, @ < b denotes that a < b and a # b; a < b and a; < b; for every j = 1,...,n. We
define e := diag[e, ..., e] in diag M,,(Es) where e € Es. For example, 1 = diag([1,...,1] and
0 = diag[o0,...,0].

Now, we extend the concept of triangular norms [13, 14] on diag M, (Es).

Definition 2.1 A generalized triangular norm (in short GTN) on diag M,,(Es) is an oper-
ation ® : diag M,(Es5) x diag M,,(Es) — diag M, (E5) satisfying the following conditions:
(a) (Va e diagM,(Es))(a® 1) = a) (boundary condition);
(b) (V(a,b) € (diagM,(E5))*)(a ® b = b ® a) (commutativity);
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(¢) (Y(a,b,c) e (diagM,(E5)*)(@® (b®c) = (a® b) ® ¢) (associativity);
(d) (V(a,a,b,b') € (diagM,(E2)(@=<a andb <b' = a® b < a & b’ (monotonicity).

For every a,b € diag M, (E5) and all sequences {ai} and {b;} converging to a and b,

respectively, suppose we have
li]{n(ak ®by)=a®b,
then, ® on diag M,(E5) is continuous GTN (in short CGTN). Now we present some ex-
amples of CGTN:
(1) If ®; : diag M,,(Es) x diagM,,(Es) — diag M,(Es) is defined by

a ®, b =diag[ty,...,t,] ®, diag[sy,...,s,] = diag[min{tl,sl}, . ..,min{tn,sn}],

then ®,; is CGTN (minimum CGTN);
(2) If ®p : diag M,,(E5) x diagM,,(Es) — diag M,(Es) is such that

a ®p b =diag[ty,...,t,] ®p diag[ss,...,s,] = diag[t; - s1,..., L - Sul,

then ®p is CGTN (product CGTN);
(3) If ®, : diag M,,(E5) x diagM,(Es) — diag M, (Es) is defined by

a®; b=diag[ty,...,t,] ® diag[sy,...,s,]

= diag[max{t1 +s1—1,0},...,max{¢t, +s, — 1,0}],

then ®p is CGTN (Lukasiewicz CGTN).

Now, we present some numerical examples:

2 0 0
dia §1%®dia Olg: 1 ® 1 - 1
g 71 )5 M g 7573 \ M 5 , 5 )
5 3 3
2
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Then we get

We consider the set D* of matrix-distribution-function-valued (MDF-valued), left con-
tinuous and increasing functions ¢ : R U {—00, 00} — diag M,,(Es5) such that ¢y = 0 and
Y100 = 1. Now O* € D* are all (proper) functions ¢ € D* for which £~ ¢,00 =1 ("¢, =
lim._,.- ¢.). Note that proper MDF-valued functions are the MDF-valued functions of
real random variables (i.e., of those random variables g that a.s. take real values (P(|g| =
o0) = 0)).

In D*, we define “<” as follows:

019 = ¢ =<¢;, VreR

Also for each ¢ € R,

0, ift<c,
Vs - =°
1, ifr>g,

belongs to D* and for every MDF-valued ¢ we have ¢ = V° [13, 15]. For example,

0, ift <0,
diag[l —e™* L,e‘%], ift>0,

7 1+t

is an MDF-valued function in diag M3(Es5). Note that ¢, = diag[¢ ¢, ..., ¢, ], with ¢; ; be-
ing distribution functions, is MDF-valued.

Definition 2.2 Consider the CGTN ®, a linear space W, and MDF-valued Q: W — O*.
In this case, we define a matrix Menger normed space (MMN-space) (W, 2, ®) as follows:
(MMN1) Q¥ = V? for all T > 0 if and only if w = 0;
(MMN2) Q2" = Q‘% forall w e W and « € C with « #0;

(MMN3) Q¥ > Q¥ @ Q¥ forallw,w' € W and 7,5 > 0.

A complete MMN-space is called MMB-space.
For example, the MDF-valued 2 given by

0, ift <0,
QY=
diag[exp(_@)r mrexp(_@)]) lf T> 01
is a matrix Menger norm and (W, @, ®,) is an MMN-space; here (W, || - ||) is a normed

linear space.

Page 4 of 12
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Approximation of functional equations was studied in MN-spaces, fuzzy metric spaces,
and random multi-normed space [16, 17]. Also stability results for stochastic fractional
differential and integral equations were considered in [18—27].

Theorem 2.3 ([28, 29]) Let (U, p) be a complete E4-valued metric space and let A : U —
U be a strictly contractive function with Lipschitz constant 1 < 1. Then, for a given element
& e U, either

,O(AM‘E, An+l§-) =00,

for each n € N or there is ny € N such that
(i) p(A"E, A™1E) < o0, for every n > ng;
(ii) the fixed point ¢* of A is the limit point of the sequence {A"£};
(ili) intheset V ={¢ e U| p(A™E, ) < oo}, {* is the unique fixed point of A;
(V) (1-0p(c,¢") < p(&, A) forevery £ € V.

Definition 2.4 ([30]) The Gamma function I' is defined by
o0
I'(z) = / eS¢ lde, zeC,Re(z)>0.
0

Lett e Eog, let A be an integrable functionon E; and ¥ € CY(E;) an increasing function
with ¥'(¢) #0, for each ¢ € E;. The ¥-Hilfer fractional derivative is defined by [15]

, 1 d .
Hiybi¥ (1—0);¥ (1-k)(1-0);¥
D¢ As) =1, — |Z A(s). 2.1

0+ (g) 0+ (lp/(g) dg) 0+ (g) ( )
Definition 2.5 If for every continuously differentiable function A(¢) and MDF-valued ¢
satisfying

HDYEY A(6)-F(s.A(c))-f§ H(s.0.A(c))dD)

Q; = @s

—_ ¥

for every ¢ € E; and t € E,, there exist a solution Ay (¢) of the VIDE Eq. (1.1) and a fixed
number A > 0 with

QUAE-20(6) » )

T

SN

’

for every ¢ € EB; and t € &y, where A is independent of A(¢) and A(s), then (1.1) has the
HUR stability.

3 Main results
Consider the following hypotheses:

(HO) Assume that M, Lg, Ly are positive real numbers with 2M(max{Lg, Ly}) € Es and
letF:E; x R— RandH: E; x E; x R — R be CFs satisfying

QE_F(S'vAl)*F(S"AZ)) > Qi‘M’ (3.1)
Lf
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forall¢ € E1, A;,A; e Rand 7 € E,, and

Q(rH(g,ﬂ,Al)—H(g,z?,Az)) > Q?*A2’ (3.2)
H

forall ¢, € By, A;,Ay e Rand t € B,.

Theorem 3.1 Suppose (H0) holds and consider a nondecreasing function ¥ € C(E;) with
U'(¢) #0 and a CDF A : B, — R satisfying

HDEH A()-F(s,A(6))-[§ H(s.9,A(9))dD)

Q: =@z, (3.3)

forall ¢,v € E1, A €R, and t € By, where ¢ is MDF-valued with

) 1 (s _
T A= 1 / () (W (o) - w(€) AE) de, (3.4)
0
satisfying
R
QO s = QMY 0 inf of > e, (3.5)
M E€E1 T

foreach ¢ € B, and t € E,. Then, we can find a unique CF Ay : E1 — R such that

(c)-w(0)rt
Ao(s) = %a (3.6)
+ I F(s, Ao(s))

+ 1" [/0 H(s, 9, Ao(¥)) dﬁ],

. 1-y;¥ - —
with Z,.""" A(0) = 0,1 € Es, k € E5, and

QUAE=R0() s , (3.7)

T 2M(max (Lp L))

foreach ¢ € By and t € B,.
Proof For o, B € U, we set
pla, B) = inf{A € By : QP > (p% b (3.8)
for each ¢ € E1 and t € E,, where
U={a:E, - RisaCF}.
Let A : U — U be given by

¥(c)-w(0)r!
Aa(g)z( (g)r(y)( )

Page 6 of 12
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+I5Y F(s,a(c))

§
+ T8 [/0 H(s,9,a(®)) dﬁ],

forallaw € E; and ¢ € E;.
First we show that A is strictly contractive on U. Let A,p € E4 be a fixed number with
pla, B) < Ayp for any «, B € U, so from Eq. (3.8) we have

Q(Ta(g)—ﬂ(g)) > ¢S: , (3.10)

of

Let 0= <y <<y =T, A§j = w3 — oy = 5%, i =1,2,..,k and |AE| =

maxi<;<k(A§;), for each ¢,& € E; and t € E,. From Egs. (3.2), (3.5), and (3.10), we have
fo (¢,9,a())-H(s,0,8(9)) )
_ QUimiagi—0 Ly Hismia(m))-His.o B AL)

. (K (H(s,@1,0(:)-H (s, @1, 8(1) A&)
= 1 Q;
(N =

> lim ®p Q H(s,@;a(@)-H(s,m;,8(w;)) A;)

lAg]—0 7
> inf Q(HT(§,§,0t(5))—H(§;Ev/3(¥)))
E€Eq kAE;

> inf Q¢ (H(s £a(§))-H(c §,8(£))

EE—‘I T
> inf ¢
E€ul T’“aﬂLH
e (3.11)
)”otBLH

Then, by Egs. (3.1), (3.4), (3.5), (3.9), (3.10), and (3.11), we have

(15 S5 ¥ )W ()W () (FEa()~FE @)+ [ H(s,0,0(9)-H(s,0,6(2)d) dt)
T

=Q
EQ(IILW(F@&(S)) F(£.B(€))) dE) -~ QI“”/O (6.0.2(9))-H(s.,2,8(9)) d9))
2
>¢° o ®me° .
2MrqpLF 2MiogLy
=¢° (3.12)

ZMAaﬂ(mdx(LF LH))

and we conclude that
p(Aa, AB) < 2Mqp(max{Lf, Ly}),

forall ¢ € E; and 7 € E,. Hence, we deduce that p(Aa, AB) < [2M(max{Lg, Ly})]p(a, B)
for any «, 8 € U, where 2M(max{Lf, Lu}) € Es.
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From Eq. (3.9), we can find a fixed number A € &, such that

Q(r/\ﬂ(g)—ﬂo(g))
T T s AoleD T s IS0 o) d9)-fols)
= ndr
> 95,
A

for arbitrary By € U, for all ¢ € E; and t € E,. The boundedness property of

F(S:ﬂo(g)): H(S,ﬁ,ﬂo(l?)), Bo(s),

minceg, ¢¢ >0, and Eq. (3.8) imply that p(ApB, fy) < oc. From Theorem 2.3, there exists a
CF Ag: E1 — R such that A”Ay — Ag in (U, p) and AAg = A,.
Since B and A are bounded on E; for each g € U and min.cz, 5 > 0, we have a fixed
number Ag € B4 with
QBo($)-B(5)) 0",
T —¥Y»

A

=

for any ¢ € E; and t € E,. Thus p(Bo, B) < oo for any 8 € U.

Therefore, U = {8 € U : p(Bo, B) < 00}. Also Theorem 2.3 and Eq. (3.6) imply the unique-
ness of Ag.

Using Egs. (3.3), (3.5), and (3.9), we have

(A(g)- WADIO L 70 p (e A(0)) T8 ([ H(g,0,009)) d))
Q. 2 0 0 >

Sl

Then, we obtain

for any ¢ € E; and t € E,, which implies
o(A, AA) <M. (3.13)

From Theorem 2.3 and Eq. (3.13), we deduce that

1 M

P B0) = oM maxtEen Lan) Y = T 20 L, L)’

which implies Eq. (3.7). 0

Theorem 3.2 Assume that 1,k € S5 and consider a nondecreasing function ¥ € C'(8,)
with W'(c) #0 for all ¢ € ;. Also let Lg, Ly € E; be fixed numbers such that 2M(max{Lg,
TLu}) € E‘j5. Consider CFsF: 81 X R—> Rand H: 81 x E; x R — R satisfying Egs. (3.1)
and (3.2), respectively. If for ¢ > 0, T € Bo, €, := diagle’7,...,e"7],a CDF A: B, — R
satisfies

Hpybk; ¥ _ _rs
825 DY A)-F(s,A(e))- 5 H(s,0,A(9))d9) > .,
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forall ¢,v € E1, A €R, and t € By, then we can find a unique CF Ay : E; — R satisfying
Eq. (3.6) and

QEA(g)on(g)) > € ” (3.14)

T ’
1-2M(max{Lg,TLy})

forall ¢ € By and A e R.
Proof Let U = {a: E; — Ris a CF}. Consider the E4-valued metric on U defined by
pla, ) =inf{r € By : QEEOFED = ., (3.15)

for each ¢ € E1 and t € E,. In [15] the authors proved the completeness of (U, p).
Let A : U — U be given by

(¥ (s)-w ()
—— 0

Aa(g) = (3.16)
I'(y)
+I5Y F(s,a(s))
H
+I(‘;f’[/ H(g,z?,(x(ﬁ))dz?],
0
forall ¢ € E;.
Let o, B € U and consider a fixed number .5 € E4 such that p(«, ) < Ayp and
Q(ra(g) B(s)) €1, (3.17)

o

Let 0=w <y < <wx =T, A§; = w; — w1 = %, i=1,2,...,k, and ||A&]| =
maxi<;<k(Ag;), for each ¢ € B; and t € E,.
From Egs. (3.2) and (3.17), we have

fO (¢,0,0(8))-H(s,9,8(8)) dv)
_ qUlimiagi—o Y| His,mia(@i)-H(smi,B () AL;)
- T

C lim @ mia(@))-Hs i p)) A)
T jagl—o "

> lim MQ(Tl'l(g,w,ua(w,'))—H(syrm,ﬂ(wl'))AEi)
llAgll—0 3

> inf QHEEE)HEELE)

EeEy kAs,

o inf QM(EEAEO-HEERE)
&‘Eul T

> inf €__z
tec2; TraplH

=€, (3.18)

TrapLlH
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Then, by Egs. (3.1), (3.16), and (3.17), we have

_ T IS O € a6 -FE PO st )0 100 0) )
- T

N Q(ézgf’ms,a( DFERONE) sz((f Hi,,a(9)-H(s,0,6(9) d9))

= € sty OM € iy

(3.19)

€ T
- 2MAaﬁ(max(LF.TLH))

for each ¢ € E; and t € E,. Therefore p(Awa, AB) < [2M(max{Lg, TLy})]p(c, B) for any
a, B € U, where 2M(max{Lg, TLy}) € Es.
From Eq. (3.16), we can find a fixed number A € E; such that

Q(TAﬂ(g)—ﬂo(g))

Q(%mz‘g%(gﬂo DTS LE H(s,2,B0(9)) d91-Fo(s))
= Nar

Y

€

T
5’

for arbitrary By € U, for all ¢ € E; and t € E,. The boundedness property of

F(g» ,30(5')),”(5', 19:,30(19))’ Bo(s)

and Eq. (3.15) imply that p(ApB, Bo) < 0o. From Theorem 2.3, there existsa CF Ag: E; —> R
such that A" Ay — Ag in (U, p) and AAg = Ap. Using a method similar to that in the proof
of Theorem 3.1, we get {8 € U : p(Bo, B) < 00} = U. Also Theorem 2.3 and Eq. (3.6) imply
the uniqueness of Ay.

Now, using Eq. (3.3) and [12, Theorem 5], we have

(AG)- %o—zﬂ F(5,00()-T8Y & H(s.2,00(9)) d9])

Qr €z

m’
for all ¢ € &E;, which implies

(A, AA) < M.

From Theorem 2.3 and Eq. (3.8), we deduce that

QUEBD ¢
1-2M(max{Lg,TLy})

which implies Eq. (3.14) for all ¢ € E;. O

4 Conclusions

We introduced a new model of stochastic matrix control functions which helped us to
stabilize a pseudo-nonlinear fractional Volterra integral equation and get better approxi-
mation for it. In fact, two kinds of novel stability concepts, i.e., Hyers—Ulam—Rassias and



Chaharpashlou and Saadati Advances in Difference Equations (2021) 2021:118 Page 11 of 12

Hyers—Ulam stability, of a fractional Volterra integral equation with delay are proved by
using an alternative fixed point theorem in generalized complete metric spaces and the
concept of stochastic matrix control functions in a matrix MB-space.
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